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1 Introduction

Universal 7 matrix : the concept [Fronsdal, Galindo]

exponentiation
—

(a) Lie algebra Lie groups

Coproduct for the group elements (G)
AG)=G®a.

Can the proceess of exponentiation be generalized for a Hopf algebra?

(b) Hopf duality
Universal enveloping algebra () «— Function Hopf Algebra (A)
~ Counterpart of Lie algebra ~ Counterpart of Lie group

(u,v) €U (a,0) € A

Nondegenerate bilinear form (,) : AQU — C

<G,, ’LLU> = <A_A(G,),u®’l)>, <a’ba U’> = <G,® ba AU(U)>5

(a,Iu) = eala), (L4, u) = €u(u).
{E,}, {e"} = fintely generated basis elements of &/ and A algebras, respectively.
Multiplication map of the U algebra is associated with the comultiplication map of the A
algebra, and vice versa.

ExEp = f$sEc, Au(Ea) =) g5°Ep ® E,
B,C

A,B

A A B o .C A B _ AB_C

AA(e)zngce ®e”, ee—Egce.
B,C A,B



(c) Universal 7 matrix (canonical element) is the capstone of the concept of duality.
T =Y, e*E4 ~ closed form expression for the finitely generated basis elements.

Classical ¢ — 1 limit = Lie group element

Group behaviour

(AA®I)T =) Aule®) Ea=TT,
A

(@ A)T = e* Ay(Ea) =T &T.
A

(d) Maps to the universal R matrix
Two noninvertible maps exist.

p:A-U= (p®id)T =R,
Vv:A-U= (QYId)T =Ry

Each Borel subalgebra of A is mapped to the conjugate Borel subalgebra of U.

2 T-matrix for SL,(2) algebra

[Fronsdal, Galindo]
(a) U ~ U,(sl(2)) algebra

2J —2J
q 0 __ q 0

_ q—l
A =Jo@14+1®Jy, A(Je)=Je@¢" +¢ P ® .

o, Je) = £Tx, [Ty, J ] =[2Jo], =

Basis Eygm = J& JSJ™, (k,6,m=0,1,2,...).

(b) Dual A ~ SLs(2) algebra

Dual basis of quantum group A ~ SL,(2) ~ ekm

< ekEm’ Eklgfml > = 5,’:/ (551 z/.

Generating element e'% = z, el = 2, el =y

Dual algebra
[z,y] =0, [2,2] = —2Ingq z, [z,y] = —2Ingq y.
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Full basis set

m

ohtm — z* (2 —(k—m) IHQ)Z Y
(K] l [m]!

(c) Universal T-matrix

T = ZekemEkﬁma

kém

T®Jy ado © (4 ® JOJ
- (S e (S )
1—q"

(n)g = 1—q

T g1 = €"®7+ @70 ev®7= . SL(2) group element

a b e*? 4 xe #%y ¢ 2xe#/?

c d = q—l/Ze—z/Zy 6—2/2 ’
~ Gauss decomposition of SL,(2,C).
a, b, c, d satisfy quantum group relation.

(d) Fundamental rep

Tl;=

1
2

ab = g tba, ac =q ‘ca, bd = g 1db
cd = ¢ 'de, bc = ¢b, [a,d] = (¢~ — q) be,
ad — ¢ tbe = 1.

= z=q ?bd7", Yy = q?d e, e#? = d 1.

(e) * -involution (SU,(2)) ¢ ~ real

. 1

- — - 2* /2 —z/2

=T = e ", e = — ,
Y 1_<6

Y= e “x, ¢ = —qze *y = —qgbc.



3 Generalized coherent states

[Aizawa, RC|
(a) spin-j representation of SU,(2)

Telgm) = Jli Fmlglj £ m+ 1), [jm£1),
Jo|jm) =m|jm),
(b) Coherent state

|$,Z> = 7-|.7 _j>:

1/2

27 .
i 2 S
=eJZq7[7” " |j —j+n).
n=0 q

{ n } _ [
k q [k]![n — Klg!
classical case (¢ =1) = coherent state <— coset space SU(2)/U(1)

Usual choice 2z ~ real e =1+ |z|?, Tt = —vy, Yt = —x.
Not possible in the ¢ # 1 case

Contradiction = 1-—¢ (=0 z™=q¢2z y™*=q%.

(c) Unit norm

x-involution requires 7 to be unitary operator TIT =1.
= coherent state is of unit norm (x, 2|z, 2) =1
explicit check

N —4j
(x,2z|lz,2) = e 7% e 14y [ qq_4jC e C} ~ Basic hypergeometric function,

. 2
e—jz*e—jz (Ca q )oo -1

(9% 00

(d) Resolution of unity
Normalized bi-invariant integral [Chari, Pressley]|
H:A — C

(1) H[14] =1,
(2) for any f € A
(H@id)[A(f)] = (id® H)[A(f) | =H[ f].

= H[ao‘bﬁc"’d‘s] #0, onlyif a=4¢andf=r,
H[ Verd0a ] #0, onlyif a=4dand g=1r.
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q2n

éH[C”}:m.

