Kappa-deformed space-time: Field Theory

and Twisted Symmetry

E. Harikumar?

School of Physics

University of Hyderabad
Hyderabad

December-2008

tharisp@uohyd.ernet.in



Motivations/Introduction

Non-commutative space and twisted symmetry

k-spacetime and k-Poincare algebra

Realisation of kappa spacetime and its Symmetry Algebra

Conclusion



Motivations/Introduction



» Quantum gravity can be, possibly modeled using
non-commutative space-time



» Quantum gravity can be, possibly modeled using
non-commutative space-time

> Iplanck = 1/ 2§ may have a significant role to play in

g-gravity.

(a) String theory models predict existence of minimum
length scale

(b) Area and volume operators in certain loop gravity
models have discrete spectra with minimal values. These
minimal values are proportional to I2 and Ip® respectively.



» Quantum gravity can be, possibly modeled using

non-commutative space-time

{Planck = *;—? may have a significant role to play in

g-gravity.

(a) String theory models predict existence of minimum
length scale

(b) Area and volume operators in certain loop gravity
models have discrete spectra with minimal values. These
minimal values are proportional to I2 and Ip® respectively.

l, sets a minimum length scale [,,,;;, in models describing
quantum gravity
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Special Theory of Relativity: Laws of physics must be
same in all inertial frames

If ls 2 lminv ls’ Z lmzn

But this is not guaranteed(!) due to Lorentz-Fitsgerald
length contraction

Modify STR Space-time structure is governed not only
by a fundamental velocity scale ¢, but also by a
fundamental length scale [,. Doubly Special Relativity
DSR introduces a minimum length scale without singling
out any preferred frame

The Energy-Momentum relation get a length scale
dependent modification.

Ex: E? = p?c2 + m?c* + al 3 + ﬁl§E4 + .
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Modified dispersion relations

» Many Q-gravity models do give modified
Energy-Momentum relations

» Observations of ultra high energy cosmic ray scattering
contradicts standard notions of astroparticle physics.

» These observations can be explained if the threshold
energies required for these processes are not dictated by
usual Energy-Momentum relations but by modified ones
involving a length scale!

» DSR: Two seemingly different models were constructed
recently.

» Are they related? Equivalent?
» IS DSR UNIQUE?
» We will come back to this.
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DSR and k-deformed space-time

» There are certain g-gravity models whose low energy
limit shows modified Energy-Momentum relations as in
DSR.

» These g-gravity models with A > 0 ( and goes over to
A = 0 limit smoothly) are shown to have deformed de
Sitter group as the symmetry group. The deformation
parameter q here is related to [, as in ¢ = [,V/A.

» In the A — 0 limit, the symmetry group reduces to
k-Poincare group and NOT Poincare group.

» Algebraic structure governing the deformation of
Energy-Momentum relation in these models at Planck
scale is k-Poincare algebra
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Moyal space: summary of essential results

» Generic NC spaces are defined with co-ordinates obeying
S i .
[X/uXV] = EGW(]W)
> O (k) =00, + 0,08\ +0,, irEo + o

» Moyal space is the one where 6,6, *, ..... all are set
to ZERO. o
[XAH XV] = i‘glﬂf

» Weyl-Moyal map:

f= /dkda:f(x)eik'(f{_x)
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» f§ induces a modified product rule:
Moyal Star Product f x g

frg= @)% % g(y)|omy
x product is associative
. Jdafxg=[dxfg
. fdx(f*g*h) :fda:(g*h*f) :fda:(h*f*g)
. (f*g)CC:gCC*fCC
» Quadratic part of the NC action is same as the
commutative one
Propagator is not modified: no change in dispersion
relations
Interactions are modified

5 W R
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Twisted symmetry

> [XM,XV] = 10, breaks the Lorentz invariance of Moyal
plane.

» The notion of fields transforming under representations of
Poincare group is in trouble -Can not view field quanta as
particles with definite spin and mass
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in commutative space f,, = (z,z,) transform as a rank-2
tensor,

M;wfpa = i(f/wnl/p - fuanup + fpun;w - fpr/n/w - fpu771w>

Chaichian and co workers showed that the symmetry
algebra of Moyal spacetime is realised by the twisted
Poincare-Hopf algebra and not by the Poincare algebra

foo = 3(x, % T, + x5 * z,,) transform as a rank-2 tensor
under twisted action, i.e.,

M;iufpa = i(fuoMvp = fuoMup + fovuo — Fouuo — Founve)-

M, ([, 76]4) = 0= My, By
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» Attempts to construct NC gravity by demanding a
compatibility between % product and the action of
deformed generators led to the twisted Leibnitz rule for
the symmetry generators.

a®fl  — (p@pAlgla® s
m | Il m

ma®pB) —  plgm(a® p)

» It was argued that the twisted Hopf structure of the
symmetries have interesting implications in field theory

» We study the k-Poincare algebra which is the symmetry
algebra of k-deformed spacetime, construction of field
theory on k-spacetime and some of the interesting
properties of this theory.
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L i R
(X, X, = ﬁ@w/(kx)

where O, (ki) = 09, + 0, 2\ + 0, i\Zo + .o

> with 09, = 0,0, * =0, .

