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Recall : Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w,) and (M>,w,). Then
a neighborhood of L in M is symplectomorphic to a neighborhood of L in M.
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Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w,) and (M>,w,). Then
a neighborhood of L in M is symplectomorphic to a neighborhood of L in M.

@ Proof, Step 1 : Choose a compatible almost complex structure J; on
(My,w). