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Abstract

In this thesis we survey the technique of analyzing the partial derivatives

of a polynomial to prove lower bounds for restricted classes of arithmetic

circuits. The technique is also useful in designing algorithms for learning

arithmetic circuits and we study the application of the method of partial

derivatives in this setting. We also look at polynomial identity testing and

survey an e�cient algorithm for identity testing certain classes of arithmetic

circuits.

The dimension of the vector space of partial derivatives of a polyno-

mial will be the quantity of interest in this thesis. Lower bounds for an

explicit polynomial against a class of circuits is obtained by comparing the

dimension of the space of partial derivatives of the polynomial and the

dimension of the space of polynomials computed by that class of circuits.

The e�ciency of the learning algorithms that we survey also depends on

the dimension of partial derivatives of the class of functions. We also note

the connections between the problems of proving lower bounds, designing

e�cient learning algorithms and identity testing arithmetic circuits.
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Chapter 1

Introduction

1.1 Lower bounds in Complexity Theory

Obtaining limits on the computational power of models and proving lower

bounds on the resources used by them is an important problem in Computa-

tional Complexity. The holy grail in the area is the relationship between the

computational power of P and NP. Proving time and space lower bounds

for Turing machines seem to be very hard, and the non-trivial separations

here are given by the time and space hierarchy theorem.

Another approach to resolving the P versus NP problem has been via

proving lower bounds for boolean circuits. These are non-uniform models

of computation where you have a separate circuit for each input length.

Languages accepted by polynomial time turing machines have a polynomial

sized boolean circuit computing them. Hence showing that a language in

NP requires super-polynomial sized boolean circuit would give a separation

between the two classes.

The works of Furst et.al and Håstad[FSS84, Hås86] showed that any

constant depth circuit computing the parity of the input bits require ex-

ponential size. This result separated the class of AC0 circuits from NC1 cir-
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cuits. Razborov and Smolensky[Raz87, Smo87] used algebraic techniques

to show that �small� boolean circuits with MODq gates for a prime q can-

not compute the sum of the inputs modulo a prime p 6= q. The work

of Razborov and Rudich[RR97] showed that the methods employed in the

above proofs were unlikely to give a separation of P and NP.

The model of computation that we will be interested in this thesis are

arithmetic circuits. These are more constrained models of computation

since boolean circuits are arithmetic circuits over GF[2] with the additional

identity x2 = x[Val92]. Arithmetic circuits are natural and succinct model

for representing polynomials.

1.2 Lower Bounds in Arithmetic Circuit Com-

plexity

Even in the case of such restricted classes of circuits, non-trivial lower

bounds are hard to come by. The best known lower bound in the case of

general arithmetic circuits is the lower bounds of Baur and Strassen[Str73,

BS83] which we survey in the next chapter. The di�culty in proving strong

lower bounds for general circuits has led to analysing other constrained

classes of arithmetic circuits, where there has been more success.

In the case of depth 3 circuits, Nisan and Wigderson[NW97] proved

exponential lower bounds for the symmetric polynomial and iterated ma-

trix multiplication when the circuit is homogeneous. In the case of general

depth 3 circuits, Shpilka and Wigderson[SW01] give lower bounds for sym-

metric polynomial, trace of iterated matrix multiplication and determinant.

Grigoriev and Razborov[GR98] have given exponential lower bounds for

certain explicit symmetric functions and certain generalizations of MODq

and MAJ over any �nite �eld. An exponential lower bound for the deter-
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minant function over arbitrary �nite �elds have been given by Grigoriev

and Karpinsky[GK98].

Nisan[Nis91] initiated the study of non-commutative models of compu-

tation in the hope of getting more insight about commutative circuits. He

was able to prove exponential lower bounds for the permanent and deter-

minant polynomials in the case of non-commutative formulas. These ideas

have been extended by Chien and Sinclair[CS07] to prove lower bounds for

the permanent over matrix algebras.

In the case of multilinear circuits, Raz[Raz09] has proved exponential

lower bounds for the determinant and permanent for multilinear formulas.

Raz[Raz04] give a separation between bounded fan-in log-depth multilinear

circuits and bounded fan-in log2-depth multilinear circuits. Nisan and

Wigderson[NW97] have proved lower bounds for the depth in the case of

multilinear circuits.

Here we have cited only those lower bounds which are in some measure

related to the results that we are surveying in this thesis.

1.3 The Goal of this thesis

The goal of this thesis is to understand the connections between arithmetic

circuit lower bounds, polynomial idetity testing and learning theory ques-

tions. This is motivated by a heuristic observation that proving circuit

lower bounds is easier that polynomial identity testing which in turn is

easier than designing e�cient learning algorithms.

The thesis is organized as follows: In the next chapter, we set up the

basic de�nitions of arithmetic circuits and the lower bounds technique that

we will be interested in. We will then look at applying these techniques

to get lower bounds for non-commutative formulas and restricted classes of

commutative circuits. We will also survey the classical results of Baur and
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Strassen[Str73, BS83].

In the third chapter we analyse learning algorithms of Klivans and

Shpilka[KS06] and Beimel et.al [BBB+00]. We will look at the connection

between the rank of the Hankel matrix of the function and the dimension

of the space of partial derivatives.

The fourth chapter is related to the problem of polynomial identity

testing. We survey the result of Raz and Shpilka[RS05] which gives a

deterministic algorithm for identity testing non-commutative formulas. As

a consequence, they also get an identity testing algorithm for depth 3 set-

multilinear circuits.
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Chapter 2

The Partial Derivative Method

2.1 Notations and De�nitions

In this chapter we introduce the de�nition and notation that will be used in

this thesis. The model of computation we consider are arithmetic circuits

over a �eld F. Formally we have

De�nition 2.1. An arithmetic circuit on n variables is a vertex-labelled

DAG. All the nodes of in-degree 0 are labelled by elements of the set

{x1, · · · , xn} or by constants from the �eld F. All other nodes are labelled

by + or ×. A node is designated as the output node and labelled Out.

We can de�ne the polynomial computed by the circuit inductively as

follows:

� The polynomial computed by a node labelled by a scalar is that con-

stant itself. A node labelled by a variable xi computes the polynomial

xi.

� Let g be a + gate with inputs g1, · · · ,gm. The polynomial computed

by g is

Pg =

m∑
i=1

Pgi
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� Let g be a × gate with inputs g1, · · · ,gm. The polynomial computed

by g is

Pg =

m∏
i=1

Pgi

The computations are done over a �xed �eld F and we say that the circuit

computes a polynomial over the �eld F. We will also refer to the vertices

in the DAG as gates of the circuit. An arithmetic circuit is characterized

by the following parameters.

De�nition 2.2. The size of a circuit is the number of vertices in the

DAG(In some cases we will count the number of edges in the circuit

as the size). The depth of a circuit is the longest path from Out to

an input variable. Fan-in of a gate is the in-degree of the vertex in the

DAG. Correspondingly, the fan-out is the out-degree of the vertex.

A related model that will also be considered is that of an arithmetic

branching program.

De�nition 2.3 ( [Nis91]). An arithmetic branching program(ABP) is a

layered DAG with a source s and sink t. The vertices of the graph are

partitioned into �layers� from 0 to d and the edges only go from layer

i to i + 1. d is called the degree of the ABP. The source is the only

vertex at layer 0 and the sink is the only vertex at layer d. The edges

of the circuit are labelled by linear forms(i.e
∑
i cixi). The size of the

ABP is the number of vertices in the DAG.

The polynomial f computed by the ABP is obtained by multiplying the

linear forms over each path from s to t and summing it over all s− t paths

in the ABP,i.e

f(x1, . . . , xn) =
∑

all s−t paths p

d∏
i=1

l
p
i (x1, . . . , xn)
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where lp1 , . . . , l
p
d are the linear forms along the path p.

For a polynomial f ∈ F[x1, . . . , xn], we denote ∂(f) as the set of all partial

derivatives of f. We will denote by ∂d(f), the set of partial derivatives of f

of order d. For set of polynomials P ⊆ F[x1, . . . , xn], by ∂(P) we will denote

the set of all partial derivatives of P. The de�nition for partial derivatives

in the case of polynomials f ∈ F〈x1, . . . , xn〉 is slightly di�erent and is as

follows

De�nition 2.4. For a polynomial f ∈ F〈x1, . . . , xn〉, let f =
∑n
i=1 xifi(x1, . . . , xn),

where fi ∈ F〈x1, . . . , xn〉, then ∂(f)
∂(xi)

= fi. Similarly fi =
∑n
j=1 xjfi,j(x1, · · · , xn).

Thus ∂2f
∂xk∂xi

= fi,k.

Let us look at an example to explain this de�nition

Example 2.5. Let f(x1, x2, x3) = x21x2+x2x1+x1x
2
3x2+x

2
3x

2
2+x

2
2x3x1+x3x1.

The we can write f(x1, x2, x3) = x1(x2 +x23x2)+x2(x1 +x2x3x1)+x3(x3x
2
2 +

x1). By the earlier de�nition

∂f

∂x1
= x2 + x23x2

∂f

∂x2
= x1 + x2x3x1

∂f

∂x3
= x3x

2
2 + x1, and

∂2f

∂x2∂x1
= 1

∂2f

∂x3∂x1
= x3x2

The complexity measure that will be used throughout this thesis is the

dimension of the space spanned by the partial derivatives, except for a

small section at the end of this chapter. Formally, we have

De�nition 2.6. For a set of polynomials P ∈ F[x1, . . . , xn], we denote by

dim(P) the dimension of the vector space spanned by the polynomials in
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P. In particular dim(∂(f)) denotes the dimension of the space spanned

by the partial derivatives of f. We denote by dim(∂d(f)), the dimension

of the space spanned by the partial derivatives of f of order d.