» Only non-vanishing term 6}

> Thus we have [2,,,] = iC), &, Lie algebraic type NC
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Generic NC spaces are defined with co-ordinates obeying

L i R
(X, X, = ﬁ@w/(kx)

where O, (ki) = 09, + 0, 2\ + 0, i\Zo + .o

with 6, =0,0,, * =0, ...

Only non-vanishing term 6,,*

Thus we have [Z,,%,] = iC), &5 Lie algebraic type NC
choice: 7, = a,0ux — ay0pux, @y, 0 =0,1,....,n — 1 are
real

choice: aoza:%,ai:O,izl,Z, ...... ,n—1
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» k-spacetime co-ordinates satisfy:

[‘%i, CE’J] = O, [Ii'o, CZ’Z] = ZCL‘%Z

» The symmetry algebra of this spacetime is k-Poincare
algebra

[M/uza Ma,@] = i(nuﬁMua - nuaMVﬁ + nVaMuﬁ - nyﬁMua)
[Miapp,] :ieiujpja [P/MPV] :Oa [NZaPO] :/L-P’L

_—2aP\ , Y32\ . pp
a(l e )+2P) iaP;P;

[Ni, Pj] = idy; (%

with Casimir m? = (2sinh(42))? — P?etFo
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» Another k-deformed algebra studied is one where
[Ni, Pj] = i(0i P — aP;P;),  [Ni, Pyl = i(1 — alPp)P;

with Casimir M? = (P? — P?)(1 — aPy) 2
» The two DSR models constructed have energy-momentum
relations given by these two Casimirs respectively.
» The non-commutative structure of the underlying

space-time of both DSRs are same, showing the
equivalence of the physical models.
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Symmetry algebra of k-spacetime

» There are different approaches to construct field theory
on k-spacetime.

» Using fields which are functions of £, and defining the
action which is invariant under k-Poincare algebra.

» Map kappa-spacetime co-ordinates and their functions to
commutative ones and work with these commutative
functions.

» We take the second approach
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We derive the action of Lorentz algebra on k-spacetime
co-ordinates and also obtain their derivative operators.

These operators satisfy usual Poincare algebra relations,
but have modified Casimirs

We obtain different possible invariant actions for scalar
theory.

We derive the modified Leibnitz rule( twisted co-products)
of these generators and compatible flip operator.

Using this, we derive the deformed commutation rules
between A, AT /twisted statistics.
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We have [QA?(),JAI@] = iai‘i, [JA,’@,I%]] =0
2, = 24Pa,(0) This defines a unique mapping of
functions on k-spacetime to that on commutative space
time

F(2,)|0 >= Fy(x)

Any M (%) can be expanded as a power series in Z,,.
M (z) can be written as LC of monomials of

Lo, L1y eeeeny Tnoq With mg, mq,....m,,_1 as powers and
polynomials of lower order P(Z). Thus

[M(&) — P(2)]0 >= M(x)

Natural ordering:i, to the right/left of ;
T and z; treated symmetrically.
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K-spacetime, ordering, Leibnitz rules

» Imposing
05, 2;] = 0i50(A), [0;, %0] = iadyy(A)
[807:%1'] = 07 [807'@0] - 17
with A = iady, we get from 2, = 2,P,,(0)

>
Ty = w0(A)
» from the commutators we get %@/} =v-1

(¢(0) =1,4(0) = 1,7(0) = ¢'(0) + 1)
» Leibnitz rule for 0; is modified
Az +4y) (4: + 4y)

p(Az) P(Ay)
> Ay(00) =00 @I +1® 0y =F1Y + I*0f

A (0) = o2 + vt
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k-Poincare algebra, Casimir and Dispersion relation

>

No modification in the Lorentz algebra

v

Demand M, and Z, close linearly, satisfy Jacobi identity,
smooth commutative limit

[Mi07 3?0] = iz + z'aMZ-O
[Mi(), Ii'j] = —51‘]'.%0 — ZCLMl

Leibnitz rule

v

Ap(Mij) = My @ I +1® M,

1
i0) =My ®1I+e! i a0; —— ij
Ay(Mig) =M1 +e ®Mo+zaaj<p(A)®M



k-Poincare algebra, Casimir and Dispersion relation

» Enlarge the algebra:

[ n2 D)\] = 61/)\Dp, - 5;L/\DV

[Dw DV] =0
[D‘u, i’y] = 6#,/\/ 1-— CLQDaDa + Z'CL()((;uoDl, — (leDo)
inhA —A —A
DO = —iaosznh —ia A — ¢ Dl = &e—

A 202’ @



k-Poincare algebra, Casimir and Dispersion relation

» Enlarge the algebra:

[Mp,ln D)\] = 61/)\Dp, - 5;L/\DV

[Dw DV] =0
[D‘u, i’y] = 6#,/\/ 1-— CLQDaDa + Z'CL()((;uoDl, — (leDo)
sinhA e 4 e 4
Dy = —i — — D, = 0;—
0 109 I ia A 257 -

[M/wv O] =o,[0, ju] =2D,
—A

e
O=na - +203(1 — coshA) A
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D,D,=0(1- GZD) quartic
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k-Poincare algebra, Casimir and Dispersion relation

» The Casimir

2
D,D,=0(1- GZD) quartic

» [ is quadratic in space derivatives.
> (O(1— 20) —m?)®(z) =0

2
A—mQ—aZAQZO

“ . a 6—aP
with A = ISth(%) - P?¢2<ap2>

—apo
9 €

—m?=0

S h2 apo '
( 2 ) b; gO(apo)z
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p(24)Gp(2)|0 >= Foux, G,

> (f #p 9) (@) = molem (o™ 200% £ () g (0)]lumt=s,
A, is the twisted co-product of 0,

P(Az+Ay)

p(Az+Ay) )
p(Az)

Noln (Ay)

+Ny(Az+in

F,=e



>, = 7aP0,(0)

Fo(2,)Gy(20)]0 >= Fux,Gy

(f *p 9)(x) = mo[e®4em20% £ (u) g ()] [u=t=a,
A, is the twisted co-product of 0,

v

>
P(Az+Ay) p(Az+Ay)
.7:;0 _ elen (A2) +Ny(Az+in o(Ay) )

» Twist element Fp = e AN@ATA-MABN A — 1 () for

L/R ordering. Here N = z;0;.
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Twisted Flip Operator

» (anti)Symmetric states of the physical Hilbert space are
projected from the tensor product state

) (f@g) =3/ @gtge /).

>» g f®g=(D®D)A(9)f ®g, g € symm. algebra
> [A (9)77—0] =0
» for the NC case [A,, 7,] =0
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Twisted Flip Operator

» for bosons f® g =rT,(f®g)
> $(z) © Ply) — e~ (ABN- N®A>¢(y)¢(

_A iadp
2

>(|:|—m)CI)():OW|thgo =e "z is
[a? +—Si hQ(WQaO) mz} )
> O(x f 20 (p) [ (wr, P)e” P + AT(Wh@eip.ﬂ

AT(:l:wk m AT(QIwk,ﬁ)

py = Fwi(p) = :l:%sinh_l(gx/p? +m?),

Qi(p) = 5 Sinh(awk(p))



Twisted commutators

Al(p) A(q) — e~ @Ot Ouaro) A(q) AT(p) = —5°(5 — )

AT(po,ﬁ)AT(qo, q—)_efa(fqoap,.pﬁaqiqipo)AT(q(]? @AT@O;@ -0
A(p07@A(q07 (T) - e_a(qoapipi_aqiqipO)A(Q(% @A(p()?ﬁ) =0

Do, Jo as given above



Deformed Product

>

agqg

A(p) o A(q) = o~ 5 (o= ©) A(po, "% 5) A(qo, e~ 12?0(7)

A ( )oAT( ) — 37(100*¢10)AT(]90 ei%ﬁ)A@O,e%(f)
apg

A (p) OA(Q) = 7(P0+qo)AT( Do, € 2 m OA(C]Q,G 5 (T)

apqg

Alp) 0 Al(g) = e= 2 A(pg, e= 3 ) 0 Al (g0, ™ ' ).



Deformed Product

>

aqq

Alp) o Alg) = e~ 7"~ A(po, e ¥ ) A(go, e 2" )

AT<p) o) AT(q) — e%l(1’0*110)141'(]?07 e*%p}A(qo’ e%q)

At(p) 0 A(q) = eZ®0+0) AT (o "2 5) 0 A(qo, e 2 q)
apqg

A(p) o Al(q) = 6_37&(’)”‘10)14(1)0, e—%@ o At(qo, e~ 5" Q).

» Using this, we can re-express commutators as in the
commutative case

[A(po, D), A(go, D)o =0, [AT(po, §), AT(q0, D)o = 0,

[A(Po,ﬁ% AT(QO, @]o = 53(17— 67)
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Conclusion

» We have obtained the twisted co-product for the
symmetry algebra of kappa-space time.

» Using the casimirs, we have shown that more than one
invariant action for scalar field is possible ( having correct
commutative limit).

» Flip operator compatible with the twisted co-product is
derived.

» Twisted commutators between creation and annihilation
operators are obtained.

In collaboration with: S. Meljanac, D. Meljanac, K. S. Gupta, T. R.

Govindarajan

Phys.Rev.D77:105010,2008



	Outline
	Motivations/Introduction
	Non-commutative space and twisted symmetry
	k-spacetime and k-Poincare algebra
	Realisation of kappa spacetime and its Symmetry Algebra
	Conclusion

