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formal orthogonal Polgnomials:

définition, moments
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of orthogonal Polgnomials
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combinatorial interl:)retation of a

continued fraction with weightecl Paths
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PVaovele Makhy (4“30)

COMBINATORIAL ASPECTS OF CONTINUED FRACTIONS

P. FLAJOLET
IRIA, 78150 Rocquencourt, France

Received 23 March 1979
Revised 11 February 1980

We show that the universal continued fraction of the Stieltjes-Jacobi type is equivalent to the
characteristic series of labelled paths in the plane. The equivalence holds in the set of series in
non-commutative indeterminates. Using it, we derive direct combinatorial proofs of continued
fraction expansions for series involving known combinatorial quantities: the Catalan numbers,
the Bell and Stirling numbers, the tangent and secant numbers, the Euler and Fulerian
numbers... . We also show combinatorial interpretations for the coefficients of the elliptic
functions, the coefficients of inverses of the Tchebycheff, Charlier, Hermite, Laguerre and
Meixner polynomials. Other applications include cycles of binomial coefficients and inversion
formulae. Most of the proofs follow from direct geometrical correspondences between objects.

Introduction

In this paper we present a geometrical interpretation of continued fractions
together with some of its enumerative consequences. The basis is the equivalence
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F RACTION IBV S CONTIN VIS

DISSERT ATIO.

‘ AVCTORE
Leonb.  Euler.

§ I.
Arii in Apalyfin recepti funt modi quantitates, quae

“alias difficulter affignari queant, commode expri-
“ mendi.” Qrmntatcs fcilicet irrationales et trans-

cendentes, cuiusmodi {unt iogamhmx, arcus circulares, alia-

rumque. curnarum: quadraturae, per feries infinitas exln-
beri folent, quae, cum terminis conftent cognitis, valo~
res illarum *quantitatum fatis diftinGe indicant. Series au-
iem iftae duplicis funt generis, ad quorum prius pertinent
illae feries, quarum termini additione fubtractioneve funt
connexi; ad pofterius vero referri poffunt eae, quariim
termini multiplicatione coniungunwr.  Sic vtroque mo-
do area circuli, cuius diameter eft — 1, eXprimi fo-

let ;priofe nimiram 4rea circoli_aequalis dicitur 1 —§—4-

'-—'—}--—etc in infinitum; pofteriore vero modo eadems

2.4 4.6.6.8.8.10. 10

"area aequatur huic exPrcﬁiom e e o ete.. 0 in-
finitom. Quarum ferierum .illae reliquis merito praefe-
runtur, quae maxime conuergant, et pauciffimis {umendis
terminis valorem quantitatis quaefitae proxime praebeant.

§. 2. His duobus ferierum generibus non immerito

foperaddendum  videtur tertium, cuius termini continua
. dinie

o)
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