Since we are, as of today, unable to prove non-trivial lower bounds for

general arithmetic circuits, the emphasis will be to prove lower bounds

for restricted classes of circuits. Thus we have the following de�nitions of

certain restricted classes of circuits.

De�nition 2.7. A constant depth circuit of depth d is an arithmetic

circuit where any path from the output to the input has atmost d gates.

In particular, a depth-3 circuit is an arithmetic circuit, which has 3

levels of gates. Two special cases of depth-3 circuits are the ΣΠΣ(which

has a + gate at the output level, with × in the next and + at the lowest

level) and ΠΣΠ circuits.

De�nition 2.8. A polynomial p ∈ F[x1, . . . , xn] is homogeneous if the

degree of each monomial in p is the same. A circuit is homogeneous if

the polynomial computed at each gate in the circuit is homogeneous. A

polynomial p ∈ F[x1, . . . , xn] is multilinear if the degree of each variable

in a monomial is atmost 1. A circuit is multilinear if the polynomials

computed at each of the gates is a multilinear polynomial.

De�nition 2.9. Let the set of variables be partitioned into d parts

X1, · · · ,Xn. A polynomial p over these variables is called set-multilinear

if every monomial in it is of degree d and contains exactly one variable

from each part. Such a polynomial is both homogeneous and multilin-

ear.

Note that this is a restriction on multilinear polynomials. For instance

the polynomial p(x1, x2, x3) = x1x2 + x2x3 + x3x1 is multilinear but not

set-multilinear.
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2.2 The Partial Derivative Method

In this section, we describe the partial derivative method and its success

in proving a few non-trivial lower bounds for some restricted classes of

circuits. We measure the complexity of a function as the dimension of the

space spanned by the partial derivatives. This is a non-monotone measure

in the sense that the dimension can reduce even if the number of monomials

increases as we can see in this example.

Example 2.10. Let f1 = x21+x22 and f2 = x21+x22+2x1x2. For f1, we have

∂(f1) = {x21 + x22, 2x1, 2x2, 1} and ∂(f2) = {x21 + x22 + 2x1x2, 2(x1 + x2), 2}.

In the next section, we survey an old result by Baur and Strassen[BS83],

which is the �rst application of partial derivatives of a polynomial to prove

size lower bounds. Then we consider the general technique that is used by

both [Nis91] and [NW97] to prove lower bounds for a polynomial p is by

obtaining from the structure of the circuit C, of size s, some bound on the

dimension of the space spanned by the partial derivatives of any function

computed by it. Now, dim(∂(p)) < f(n) for some function f, which gives us

a lower bound on s. The application of this method on explicit polynomials

will also be surveyed in this chapter.

2.2.1 Lower Bound of Baur and Strassen

The approach in [BS83] is to count the number of partial derivatives of a

polynomial to obtain an Ω(n log n) lower bound for the polynomial

f(x1, . . . , xn,y1, . . . ,yn) =

n∑
i=1

yix
n
i

This comes from an upper bound on the size of the circuit computing the

various partial derivatives of f, and a lower bound by Strassen[Str73] that
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any circuit computing set of polynomials xn1 , . . . , x
n
n requires Ω(n log n)

many gates. First, we prove the following theorem.

Theorem 2.11 ([Str73]). Any arithmetic circuit C that computes all the

polynomials xn1 , . . . , x
n
n requires Ω(n log n) gates.

Before we proceed to the proof of the theorem, we will state a result

from algebraic geometry that will be used crucially in the proof.

Theorem 2.12 (Bézout's Theorem). Suppose we have k polynomials

f1, . . . , fk over an algebraically closed �eld F..Let degree of fi be ri for

i ∈ [k]. Let S ⊆ Fn be the set of common zeros of these polynomials.

Then S is either in�nite or |S| 6
∏k
i=1 ri.

Consider a set of polynomials equations P

f1(x1, . . . , xn) = b1

f2(x1, . . . , xn) = b2

...

fn(x1, . . . , xn) = bn

such that the number of common zeroes in P is nn.

Lemma 2.13. Any arithmetic circuit with +,× gates that computes

f1, . . . , fn requires Ω(n log n) gates.

Before we prove the lemma, let us see how this implies Strassen's result.

Consider the set of polynomials equations

xn1 = 1

xn2 = 1

...

xnn = 1

10



This has nn many solutions over complex numbers, and they are the nth

roots of unity. Thus the previous lemma implies Theorem 2.11.

Proof. (Proof of Lemma 2.13)

Suppose a circuit C with +,× gates computes f1, . . . , fn. We will construct

a set of equations over x1, . . . , xn and some new variables such that there

is a one-one correspondence between the solutions of P and the solutions

of these new set of equations.This is done as follows. For every gate c in

the circuit, de�ne a variable yc. Now for each gate in the circuit, including

input gates and constants de�ne the following equations P ′:

� If c corresponds to a constant value a, add an equation yc = a.

� If c corresponds to an input gate xi, add an equation yc = xi.

� If c corresponds to a + gate, with inputs yc1 and yc2, add an equation

yc = yc1 + yc2.

� If c corresponds to a × gate, with inputs yc1 and yc2, add an equation

yc = yc1 × yc2.

� If c corresponds to the output gate that computes the polynomial fi,

add an equation yc = bi.

The construction of the set of equations P ′ is such that any solution of P is a

solution of P ′. Similarly, if we look at the part of the circuit that computes

fi, and any solution of P ′ restricted to those equations, they satisfy fi = bi.

Thus P ′ has nn many solutions. Now Bézout's theorem tells us that the

number of common zeroes is atmost the product of degrees of each of the

polynomial.In P ′, except × gates every other gate has an equation of degree

1, whereas × gate has an equation of degree 2. Suppose that there m many
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× gates, then we have

nn 6 2mand hence

m > n log n

Since the size of the circuit s > m, we have s = Ω(n log n).

We can now prove the lower bound of [BS83] which remains the only

super-linear lower bound known for general arithmetic circuits.

Theorem 2.14. Any arithmetic circuit C computing the polynomial

p(x1, . . . , xn,y1, . . . ,yn) =

n∑
i=1

yix
n
i

has size Ω(n log n).

This lower bound comes from an upper bound of a circuit computing a

polynomial and its partial derivatives.

Theorem 2.15 ([BS83]). Let f(x1, . . . , xn) be a polynomial computed by

an arithmetic circuit of size s with +,× gates, then there is a circuit

of size atmost 5s which computes the set of polynomials

Pf =
{
f,
∂f

∂xi
, . . . ,

∂f

∂xn

}
It can be seen that {xn1 , . . . , x

n
n} ⊆ Pp. The fact that any circuit comput-

ing the polynomials {xn1 , . . . , x
n
n} requires Ω(n log n) and the upper bound

of the previous theorem gives the lower bound.

Proof. (Proof of 2.15)

The proof will proceed by induction on the size of the circuit.

Consider a circuit C of size s computing f. Look at a gate c at the maximum

12



depth. It has two leaves as its children and the function computed at c, fc

is either xi + xj, xi× xj, xi + a, or xi× a where a is a constant. Replacing

the gate c by a variable yc, we have a new function computed by the circuit

h(x1, . . . , xn,yc) such that

f(x1, . . . , xn) = h(x1, . . . , xn, fc)

Also , we have a circuit C ′ of size s−1 computing h since we have replaced

two leaves by one new variable. Hence there is a circuit C ′′ of size atmost

5(s− 1) computing h and all its partial derivatives.

With the partial derivatives of h already in our hand , we want to

get hold of the partial derivatives of f using an extra 5 gates. From the

construction of h, we can see that for any l 6= i, j, ∂f
∂xl

= ∂h
∂xl

which has

already been computed by C ′′.

By the chain rule of partial derivatives, we have

∂f

∂xl
=
∂h

∂xl
+
∂h

∂fc
· ∂fc
∂xl

When l = i, j, we can see that we have already computed ∂h
∂xl

. From the

output of ∂h
∂yc

, we can get ∂h
∂fc

by replacing yc with fc. This may increase

the number of gates by 1. Also ∂fc
∂xl

is either a constant or a variable and

hence no gates are required. This has to be done for both xi and xj Thus

we require atmost 5 more gates to compute the set P from the set of partial

derivatives of h.

This proof can also be extended to show that if the circuit computing

f has depth d, then the circuit computing Pf has depth 3d
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2.2.2 Lower Bounds for Non-commutative Formulas

In this section, we look at polynomials over the non-commutative ring

of polynomials F〈x1, · · · , xn〉. Any polynomial p in this ring is a sum of

monomials where each monomial is string over the alphabet {x1, · · · , xn}.