H[ |z, 2) (x,z| }

2j .
= qu_n(nH) [ 273] HI (C;q2)2j—ncn]|j —j+n){j —Jj+nl,
B 1 & .q o
= m;lj —Jj+n){j —j+nl.
= (2j+ 1) H| |z,2) (z,2] | =1

= Any state in the spin-j rep can be expanded in the coherent state basis

0 = 3 culimd = 3 (2 + D[ 1,2 (.2l ] [m).
= (2j+1)pg H| |z,2) Z Cm (z, 2 | jm) |.

m=——j
. q1/2
wslim =0 | 2] ey
q
(e) Coherent state —» SU,/U(1) ~ S;

~ Podles ¢ sphere
~ quantum homogenous space.

VB

Ty =—q [Qj]q <$’Z‘ J—I—Q_JO ‘.I,Z) =—q [2]q(1 - C).’E*,

mo=1- q[Qj]qq(@;, 2l [Jol, 2, 2) + 47 [7],) =1 - ¢ [2],¢,
= \/ﬁ —hJ =/[2],2(1

T = m(:wlq -z, 2) = 4/[2],2(1 = Q).

Noncommutative algebra

Th — ¢ reroy — qrogmy =1,
(1-q¢ )2y +q w2y — ¢ 'mz_y = (1 — ¢72) 20,
1T — ¢ *wer—1 = (1 — ¢ %) 2_4,

Toz1 — ¢ 21170 = (1 — ¢7%) 2.
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~ special case of Podle$ ¢ sphere.
*-involution z} = —qz 1, z§ = ¢, 7*, = —q¢ ;.
~ left-covariant diffferential structure may also be derived.

4 Universal T-matrix for OSp,(1/2) quantum super-
group

(a) Universal enveloping algebra U ~ U,(osp(1/2))
generating elements H (parity even) Vi (parity odd)

2H —2H

1 _
[H,Vi] = iivia Vi, Vo = —% = —[2H],.

AH)=H®1+1®H, AV =Veieq " +¢" @ V4,
Universal R -matrix [Kulish, Reshetikhin]

_ o —1\k,—k/2
v a-a )
R:q4H®H ( )
= (k)
q
k .k

[k]q:l_(_l) q

1+g¢

¢V ® g HV)E,

= satisfies Yang-Baxter equation
R12R13R23 = 72'2372'137?'12

Basis set for U = Eyy, = VEH'V™, (k,1,m) =0,1,2, ...

(b) Universal 7-matrix [Aizawa, RC, Naina Mohammed, Segar]
Generating elements of the dual A = OSp,(1/2) algebra:
£ = el gy — 001 and 5 — (010
Basis of A algebra e*“".
<€k€m, Eklglml> = 516,5515%;.

Algebra of A
{z,y} =0, [z,2] =2Ingq z, [z,y] =2Ingq y.
_ 2k z=(k=0ng)* y™
a [£],! 4 [m]g-1!"
™2 = (=1)mgm?
q 12 1 g\

Set of dual basis €™

{m}, =



Universal 7" matrix for OSp,(1/2) =

Tor = Y, Q Byum

kfm
o0 1 o0
= [Y —~—@eVi e | Y —~<—@yeg"V )"
210} O
q q!
(c) Classical ¢ — 1 limit of the universal 7 matrix
Odd generators are nilpotent
2 q—)l 0, 2 g—1 0
(111_I>n (2n), — n(1 —q), (lll_r)n 2n+1),—1,n=0,1,2,...
72 2
lim =1, lim =1,
g—1q—1 g—1qg~1 —1

I, n ~ parity-even elements
Classical limit =

E‘ . =(1®l+zV,) exp(x@V )exp(z® H)exp(h @V (1@1+y® V).
The elements (VZ, H) of the classical osp(1/2) algebra form a sl(2) subalgebra.
(d) Maps to the universal R-matrix
Two maps =
1He:A—>U

®(x) =0, @(2)=@mgH, () =g "(g—q )"V
(@ ®id)(Ts,.) = R,

2)Uv:-A-U

U(z)=(" —q) g "V, V()= (-4ng)H,  T(y)=0.

(¥ ®id)(Te,e) = Ry,
Maps are not invertible.
Each Borel subalgebra of A is mapped to the conjugate Borel subalgebra of .

