Homework 4. September 9, 2021.

1. Let E — M be a vector bundle with fiber-wise symplectic form w. Then (E,—w) is also a symplectic
vector bundle. Is there an isomorphism (F,w) — (E, —w) of symplectic vector bundles?

2. Suppose E; — P!, Ey — P! are symplectic vector bundles given by transition functions
®p,, ®2, - Ug NU; — Sp(R?™)

respectively. Here Uy := Br C P!, Uy := P'\By g for some R > 1. Show that if E; and E, are
isomorphic vector bundles then ®},, ®3; induce the same homomorphism on fundamental groups, i.e.

[®4,] = [®,] : m1 (Uo N Uy) — m1(Sp(R?™)).

3. (Co-isotropic neighborhood theorem) Let X be a co-isotropic submanifold in symplectic manifolds
(My,w1), (M3, ws) with inclusion maps

11 ZX—>(M1,LU1), ig:X—}(Mg,wg).

Further suppose that ijw; = i5ws. Then show that a neighborhood of X in M; is symplectomorphic
to a neighborhood of X in M>. You may assume that both My, M, are equipped with compatible
almost complex structures Jp, Jo.

Hint 1 The proof is similar to the proof of the Lagrangian neighborhood theorem.

Hint 2 The normal bundle Ny, X is isomorphic to Jy(ker(wg|TX)) for k = 1,2. Find an isomorphism
¢ between Jy (ker(w;|T X)) and Ja(ker(w2|T X)) such that Idpx ¢ : TM1|X — TM|X is an
isomorphism of symplectic vector bundles.

Remark For k = 1,2, there is a decomposition
TX = (TXNJ(TX)) ® ker(wg|TX).

The form wy is symplectic on the first summand (TX N J(TX)), and it is zero on the second
summand.