We consider circuits and ABPs where the operations are done over the

non-commutative ring. The idea of partial derivatives was used in the

paper by [Nis91] to prove exponential lower bounds for the determinant

and permanent in non-commutative ABPs.Though the paper doesn't talk

of partial derivatives, we can recast the proofs,following the methods of

Raz[Raz05], using partial derivatives, where we use the De�nition 2.4. The

paper not only proves that the size of the ABP is bounded below by the∑
d dim(∂d(f)), but also shows that there exists an ABP of that size. The

lower bound is obtained by showing that for permanent and the determi-

nant, dim(∂d(f)) =
(
n
d

)
where non-commutative determinant and perma-

nent is de�ned as follows

Det(x1,1, . . . , xn,n) =
∑
σ∈Sn

sgn(σ)
∏
i

xi,σ(i)

Perm(x1,1, . . . , xn,n) =
∑
σ∈Sn

∏
i

xi,σ(i)

over the non-commuting variables x1,1, . . . , xn,n. This also gives a lower

bound for the non-commutative formula size of permanent and determi-

nant.The theorem we want to prove is

Theorem 2.16 ([Nis91]). Any non-commutative formula that computes

the determinant and permanent polynomial requires 2Ω(n) many gates

We will prove this in many stages. First we will show that non-commutative

14



formulas can be converted to homogeneous ABPs without a large blow-up

in size. Then we can prove that for any function f computed by a homoge-

neous ABP of size s, the dimension of the space spanned by the set of all

partial derivatives of f, ie dim(∂(f)) 6 s. We will complete the proof by

showing that dim(∂(perm(X))) and dim(∂(det(X))) > 2n.

Lemma 2.17. Let p(x1, . . . , xn) be a polynomial of degree d computed

by a non-commutative formula F of size s. Then there exists d + 1

non-commutative ABPs such that the ith ABP computes the part of p

of degree i− 1, and the size of each ABP is atmost d(s+ 1).

Proof. First we will construct an ABP A from the formula F where the

edge labels of A may be a�ne forms. This conversion is done recursively.

Let c be a gate in the formula F:

� If c is an input gate with variable xi, construct an ABP with just a

source s and sink t and join s and t with an edge labelled with xi.

� If c is a gate that corresponds to a constant a, construct an ABP

again with just a source s and sink t and connect them with an edge

labelled a.

� If c is a + gate with children c1 and c2. Let Ac1 and Ac2 be the ABPs

corresponding to c1 and c2. The ABP corresponding to c will have a

source s and sink t, with s connected to the source of Ac1, the sink

of Ac1 connected to the source of Ac2 and the sink of Ac2 connected

to t.

� If c is a × gate with children c1 and c2. Let Ac1 and Ac2 be the ABPs

corresponding to c1 and c2. The ABP corresponding to c will have a

source s and sink t, with s connected to the source of Ac1, and the

source of Ac2 . The sink of both Ac1 and Ac2 is connected to t.

15



Now we will convert A into an ABP, as in the de�nition of [Nis91]. This

procedure will give us a set of ABPs where the edges are labelled by linear

forms. For each node v in A except the source and the sink, split v into

d + 1 many nodes (v, 0), (v, 1), . . . , (v,d). (v, i) will compute the degree i

homogeneous part of the polynomial computed at v. If there is an edge

labelled xi from u to v in A, connect (u, i) to (v, i+ 1) for all i ∈ [d] in the

new ABP. Similarly if the edge from u to v is labelled by a constant in A,

then in the new ABP there are edges between (u, i) and (v, i) labelled by

the constant. Now we delete all the edges (u, v) labelled by the constants,

and for every u ′ which has an edge into u labelled by l, we add an edge

from u ′ to v labelled a.l, where a was the constant labelling the edge from

u to v. This new ABP will have many sinks, each corresponding to a

homogeneous part. So we take as many copies as there are homogeneous

part and assign the sinks accordingly.

Notice that the new ABPs that we constructed are layered. This means

that the nodes of the ABP can be partitioned to mutually disjoint layers

from 1 to d and every edge goes from layer i to i+ 1.

From now onwards we will assume that our ABPs are layered and that

edges are labelled by linear forms. We will now connect the size of such an

ABP with the dimension of the space of partial derivatives.

Lemma 2.18 ([Nis91]). Let f(x1, . . . , xn) ∈ F〈x1, . . . , xn〉 be a polynomial

computed by an ABP A, with source s and sink t of size S. Then

dim(∂(f)) 6 S.

Proof. Notice that for any two nodes u, v in A, we can look at the polyno-

mial fu,v where

fu,v =
∑

all u−v paths p

k∏
i=1

l
p
i (x1, . . . , xn)
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where lp1 , . . . , l
p
k are the linear forms along the path p. Thus f(x1, . . . , xn) =

fs,t. Let v1, . . . , vk be the nodes in the �rst layer of A and the edges (s, vi)

are labelled by the linear forms l1s,i. Then we have

f(x1, . . . , xn) =

k∑
i=1

l1s,i · fi,t

Thus for any i ∈ [k], we have

∂f

∂xi
=

k∑
i=1

ci · fi,t where cis are constants

Similarly, when we look at nodes v1, . . . , vk in some layer m, we can write

f(x1, . . . , xn) =

k∑
i=1

fs,i · fi,t and

∂mf

∂xi1 . . .∂xim
=

k∑
i=1

ci · fi,t where cis are constants

Thus any partial derivative of f can be written as a linear combination of

fu,t and since there are S nodes in the ABP, dim(∂(f)) 6 S.

Now to complete the proof of the main theorem in this section, we have

the following lemma[Nis91].

Lemma 2.19. Let Perm(x11, . . . , xnn) denote the permanent polynomial.

dim(∂(Perm)) > 2n

.

Proof. Perm(·) is a multilinear polynomial of degree n. Thus any non-zero

partial derivative of it is of order atmost n. For any d 6 n, choose d indices

i1, . . . , id and look at the polynomial ∂(Perm)
∂x1,i1 ,...,xd,id

. This amounts to choosing
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the �rst d rows and columns i1, . . . , id and looking at the permanent sub-

matrix obtained after the removal of these rows and columns. For distinct

i1, . . . , id, these polynomials are linearly independent since each will have

atleast one new monomial. Similarly, when we look at derivatives of order

d1 and order d2 with d1 6= d2, then the resultant polynomials are of degree

n−d1 and n−d2. Thus these are also linearly independent. Thus we have

atleast
n∑
d=0

(
n

d

)
= 2n

linearly independent partial derivatives. Thus we have dim(∂(Perm)) > 2n

which proves the lemma and consequently the theorem.

Note that this same argument goes through if we replace the permanent

by the determinant. The determinant polynomial is the same as permanent

except that we now look at the sign of each permutation. This does not

a�ect the fact that the di�erent partial derivatives are linearly independent

and hence we get the same lower bound for the determinant polynomial

also.

2.2.3 Lower Bounds for Commutative Circuits

In this section, we will survey the application of the method of bounding

the dimension of the space of partial derivatives to obtain lower bounds

in the case of certain restricted classes of commutative circuits[NW97].

Two explicit polynomials against which we will prove lower bounds are the

symmetric polynomials and the iterated matrix multiplication.

The dth symmetric polynomial over n variables is de�ned thus

Symdn(x1, . . . , xn) =
∑

S⊆[n],|S|=d

∏
i∈S

xi
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Non-trivial lower bounds in the case of symmetric polynomials are not

known for general circuits. The �rst result which shed some light on the

problem was [NW97], although the result was for homogeneous depth 3

circuits over �elds of characteristic zero. Shpilka and Wigderson[SW01]

improved this to prove the following result about symmetric polynomials

for general depth 3 circuits again over �elds of characteristic zero. Good

lower bounds for the symmetric polynomial over �nite �elds are not known.

Theorem 2.20 ([SW01]). For every log n 6 d 6 n
10
, size of depth 3

circuit computing Sym2d
n is Ω(n

2

d
).

This was improved by Shpilka[Shp02] to the following

Theorem 2.21. For every d = αn, where 0 < α < 1 is a constant, the

size of the depth 3 circuit computing Symdn is Ω(n2).

This matches with the following upper bound given by Ben-Or for sym-

metric polynomials computed by depth-3 circuits.

Theorem 2.22 (Ben-Or). For every d, there exists O(n2) sized depth-3

circuits computing symmetric polynomials of degree d over �elds of

characteristic zero.

Proof sketch. The dth symmetric polynomial Symdn(x1, . . . , xn) is the co-

e�cient of tn−d in the polynomial
∏n
i=1(t+xi). We have an O(n) sized ΠΣ

circuit that computes this polynomial. Since this polynomial contains all

the symmetric polynomials and we require only the dth one, we will inter-

polate this polynomial at n+1 values for t to obtain the correct symmetric

polynomial. This gives us the O(n2) depth 3 circuit for the symmetric

polynomials.

We will now prove the following theorem from [NW97] which says that

the homogenous restriction on the circuit is rather severe. In this scenario
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we have an exponential lower bound compared to the polynomial sized

circuit for general depth 3 circuits.

Theorem 2.23. Any homogeneous depth 3 circuit computing Sym2d
n on

n variables over a �eld of characteristic zero requires Ω
((
n
4d

)d)
gates.

For proving the theorem, we �rst observe the following properties about

the dimension of the space spanned by the partial derivatives.

Observation 2.24. Let f1, . . . , fk ∈ F[x1, . . . , xn] and let α ∈ F.

� dim(∂(αfi)) = dim(∂(fi))

� dim(∂(
∑k
i=1 fi)) 6

∑k
i=1 dim(∂(fi))

� dim(∂(
∏k
i=1 fi)) 6

∏k
i=1 dim(∂(fi))

When we consider depth 3 homogeneous circuit, we can assume the

circuit to be ΣΠΣ. Suppose instead we have a ΠΣΠ circuit computing

Symdn, the topmost × gate will have fan-in atmost d since we are computing

degree d polynomial and the circuit is homogeneous. Since Sym2d
n is a

multilinear polynomial, the + gates at level two will be multilinear. This

would give us lower bound of
(
n
2d

)
for a ΠΣΠ circuit computing Sym2d

n .