(e) Irrep V¥ and the matrix elements



V(E) é{efn(A) | m:&g_la ,—ﬁ}’
A=0,1 ~ Parity of the highest weight state

Heb (\) = %ef ),

m

1/2
Vien(N) = <{2} {¢—mj}, {€+m+1}> Ems1(N),

1/2
Voen(A) = (=1)m ({2} {€+m} {¢— m+1}> ern_1(N),

Matrix elements of the 7-matrix =
TomA) = (€N, Tepen(N)
= Npym(g) 2™ ™ €™ Pry(C)
The polynomial reads
Pl () = Z(_1)c(E—m)—l—c(c—1)/2q—c(m'+m—1)/2

C {m' —m} H{l+m} !H{l—m+c}

{m m+ ct ! {l+m —c} ! {{ —m} H{c}!
Polynomial is expressed in terms of basic hypergeometric functions =

Pé’m(c) — Z ((_Q) e _Q) ((_Q)Kim_H;_Q)a (—QC)a

—~ (=)™ ™ =)o (=4 —@)a

= 261 (=077, (=g) 4 (=) ;g5 )

~ little (—q) - Jacobi polynomial.
g-Jacobi polynomial appears for the matrix elements of the sl,(2) algebra.
(—gq) - Jacobi Polynomial appears for the matrix elements of the OSp,(1/2) algebra.

CC

(f) Gaussian decomposition of the fundamental representation of OSp,(1/2)

1 00 e %2 0 0 1 q1/2y 4 .2

e Y
Te.6| 1y e 1o 0 1 0 0 1
—q{Z}qx z 1 0 0 €Z/2 0 0 1
a a b
~ |y e B ~ quantum supermatrix
c 60 d

(g) Vector representation (¢ = 2) and OSp,(1/2) sphere

a’ Ki1ao Kaab Kiah b?
Kiay ae+q ya Ka(aB + q~'vb) —aff +qteb KibB
T?(0) = | kzac ko(ad +ca) ad+q '[2Jad + ¢ 2bc  ka(ad+6b)  kzbd |,
kiye Y0+ qlce Ka(vd + g 'cpB) ed+q 136 Kk Bd
c? K1CO Kscd K10d d?



where
[4]

ﬁ Ko = v/q71[3] K3 = K1Ko.

K1 =

A-covariant algebra =

Algebraic relations are covariant under the right coaction of A on the vector space V.
or:V-oVRA

(pr®id) o pr = (Id ® A) 0 ¢pg, (id®e€) o pr =id.

One way of constructing .A-covariant spaces =
e Assume a multiplication map on V®

u(f®g)=rfg;  figev®

e Consider Clebsch-Gordan decomposition

LN =" CL L Tel (\) @ e, (V)

mims

= By = pley(66A) = Y G L ek, Ve, (V),

mi1ma M€ m1
™mi,meo

e right coaction on EL,(A) is
== Z E]lh/ ® T]ﬁ’M(A)'
MI

e . = 0 = Scalar relation

SDR(E(())) = E(())’
S E) = Y Cp b et Ve, (\) =7
mi,ma

e L = = Identical transformation for EX ()\) and e’ ()

= En(N) = D, Cymy i€, Ve, (V) = €ep, (),
my,m2

& — 0 when ¢ — 1.

o L#0,l= E’ (A) and €, ()\) transform differently.

= EL(A) =) CL L et (Veh,(\) =0,

mi1mo Meml mo
my,m2

= At most two parametric (r, ) deformed space.



Example 1: £ =1 case z, =e. (0), z+; — parity even, 2y — parity odd
11=2¢160

1/2 2 —1/2
q/z,lzl—i-zo—q /zlz,lzr.

—q1/2z021 + q_1/221z0 =z,
Z_1%21 =+ ((]71/2 -+ q1/2)z§ —Z1Z21 = 620,
q" 22120 — g P22 = €2

= Covariant under the coaction of OSp,(1/2)
Consistency requirements =

(a) The constant r commutes with all generators

(b) Product of three generators, say z;20z_1, has two ways of reversing its ordering:

Z120%2-1 —> R1%-1%p

/ pY

ZoR172—1 Z_1R1%Q-

N /

20%—1%21 —*> R_1%pR1
Both possibilities must give identical answers.

Satisfying the second requirement needs the choice £ =0
= Corresponding noncommutative space

2120 = qZo%1, 20%2—1 = gz—-1%0,
272 =q2_ 121 — (Z((]_I/Q + 41/2)7”,
zg = —q_l[Q]zlz,l —q

Example 2: L = 2 case = Decomposition 2Q2=403020160

Basis Y, = €2,(0), where m = 0, +1,+2; m = 0,42 even parity, m = +1 odd parity
= radial element L =0

= ¢ VY 5 —q PVY = YF 4¢PV Y+ Y Y =,

= (1) To define the algebra 10 commutation relations, 2 equations specifying Y2, and 3
relations coming from consistency conditions are needed. They appear from L = 3,2,1
relations. The L = 4 relations are rejected as they do not have the correct classical limits.
= (2) OSp,(1/2) supersphere algebra can be embedded in the function algebra A
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5 Conclusion

e Universal 7-matrix for the quantum groups allows for ¢-generalizations of the Perelomov
type of coherent states. For the SU,(2) case the decomposition of unity and a new complex
structure on the quantum homogeneous space have been obtained explicitly. It should
be posible to obtain star product structure on complexified Podle$ sphere using these
coherent states.

e In the general case the braiding relation puts extra conditions on the covariant noncom-
mutative spaces. The role of the modified braid relations needs to be investigated in this
context.
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