So we will look at the more interesting case of ΣΠΣ circuits. We have the

following lemma

Lemma 2.25 ([NW97]). Let f be computed by a depth 3 circuit with

fan-in s at the top + gate and fan-in atmost d at every × gate. Then

dim(∂(f)) 6 s · 2d.

Proof. For every linear function l computed at the bottom + gate, dim(∂(l))

= 2. Since the fan-in of every × gate is atmost d, for any function g com-

puted by a multiplication gate dim(∂(g)) > 2d by the earlier observation.

The lemma follows from the fact that the topmost + gate has fan-in s and

the earlier observation.
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Suppose we manage to prove that dim(∂(Sym2d
n )) > Ω(( n

2d
)d), then we

would have proved the theorem of [NW97]. Thus to complete the proof,

we have the following lemma

Lemma 2.26.

dim(∂(Sym2d
n (x1, . . . , xn))) >

(
n

d

)
Proof. We will prove the lemma by showing that a subset of the set of all

partial derivatives, spans a vector space of high dimension. For proving

this let us look at the set U and V de�ned as follows.

U =
{∏
i∈S

xi : S ⊆ [n], |S| = d
}

V =
{ ∂(Sym2d

n )

∂xi1 . . .∂xid
: i1 < · · · < id, 1 6 i1, . . . , id 6 n

}
Notice that V ⊆ ∂(Sym2d

n ).

We can think of the U and V as vectors indexed by subsets of n of size

d in lexicographic order. Di�erentiating Sym2d
n with respect to a set of

variables {xi1, . . . , xid} is equivalent to looking at the symmetric polynomial

Symdn−d where we don't look at the variables xi1, . . . , xid.Thus we can write

V = DU, where D is an
(
n
d

)
×
(
n
d

)
indexed by d sized subsets of n.

DS,T =

{
1 if S ∩ T = φ

0 otherwise

where S and T are d sized subsets of [n]. D is known as the disjointness

matrix

It is known that the disjointness matrix is of full rank over �elds of char-

acteristic zero[Got66]. Thus dim(V) = dim(U). Now dim(∂(Sym2d
n )) >

dim(V). Since each polynomial is infact just a monomial and they have

di�erent variables means that dim(U) =
(
n
d

)
. Thus we have the lemma.
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We can use the technique of partial derivatives to obtain lower bounds

for the iterated matrix multiplication polynomial for depth 3 homogeneous

and set-multilinear circuits. The iterated matrix multiplication(IMMn
d) is

to compute the (1, 1)th entry of the matrix formed by the product of d

n×n matrices. Since the polynomial itself is a set-multilinear polynomial(

where the variable set is divided into d parts with each part containing n2

variables), it is interesting to look at the lower bound for set-multilinear

circuits rather that general multilinear circuits. To bound the dimension

of the space spanned by the partial derivatives of IMMn
d , we have

Lemma 2.27. For every d,n, dim(∂IMMn
d) > nd−1

Proof. Note that IMMn
d is a polynomial that depends on all the entries of

all the matrices except the �rst and the last matrices. It depends only on

the �rst row of the �rst matrix and the �rst column of the last matrix. Con-

sider the set of partial derivatives obtained by di�erentiating with respect

to the variables in even numbered matrices. Since each of these polynomials

have monomials which depend on di�erent variables, they are all linearly

independent.

We can show that there are nd−1 such polynomials. Suppose d is odd,

then there are d−1
2

matrices each containing n2 variables giving us nd−1

polynomials. If d is even, then we can take partial derivatives w.r.t to n2

variables in the d
2

− 1 matrices and n variables in the last matrix. Thus we

have n2 many polynomials.This gives the lower bound for the dimension

of the space spanned by the partial derivatives.

When we are working with the set-multilinear polynomials, we use a

slightly di�erent de�nition for the dimension of the space spanned by its

partial derivatives. This de�nition will be useful in getting the lower bounds

for the size of set-multilinear circuits, even though they don't measure the

actual dimension of the space spanned by the partial derivatives.
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Let f be a set-multilinear polynomial over the variables X = _
⋃d
i=1X

i,

where each of the Xis contain n2 variables xi1, · · · , xin2. For a T ⊆ [d], PT

denotes the set-multilinear polynomials over the set T . In particular, the

monomials of PT will be a product of variables with one variable taken

from each set of T . Thus we have dim(PT ) = n2|T |. Denote by ∂S(f) the

partial derivatives of f with respect to the monomials in PS. By dimSM(f),

we denote maxS⊆Tdim(∂S(f)). Notice that according to this de�nition, we

have the following lemma similar to 2.27

Lemma 2.28. For every d,n, we have dimSM(IMMn
d) = nd−1.

With this in hand, we can prove exponential lower bounds for the size

of set-mulitlinear depth 3 ΣΠΣ circuits computing IMMn
d . First note that

we can convert ΣΠΣ homogenous circuits for a set-multilinear polynomial

f into ΣΠΣ set-multilinear circuits.

Lemma 2.29. For every set-multilinear polynomial f on X = _
⋃d
i=1X

i,

size of set-multilinear ΣΠΣ circuits for f is atmost d! times the size of

homogeneous ΣΠΣ circuits for f.

Proof-Sketch. Given a homogeneous ΣΠΣ circuit for f, we will �rst replace

each + gate at the bottom level with d gates where each one adds up one

part of the partition of X.Now for each multiplication gate, replace it by

d! gates with each gate choosing one part from the bottom d addition

gates. Now the �nal addition gate adds up all the multiplication gates that

are used for the function f and since f is set-multilinear this procedure

works.

Theorem 2.30 ([NW97]). For all d and n, sizeSM3 (IMMn
d) > nd−1, and

sizeH3 (IMMn
d) > nd−1

d!
.

Proof. For a set-multilinear ΣΠΣ circuit, the bottom + gates computes a

polynomial of the form p(Xj) =
∑n2

i=1 x
j
i. Thus dimSM(p) = 1. Hence
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the dimension of the × gate is 1. But we know from lemma 2.28 that

dimSM(IMMn
d) = nd−1, Thus sizeSM3 (IMMn

d) > nd−1 and from lemma

2.29, we get sizeH3 (IMMn
d) > nd−1

d!
.

In the case of general set-multilinear circuits, [NW97] prove an expo-

nential lower bound for the IMM2
d polynomial.

Theorem 2.31. For any d,h, sizeSMh (IMM2
d) = 2Ω(d

1
h ).

The crucial part in the proof is de�ning a new measure of complexity

which in some sense captures how close is the dimension of the partial

derivative space to the maximum that is achievable. The idea in [NW97]

approach is to show that even after assigning a random restriction, this

measure doest not drop for the polynomial IMM2
d, whereas for any small

set-multilinear circuit this is not true. To formalize this idea into a proof,

we need some de�nitions and observations.

Observation 2.32. For T ⊆ [d], dim(PT ) = n2|T |.

Observation 2.33. Let f ∈ PT , then dim(∂S(f)) 6 min
{
n2|S|,n2|T−S|

}
6

n2b |T |
2
c.

For convenience, we will follow [NW97] notation and denote 2b |T |
2
c

by 〈|T |〉. Thus based on observation, we can de�ne the measure ρ(f) =

dimSM(f)

n〈|T |〉 , where f ∈ PT . Thus ρ(f) 6 1. From the de�nition of ρ we have

the following observations

Observation 2.34. Consider a set-multilinear circuit C.

1. For a + gate computing f where the inputs are the polynomials

g1, . . . ,gs, ρ(f) 6
∑s
i=1 ρ(gi).

2. For a × gate computing f where the inputs are the polynomials

g1, . . . ,gs, where m many of them are odd degree polynomials,

then ρ(f) 6
∏s
i=1 ρ(gi) 6 n−〈m〉
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We will need a couple of lemmas and the notion of a random restriction

before we can prove theorem 2.31.

Lemma 2.35 ([NW97]). Let C be an optimal set-multilinear circuit com-

puting a polynomial f ∈ P[d], where the multiplication depth is h. Then

there are × gates g1, . . . ,gs in the circuit with the following properties.

1. s 6 sizeSMh (f).

2. For every j ∈ [s], the fan-in of gi is atleast d
1
h .

3.
∑s
i=1 ρ(gi) > ρ(f).

Proof. If the topmost gate of the circuit is a × gate, then we are done, since

that gate itself satis�es all the three conditions. Assume that the topmost

gate is a + gate. Then along each path from it to an input node, �nd the

�rst × gate that satis�es condition 2. Since the polynomial computed has

degree d and the multiplication depth is h, there will exist atleast one such

gate in every path. Call these g1, . . . ,gs. These de�nitely satisfy condition

1. Notice that the function depends on all these × gates since we considered

all paths from the output node to the input nodes. Thus condition 3 is

satis�es because of the previous observation.

The following lemma follows from Cherno� bounds[HR90]

Lemma 2.36. Let z1, . . . , zd be independent 0,1 random variables. For

T ⊆ [d], let z(T) =
∑
i∈T zi(mod 2).

1. Pr[
∑
i zi <

d
3
] 6 1

10
, for d > 20.

2. For every family of pairwise disjoint T1, . . . , Tk ⊆ [d], Pr[
∑
i z(Ti) <

r
3
] 6 2− r

10 .
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Now let us de�ne a random restriction. Let f ∈ P[d] be set-multilinear

polynomial. A random restriction is a set R ⊆ [d], where we assign values to

all variables in Xi, i ∈ R. The crucial fact about small-sized set-multilinear

circuits that we will use is that on most random restrictions, the dimension

of its partial derivative space drops by a large amount.

Lemma 2.37 ([NW97]). Let d,h be integers and let r = d
1
h > 20. Let

z = (z1, . . . , zd) be a sequence of independent random variables. Let

Z ⊆ [d] denote the positions that we set to 1 in z(This will denote the

random restriction). Let f ∈ P[d] be such that sizeSMh (f) 6 1
2
·2 r

10 . Then

Pr[ρ(f
∣∣
Z
) > 1

n
] 6 1

2
.

2.31 follows from this lemma since, after a random restriction of the

polynomial IMM2
d, we are left with IMM

2
t for some t < d. Thus Pr[ρ(f

∣∣
Z
) >

1
n
] = 1, which implies sizeSMh (IMM2

d) = 2Ω(d
1
h ).

We reiterate that the results stated here are not exhaustive but merely

representative of a technique which has led to some non-trivial results. The

current techniques don't seem to lead to good size lower bounds for even

constant depth circuits let alone general arithmetic circuits.
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Chapter 3

The Partial Derivative method in

Learning Algorithms

3.1 Preliminaries

In this chapter we switch to a di�erent problem and look at algorithms

for learning arithmetic circuits. The reason for our interest is that similar

methods based on partial derivatives succeed in giving e�cient learning

algorithms. The model of learning that we will be interested in will be the

exact learning model of Angluin[Ang87]. In this model of learning, we

have a learner who has access to the function f(which is the target function

to be learned) as a black-box. The learner is allowed two types of queries

to learn the function:

1. Membership queries :The learner chooses an input x in the domain

of the function and queries the black-box for the value f(x).

2. Equivalence queries :The learner constructs a hypothesis function h

and queries the black-box whether this is actual function f. If the

two are di�erent, then the black-box returns a counter-example x in

the domain such that f(x) 6= h(x).
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We say that the class of functions C is e�ciently learnable, if for all func-

tion f ∈ C there is an algorithm that runs in time polynomial in the size

of the representation of f and the longest counter-example and outputs a

hypothesis h that is equivalent to f.

This is di�erent from the Probably Approximately Correct(PAC) model

of Valiant[Val84], where the learner is allowed to look at a set of pairs

(x, f(x)) picked from some distribution. Since the number of zeroes of a

polynomial is atmost its degree, learnability in the exact learning model

implies learnability in the PACmodel, but now with membership queries[Val84,

Ang87].

We de�ne a few notions that will be useful in this chapter.

De�nition 3.1 (Multiplicity Automaton,[KS06]). Fix an alphabet Σ with

s = |Σ| elements. A multiplicity automaton A of size r over Σ is a

vector γ̂ = (γ1, . . . ,γr) and a set of s matrices µσ for each σ ∈ Σ, where

µσ is an r× r matrix whose elements come from a �eld F. The output

of A on an input w = w1 . . .wn is de�ned as (
∏n
i=1 µwi)1 · γ̂T where

(
∏n
i=1 µwi)1 is the �rst row of (

∏n
i=1 µxi). For a string w = w1 . . .wn,

we de�ne µw =
∏n
i=1 µwi.

A multiplicity automaton A can be thought of as a generalization of

the ordinary �nite state automaton with the following additions. A is

an automaton with r states and the matrices µσ give the labels of the

transitions given by the symbol σ ∈ Σ. Thus on an input x, the automaton

multiplies the labels corresponding to each transition given by the input

and also the weight of the �nal state given by γ̂ and sums it over all the

�nal states. When the matrices corresponding to symbols from a string

is w, the (i, j)th entry of the product gives the weighted sum of all paths

labelled w from i to j.

We can understand this better with an example
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Example 3.2 ([BR88]). Consider the function f : Σ→ R, over Σ = {a,b}

where f computes the number of a's in a string w ∈ Σ∗.We have a two

state multiplicity automaton where

µa =

 1 1

0 1


µb =

 1 0

0 1


and γ̂ = (0, 1). Since µb is the identity matrix, the number of a's in

the string w is given by the �rst row of µka · γ̂, where k is the number

of a's in w. But

µka =

 1 k

0 1


and we get µw · γ̂ = k.

Now, we de�ne the Hankel matrix

De�nition 3.3 ([BBB+00]). Consider a function f : Σn → F where Σ is

some alphabet and F is a �eld. The Hankel matrix corresponding to

f, H will be indexed by strings from Σ∗ of length atmost n. For two

strings x ∈ Σd and y ∈ Σn−d, the (x,y)th entry of H is f(x ·y) where '·'

is concatenation. For strings x,y such that x+y 6= n, the (x,y)th entry

is zero. We will also look at Hk which is the submatrix of H indexed

by strings of length k and n− k.

In this chapter, we �rst show that multiplicity automata as de�ned

above are e�ciently learnable. This is due to [BBB+00], who extend the

theorem of [CP71, Fli74] which relates the size of the smallest multiplic-

ity automata computing a function f to the rank of its Hankel matrix,
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to an algorithm which learns the multiplicity automata. Then we go on

to show that arithmetic circuits, whose space of partial derivatives is of

small dimension, has a small multiplicity automata and thus can be learned

e�ciently[KS06].

3.2 Learnability of Multiplicity Automata

In this section we look at the result due to [BBB+00] that functions that

have small rank Hankel matrix, has a small sized multiplicity automa-

ton which can be computed e�ciently. We will prove a theorem due to

[CP71, Fli74] which connects the size of the minimal automaton comput-

ing a function f and the rank of the Hankel matrix. The same proof is also

used in the algorithm to learn a multiplicity automaton.

Theorem 3.4. Let f : Σn → F be a function that is not identically zero

and let Hf be the Hankel matrix corresponding to f. Then the size of

the smallest multiplicity automaton computing f is the same as the

rank of Hf.

Proof. (⇒) Let A be a multiplicity automaton which computes f with s

states. Consider the following matrices : P whose rows are indexed by Σn

and the columns are indexed from 1 to s, and S whose rows are indexed

from 1 to s and the columns are indexed by strings of Σn and the matrices

are de�ned as follows

P(x, i) = µx(1, i), i.e the (1, i)th entry of µx

S(i, x) = (µx)i · γ̂, dot product of ith row of µx and γ̂
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Now we can show that Hf = P · S. For this we have

Hf(x · y) = f(x · y) = (µx·y)1 · γ̂

= (µxµy)1 · γ̂

=

s∑
j=1

(∑
µx(1,k)µy(k, j)

)
· γ̂j

which can be written as
∑s
j=1 µx(1, i) · (µy)i · γ̂, which according to the

de�nition of P and S is the product of these two matrices. Thus Hf = P ·S.

(⇐) Let x1, . . . , xr be the index of the rows that are linearly independent

in Hf. Now we need to construct a multiplicity automaton A for which we

have to de�ne the matrices µσ for every σ ∈ Σ and the vector γ̂.We will

assume that x1 is the empty string, since we can construct a set of linearly

independent vectors starting from starting from any vector. De�ne γ̂ to

be the vector (f(x1), . . . , f(xr)). For each σ ∈ Σ de�ne the matrix µσ as

follows: The ith row of µσ will be the coe�cient of the rows corresponding

to x1, . . . , xr when the row xi ·σ is written as a linear combination of these

rows.i.e

(Hf)xi·σ =

r∑
j=1

µσ(i, j)(Hf)xj

Now to show that this multiplicity automaton indeed computes f, we

use induction on the length of the string w ∈ σn. The claim we will prove

is as follows

Claim. For any string w ∈ σn, (µw)i · γ̂ = f(xi · γ), for all i.

This claim will imply the theorem, since (µw)1 · γ̂ = f(x1 · w) = f(w).

The claim is true when w = ε since in that case µw is the identity matrix

and therefore (µw)1 · γ̂ = f(xi) by the de�nition of γ̂. Let σw be string of
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length n+ 1. Then

f(xi · σ ·w) = Hf(xi · σ,w)

=

r∑
j=1

µσ(i, j) ·Hf(xj,w)

But from the de�nition of the Hankel matrix, we know Hf(xj ·w) = f(xj ·w).

Thus using the induction hypothesis on w, we have

f(xi · σ ·w) =

r∑
j=1

µσ(i, j) · (µw)j · γ̂

= (µσ · µw)i · γ̂ = (µσ·w)i · γ̂

which completes the induction and we have the theorem.

We will now look at a simple example to illustrate this connection be-

tween the rank of the Hankel matrix of a function and the size of the

multiplicity automaton computing it.

Example 3.5. Let Σ = {x,y} and consider the function f : Σn → {0, 1}

de�ned such that

f(w) =

1 if w = xxR, x ∈ Σn2

0 otherwise

Let H denote the Hankel matrix of this function. Consider the sub-

matrix Hn
2
which is an n

2
× n

2
identity matrix(since corresponding to a

string w there is exactly one string which is the reverse of it). Thus

the rank of the Hankel matrix H is atleast 2
n
2 . Thus any multiplicity

automaton computing it is of size atleast so much. From this we can

also see that there does not exist any �nite state automaton accepting

the language corresponding to this function.
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We can now look at the algorithm given by [BBB+00] for learning a

multiplicity automaton. As mentioned earlier, the learner can query the

function for the value at a particular input as well as query whether a

hypothesis is correct. If it is incorrect, then the function gives a counter-

example. The running time of the algorithm will be polynomial in the size

of the automaton and the length of the counter-example produced.

The algorithm computes the linearly independent rows in the Hankel

matrix and constructs the automaton as in the proof given earlier. For this

it maintains a list of rows and columns and adds more into it, if it �nds

a new row that is linearly independent with these. From now on we will

omit the subscript from H denoting the function as it is implicit. Thus

given a set of rows indexed by the strings x1, . . . , xl and columns indexed

by y1, . . . ,yl, by Hxi we denote the row in H corresponding to the string

xi. By Ĥxi we will denote the row corresponding to xi restricted to the

columns y1, . . . ,yl.

The algorithm is as follows(We will assume here that the function f on

input ε computes a non-zero value. If not, we learn the function where it

computes a non-zero value and then change the automaton accordingly).

1. x1 ← ε, y1 ← ε, X← {x1}, Y ← {y1}, l← 1

2. Construct a hypothesis h as in the proof of the theorem, by looking

at the matrix restricted to X and Y. Here γ̂ = (f(x1), . . . , f(xl)) and

µσ is obtained by expressing the row Ĥx·σ as the linear combination

of Ĥx1, . . . , Ĥxl .

3. Ask an equivalence query with h. If the black-box answers YES we

are done, else let z be the counter-example.

4. If we get a counter-example z, then �nd a pre�x of z, w · σ such that
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� the row corresponding to w can be written as a linear combina-

tion of the rows xi with the coe�cients from the matrix µw

� the row w · σ cannot be written as a linear combination of the

rows in X. Let y be the column where it is di�erent.

Then add w to X, σ · y to Y and increment l and continue creating a

new hypothesis.

To argue about the correctness of the above algorithm[BBB+00], we

need to show that at step 2 the vectors given by X and Y are linearly

independent.Secondly, that when a counterexample z is produced we can

�nd a pre�x w · σ satisfying the conditions in step 4. This can be proved

by showing that if no pre�x w · σ satis�es both the conditions of step 4,

then infact f(z) = h(z) which is a contradiction. The fact that adding new

vectors to X and Y keeps the vectors linearly independent follows from the

fact that the new vectors that we add depend on the pre�x which wasn't

expressible as a linear combination of the other vectors in X.

3.3 Improper Learning algorithms for Arith-

metic Circuits

In this section, we apply the techniques that we developed in the last sec-

tion to give learning algorithms for certain restricted classes of arithmetic

circuits. The algorithms are obtained by observing that the rank of the

multiplicity automaton is upper bounded by the dimension of the space

spanned by the partial derivatives of the circuit[KS06].

The algorithms presented are improper learning algorithms. This means

that the hypothesis produced by the algorithm does not belong to the class

of functions learned. More speci�cally in our case, the class of functions
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that we learn are restricted arithmetic circuits, whereas the hypothesis

produced by the algorithm is a multiplicity automaton computing it. The

algorithms run in time polynomial in the size of the �eld and the rank of

the Hankel matrix of the function. Before we get into the details regarding

the learning algorithms we have a few de�nitions

De�nition 3.6 (Evaluation Matrix). Let f be a set-multilinear polyno-

mial over the variable X = _
⋃d
i=1Xi over a �eld F. The evaluation

matrix Ek is de�ned as follows:Order the elements of Fd−k in lexico-

graphic order and they index the columns of the matrix Ek. The rows

are indexed by the set-multilinear monomials where the variables come

from X1, · · · ,Xk. The value at the location of the matrix indexed by the

row x1,i1 · · · xk,ik and the column ρ = (x1, · · · , xd−k) is

∂f

∂x1,i1 · · ·∂xk,ik
(ρ)

De�nition 3.7 (Generalized Vandermonde Matrix). Let f be a set-multilinear

polynomial over the variables X = _
⋃d
i=1Xi over a �eld F. The coe�-

cient matrix Vk,d has columns indexed by the set-multilinear monomi-

als in {X1, · · · ,Xk} of degree d and the rows indexed by the elements

in Fk. The value of the matrix at the position indexed by the mono-

mials x1,ii · · · xk,ik, and the assignment ρ is the value of the monomial

xk+1,ik+1
· · · xd,id at ρ.

This de�nition can be extended to the case when f is not a set-multilinear

function. In such a case, the rows of the matrix Ek will be indexed by the

monomials of degree d over the �rst k variables and the columns of the gen-

eralized Vandermonde matrix will similarly be indexed by the monomials

of degree d.

Observation 3.8. Let f be a set-multilinear polynomial on the variables
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X = _
⋃d
i=1Xi over a �eld F. Then dim(∂k(f)) is atmost the rank of the

matrix Ek .

This is because each of the rows in the evaluation matrix is the value

at each point of Fd−k of the order k partial derivative of f corresponding

to that monomial. Thus the number of linearly independent rows in it is

atmost the dimension of the space spanned by the partial derivatives.

Now we will see how we can connect the rank of the Hankel matrix of a

function to the dimension of the space of partial derivatives. The following

lemma which is a generalization of the Taylor series will be useful for it.

Lemma 3.9. Let f be a polynomial in the variables x1, · · · , xn over the

�eld F of degree d. Consider the assignment ρ = ρ1 ·ρ2, where ρ1 is an

assignment to the �rst k variables and ρ2 is the assignment to the last

n − k variables. For a monomial M =
∏n
i=1 x

ei
i , where

∑n
i=1 ei = d,

M(ρ) is the value of the monomial at the assignment ρ.We have

f(x1, · · · , xn) =
∑

M(ρ1)
∂f

∂M
(0 · ρ2)

where M is of the form
∏k
i=1 x

ei
i , where

∑k
i=1 ei = d and ∂M refers to

∂xe11 · · ·∂x
ek
k .

Proof. Let f =
∑
cmm where m is a monomial of the form

∏n
i=1 x

di
i .

Consider a monomial M =
∏k
i=1 x

ei
i where

∑k
i=1 ei = d. If di < ei, then

∂m
∂M

= 0. But if di > ei, then
∂m
∂M

(0 · ρ) = 0. Thus only the derivative with

respect to the monomial m will survive. This gives the lemma.

We can bound the rank of the Hankel matrix of a function by the dimen-

sion of the space spanned by the partial derivatives. The bound is proved

by showing that the Hankel matrix can be expressed as the product of the

evaluation matrix and the coe�cient matrix. Thus any class of circuits
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which give small-dimensional space of partial derivatives can be learned

using the algorithm of [BBB+00] discussed in the last section.

Theorem 3.10 ([KS06]). Let f(x1, · · · , xn) be a polynomial of degree d

over a �eld F. Let H be the Hankel matrix of f, where we consider

f : Fn → F(i.e we consider the alphabet Σ in the de�nition of the

Hankel matrix to be the �eld F). Then for k 6 n,

rank(Hk) 6 dim(∂k(f))

Proof. Let us look at the Hankel matrix Hk of f. The rows of this matrix

are indexed by elements in Fk ordered lexicographically and the columns

are indexed by elements in Fn−k. We can show that Hk = Vk,d · Ek. This

follows directly from the lemma we proved earlier and the de�nition of the

matrices Vk,d and Ek. The generalized Vandermonde matrix is of full rank

and thus

rank(Hk) = rank(Ek) 6 dim(∂k(f))

From the above theorem we get the following connection between the

rank of H and the dimension of the space of partial derivatives

rank(H) 6
n∑
k=0

dim(∂kf)

If we can prove the generalization of the Taylor's theorem that we proved

for a general polynomial in the case of set-multilinear polynomials, then we

can get a theorem similar to the one above. Let us look at the evaluation

matrix Ek to see how the rows of the matrix will be when the polynomial f is

set-multilinear over the variables X = _
⋃
Xi. Consider a row that is indexed

by a monomial that is not set-multilinear. Let M be such a monomial.
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Suppose that the k variables cover the partitions X1, · · · ,Xi fully and covers

part of Xi+1. M will contain atleast one variable from each of the parts

since otherwise ∂f
∂M

(0 · ρ2) will evaluate to zero. If it contains more than

one variable from a part, then one of the variables will still remain in ∂f
∂M

which will become zero in the assignment (0 · ρ2). Thus all the rows in Ek
that do not correspond to set-multilinear monomials are zero. Thus when

we have f as a set-multilinear polynomial we can use the theorem above

with slight modi�cations to show that

Theorem 3.11 ([KS06]). Let f be a set-multilinear polynomial over the

variables X = _
⋃d
i=1Xi. Let H be the Hankel matrix of f where the

alphabet Σ is the �eld F.We have

rank(H) 6 n ·
n∑
i=0

dim(∂i(f))

We can now give learning algorithms in the cases when the circuits give

a small dimensional space of partial derivatives.

3.3.1 Depth 3 Circuits

As an application of the theorem that we saw just now, let us consider

depth 3 set-multilinear circuits. We will assume that the circuits are ΣΠΣ.

Let the size of the circuit be s. Then there are atmost s multiplication

gates in the circuit. From [NW97], we can see that dim(∂kf) 6 s and this

in combination with previous theorem, we have

Theorem 3.12 ([KS06]). If C is a set-multilinear depth 3 circuit of size

s with n variables over a �nite �eld F, then C is learnable in time

polynomial in n, s,F.

In the case of general depth 3 circuits, the running time of the learning

algorithms based on [BBB+00] is worse than in the set-multilinear case.
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We have the following bound on the dimension of the space spanned by the

partial derivatives

Lemma 3.13. Let f(x1, · · · , xn) be a polynomial of degree d computed by

a circuit of depth 3 of size s. Assume that the number of multiplication

gates is m. Then

dim(∂kf) = m ·
k∑
i=1

(
d

i

)
Proof sketch. Taking kth order partial derivative of f amounts to taking

kth partial derivatives of the polynomials at each of the multiplication

gates. The polynomial computed at any multiplication gate is the product

of a�ne forms. Thus taking partial derivatives of order k is like choosing

k a�ne forms from the input to that multiplication gate. Since there are

m multiplication gates we have the lemma

With this lemma in hand, and the theorem from this section, we have

Theorem 3.14 ([KS06]). Let f : Fn → F be computed by a depth 3 circuit

of size s and fan-in of the multiplication gates atmost d. Then f is

learnable in time polynomial in n, 2d, s.

3.4 Learning constant depth arithmetic circuits

In the last section, we saw the application of the technique of partial deriva-

tives to get learning algorithms for depth 3 circuits. The model allowed

for membership queries from the �eld. We can show that if we are allowed

queries from a matrix algebra, then we have e�cient learning algorithms

for the class of constant depth circuits. This can be shown by constructing

small multiplicity automaton for these functions.

The methods developed in [KS06] cannot be applied for general depth

3 circuits, since we could have small depth 3 circuits that compute poly-

39



nomials which have a large dimensional space of partial derivatives. For

instance the symmetric polynomial Symdn can be computed by small depth

3 circuits but the dimension of the space spanned by the partial derivatives

is Ω
(
( n
4d

)d
)
.

Consider a polynomial f(x1, · · · , xn) computed by a commutative depth

D circuit of size s. We can explicitly order the variables from x1 to

xn and look at the polynomial as a non-commutative polynomial g over

F〈x1, · · · , xn〉. For each assignment of values to the variables both f and

g evaluate to the same �eld element. Given such a non-commutative con-

stant depth circuit, we can convert the circuit into a formula of size O(sD)

by opening the circuit up. We have also seen that non-commutative for-

mulas can be converted to ABPs with only a polynomial blow-up in size.

Thus for a constant depth circuit, we have a small multiplicity automaton

computing the function g : X∗ → F.

Now we will show how we can learn constant depth circuits, represented

in the form above when we can query matrices instead of just �eld elements.

Consider a monomial of the form m =
∏d
k=1 xik where the polynomial is

of degree d. Corresponding to this monomial, we construct the following

automaton A.

1. A has d states labelled from i1 to id.

2. The start state is i1 and the �nal state is id.

3. There is a transition from a state ik to ik+1 labelled by Xik.

With this automaton in hand, we can de�ne a d× d matrix corresponding

to A, where (i, j)th entry in the matrix is the label of the transition from

i to j. This matrix with each of the variable entries replaced by 1 will

be given as the input for the black-box which returns a matrix. By the
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construction of these matrices the (i,d)th entry will be the coe�cient of

the monomial m.

The second question that we will have to address here is how to con-

struct a counter-example. In our case, we are given an assignment a =

(a1, · · · ,an) such that f(a) 6= h(a) where h is our hypothesis, and from

this we want to construct a monomial where the two polynomials di�er.

Obviously such a monomial must exist, since if all the monomials are the

same then the polynomials are the same. To �nd such a monomial write f

and h as follows

f(x1, · · · , xn) = x1f1(x1, · · · , xn) + f2(x1, · · · , xn)

h(x1, · · · , xn) = x1h1(x1, · · · , xn) + h2(x1, · · · , xn)

Let a be the assignment such that f(a) 6= h(a). We have a two state

automaton that recognizes only those monomials that start with x1. Using

this, we can query the black-box to obtain the function f1 and from it

f2. Similarly from the automaton for h that we have, we can compute

both h1 and h2. Now if f1(a) 6= h1(a), then surely x1 is the �rst variable

in the monomial which is the counter-example. We can thus repeat this

process iteratively to obtain the entire monomial.Now we can apply the

learning algorithm of [BBB+00] to construct the multiplicity automaton

for the function.

The discussion here has been to show that the method of bounding the

size of the automaton by the dimension of the space of partial derivatives

need not be the only way to approach the learning theory question for

arithmetic circuits.
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3.5 Summary

The ideas surveyed in this chapter uses the dimension of the space spanned

by the partial derivatives to argue whether a class is e�ciently learnable or

not. In addition, the learning algorithms discussed have all been improper

learning algorithms. This means that even though we were designing a

learning algorithms for the class of depth 3 circuits, the algorithm came

up with a multiplicity automaton which computed the function. Thus it

is worthwhile to ask whether there are �proper� learning algorithms. Note

also that [KS06] uses the algorithm from [BBB+00] as a black-box to come

up with a class of algorithms. It is also interesting to ask whether there

are other measure which can prove useful in designing e�cient learning

algorithms. We have also seen that if we are allowed to query from a larger

algebra, rather that just the �eld elements, then we can learn the class of

constant depth arithmetic circuits.
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Chapter 4

Polynomial Identity Testing

4.1 Preliminaries

In this chapter we are interested in the problem of Polynomial Identity

Testing(PIT). We are interested in looking at this problem since improve-

ments in the lower bounds for various circuits have led to developing good

identity testing algorithms for the same and techniques that have been

useful in one problem has found application in the other. The connections

between the two are worth exploring, even though we have not managed

to formalize this question.

The problem of PIT can be stated thus: Given a polynomial p(x1, · · · , xn)

in a succinct manner, say as a circuit, test if p ≡ 0. In this thesis, we

will concern ourselves with the case when the polynomial is given as an

arithmetic circuit.

The question stated above can be interpreted in two di�erent ways

1. Given a polynomial p(x1, · · · , xn) as a arithmetic circuit, is the

formal expression computed by the circuit identically zero.

2. Given a polynomial p(x1, · · · , xn) as an arithmetic circuit over a

�eld F, is p(a1, · · · ,an) = 0,∀(a1, · · · ,an) ∈ Fn.

43



In the case when |F| is less than the degree of the polynomial, both these

questions are identical.

E�cient deterministic algorithms are not known for this problem. The

importance of the problem comes from the fact that connections have been

made between �nding e�cient deterministic algorithms for this problem

and proving circuit lower bounds[KI04]. The problem has a very simple

randomized algorithm obtained from this lemma

Lemma 4.1 (Schwartz-Zippel Lemma[Sch80, Zip79]). Let p(x1, · · · , xn) be

a polynomial of degree d over a �nite �eld F. Assume that the d < |F|

and that p is not identically zero. Then

Pr
x1,...,xn∈RF

[
p(x1, . . . , xn) = 0

]
6
d

|F|

The algorithm for identity testing is now simple. Pick x1, · · · , xn uni-

formly at random from the �eld F, evaluate the circuit and answer yes if

the circuit evaluates to zero. The catch here is that since the circuit is

a succinct representation of a polynomial of large degree and coe�cients,

the values that have to calculated at di�erent stages might be large. This

problem can be bypassed by picking a prime p and doing the computations

on the circuit modulo p. It can be proved that with high probability this

will give the correct answer.

Since identity testing of general circuits are di�cult, it is reasonable

to ask if there are algorithms for PIT when the circuit is restricted. In

this chapter, we survey one such result due to Raz and Shpilka who show

that there is a deterministic polynomial time algorithm the circuit is a

non-commutative formula.

In the case of depth-3 circuits the best algorithm is the deterministic

polynomial time algorithm of [KS07] for ΣΠΣ circuits with bounded top

fan-in. For a recent survey on the results and techniques used in identity
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testing refer to [Sax09].

In this chapter, we will look at non black-box identity testing. Here

we are allowed to use the underlying structure of the circuit which we

are testing. Contrast to this, in the case of black-box identity testing the

algorithm is allowed to query the circuit like a black-box.

Since in this thesis, we are more interested in the partial derivative

method, we will go into the discussion of the algorithm of [RS05].

4.2 PIT in Non-commutative models

From the identity testing algorithm for non-commutative formulas we will

also get an identity testing algorithm for depth 3 set-multilinear circuits as

a corollary.

We will prove that

Theorem 4.2. Given a non-commutative formula F of size sF, we can

decide in time polynomial in sF if the polynomial computed by F as a

formal expression is zero or not.

As a corollary we also get that

Corollary 4.3. Given a depth 3 set-multilinear circuit C over the vari-

ables X = _
⋃d
i=1Xi of size sC, we can test deterministically in time

polynomial in sC whether the polynomial computed by C is identically

zero or not.

Recall that a formula is a class of arithmetic circuit where each gate has

fan-out exactly one except the output gate. A non-commutative formula is

one where the inputs to the various gates are ordered and the formula com-

putes a polynomial in the free algebra F〈x1, . . . , xn〉. [Nis91] showed that

the vector space spanned by the partial derivatives of functions computed
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by non-commutative formulas has small dimension. [RS05] give a method

for recursively checking if the all the partial derivatives are zero.

The approach of [Nis91] was to show that non-commutative formulas

can be converted to arithmetic branching programs with only a polynomial

blow-up in size. [RS05] work with these arithmetic branching programs to

check if it is identically zero.

The basic idea is to reduce the identity testing problem on the given

ABP to identity testing on an ABP which has a lesser number of levels with

the same size. Recall Lemma 2.17 where we converted a non-commutative

formula into a homogeneous ABP. In the lemma we showed that the non-

homogeneous ABP can be converted to atmost d + 1 homogeneous ABPs

each of size O(s2). It can also be seen from the proof that the algorithm

runs in time polynomial in s. Thus without loss of generality, we will

assume that the ABP that we identity test is homogeneous.

For an homogeneous ABP A with source s and sink t, with nodes

v1, · · · , vm in the second layer we can write

As,t =

m∑
i=1

As,vi ·Avi,t

We know that As,vi has monomials of the form α ·x2i or α ·xixj. The idea of

[RS05] is to replace these with a di�erent set of linear forms thus reducing

the number of levels to get a new ABP Â such that As,t ≡ 0⇔ Âs,t ≡ 0.

A straightforward way in which we can replace the quadratic forms by

linear forms is to replace each pair of variables xixj by a new variable yij.

This way we introduce atmost n2 new variables when we reduce the number

of layers by 1. Since the ABP could have nc many layers, this could increase

the number of variables to an exponential value. Hence the straightforward

way is not good enough if we want a polynomial time algorithm for identity

testing.
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[RS05] provide a cleverer way to label the edges between the two levels

by introducing just O(S+n) many variables where S is the size of the ABP.

As was noted earlier, the polynomials computed in the �rst two layers of

the ABP are quadratic forms. Thus we can write

As,vi =

n∑
j=1

αijx
2
j +

∑
16j<k6n

βijkxjxk +
∑

16j<k6n

γijkxkxj

Since we know that As,t =
∑m
i=1As,vi ·Avi,t, we have

As,t =

n∑
j=1

x2j

m∑
i=1

αijAvi,t+
∑

16j<k6n

xjxk

m∑
i=1

βijkAvi,t+
∑

16j<k6n

xkxj

m∑
i=1

γijkAvi,t

Since we are working in the non-commutative domain, a polynomials

which has x2i in the beginning cannot cancel one which has xixj, i < j in

the beginning. Thus we have the easy observation that

Observation 4.4. As,t ≡ 0 i�

∀1 6 j 6 n

m∑
i=1

αijAvi,t ≡ 0

∀1 6 j < k 6 n

m∑
i=1

βijkAvi,t ≡ 0

m∑
i=1

γijkAvi,t ≡ 0

Recall Lemma 2.18 in which it was shown that dim(∂(p)) is atmost S

where p is the polynomial computed by an ABP of size S. Now if you look

at partial derivatives of order 2, the proof of the lemma gives you the fact

that dim(∂2(p)) is atmostm wherem is the number of nodes in the second

layer.
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With this is mind, de�ne the vectors

∀1 6 j 6 n αj = (α1,j, · · · ,αm,j)

∀1 6 j < k 6 nβj,k = (β1,j,k, · · · ,βm,j,k)

∀1 6 j < k 6 nγk,j = (γ1,k,j, · · · ,γm,k,j)

−→a = (Av1,t, · · · ,Avm,t)

From the discussion in the last paragraph, we know that not all of these

are linearly independent. Note that As,t ≡ 0 i� αi · −→a = 0 for all i ∈ [n]

and βjk · −→a = γkj · −→a = 0 for j < k ∈ [n].

Let d be the dimension of the space spanned by αi,βjk,γkj, i ∈ [n], j <

k ∈ [n]. Since there are m nodes in the second layer of the ABP A, d 6 m.

Let u1, · · · ,ud denote the basis vectors where

ui = (ui,1, · · · ,ui,m)

De�ne linear forms li for each i ∈ [m] as

li(y1, · · · ,yd) =

d∑
j=1

uji · yj

Now we replace all the layer 1 nodes of the ABP A and connect the

source vertex of A, s to all the nodes in layer 2 where the label of the edge

connecting s with node vi is li. This new ABP will be Â.

Claim. A ≡ 0⇔ Â ≡ 0

Proof. The polynomial computed by the ABP Â is

Âs,t =

m∑
i=1

li ·Avi,t
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From the de�nition of the linear forms li, we get

Âs,t =

m∑
i=1

( d∑
j=1

ujiyj

)
·Avi,t

=

d∑
j=1

yj

( m∑
i=1

ujiAvi,t

)

=

d∑
i=1

yi(ui · −→a )

Thus Âs,t ≡ 0 if and only if ui · −→a = 0,∀i ∈ [m]. This is true i� the space

spanned by uis give a product 0 with −→a . This gives the claim.

Thus we have the following algorithm for identity checking a non-

commutative arithmetic formula F.

1. Convert the arithmetic formula F which computes a degree d poly-

nomial p ∈ F ∈ 〈x1, · · · , xn〉 to d + 1 ABPs A0, · · · ,Ad where Ai

computes the i− 1th homogeneous part of the polynomial p.

2. For each Ai, reduce the number of layers of Ai by one by introducing

new variables and connecting layers 0 and 2 with a new set of linear

forms. Continue doing this till we get a 2 layered ABP on which we

can identity test

The time taken to convert the formula into d + 1 ABPs is polynomial

in the size sF of the formula F. Each ABP is of size O(s2F). To compute the

all the values αi,βjk,γkj, we require time polynomial in m,m ′,n where m

is the number of nodes in the second layer and m ′ is the number of nodes

in the �rst layer. Thus we have n2 + n vectors and we need to �nd the

set of linearly independent vectors among this that will span the vector

space spanned by the n2 +n vectors. This can be done in polynomial time.

This would give the linear forms lis and we can convert the ABP A into
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a new one Â which has one level less. We need to iterate this procedure

atmost d times to get to a 2 layered ABP A ′ which computes degree 2

polynomials such that A ≡ 0⇔ A ′ ≡ 0. Thus the entire procedure runs in

time polynomial in sF. This proves Theorem 4.2.

4.2.1 Depth 3 Set-Multilinear Circuits

The technique described above for identity testing non-commutative for-

mulas lends an algorithm for identity testing depth 3 set-multilinear cir-

cuit. Recall that a depth 3 ΣΠΣ set-multilinear circuit, computes a set-

multilinear function over some �xed partition of variables at every gate of

the circuit. Firstly, note that any depth 3 ΣΠΣ circuit C can be thought

of as an ABP A as follows.Assume that C computes a polynomial

p(x1, · · · , xn) =

m1∑
i=1

m2∏
j=1

Lij(x1, · · · , xn)

where Lijs are linear functions.

1. The number of layers will be the maximum fan-in of the × gates.

Order the linear forms input to a × gate an put each linear form in

a di�erent layer.

2. Introduce two nodes s and t as the source and sink respectively, add

a path from s to t for each × gate where the length of the path is the

fan-in of the gate and the edge labels are the linear forms.

The technique used in the last section cannot be extended in the case

of these general circuits since we cannot split the polynomial into 3 parts

as we did there. Set-multilinear circuits on the other hand have nice prop-

erties which enable us to use the same algorithm as in the case of non-

commutative formulas to obtain a deterministic identity testing algorithm.
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We will further assume that the circuit is a ΣΠΣ circuit. The case of

ΠΣΠ circuit is not interesting since any set-multilinear circuit on variables

X = _
⋃d
i=1Xi will have fan-in atmost d for the top Π gate. Each Σ gate will

compute a polynomial from one part.

In the case of ΣΠΣ circuit, since in any set-multilinear circuit each

gate computes a set-multilinear polynomial, it is necessary that the linear

function computed by a + gate at the bottom level depends on just one

part of the variable partition. Thus we can think of the commutative set-

multilinear circuit as a non-commutative circuit. Every monomial in the

polynomial can be thought of as ordered from X1, · · · ,Xd since only one

variable from each part will occur in a monomial. This gives us the corollary

4.3

4.3 Summary

[RS05] show that the same techniques as was used in the design of a de-

terministic algorithm can be used to design algorithms for PIT in the case

of pure circuits. There are a special class of set-multilinear circuits where

the set of variables that are used in the computation of polynomials at two

di�erent gates are either same or mutually disjoint. The most naive circuit

for iterated matrix multiplication is of this form. [NW97] have also shown

depth lower bounds for such circuits for computing the iterated matrix

product.

The question of connection between circuit lower bounds and PIT is

interesting. Non-trivial lower bounds in the size or depth has been usually

followed by algorithms for identity testing in the particular class of circuits.
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Chapter 5

Conclusion

The aim of this thesis had been to survey a technique that has been useful

in proving lower bounds for arithmetic circuits, designing e�cient learning

algorithms for certain classes of arithmetic circuits and for identity testing

arithmetic circuits.

First, we must state that the list of results that we have surveyed which

use these techniques is not exhaustive. [SW01] use these techniques to

prove lower bounds for general circuits. It has also been used by [Raz04]

and [Raz09] to prove results about multilinear circuits.

A question that is interesting and worth further exploration is the con-

nection between the problems of proving lower bounds, designing e�cient

learning algorithms and constructing good identity testing algorithms. It

is easy to see that the method of [BBB+00] gives an e�cient identity test-

ing algorithm, if there are no equivalence queries since we can use [RS05]

on the multiplicity automaton. Similarly, proving circuit lower bounds is

an easier problem than designing e�cient algorithms for identity testing.

Even though we have seen similar techniques used in these three settings,

we do not know of a way to quantitatively compare the hardness of these

problems and feel that this is an intersting avenue for further research.
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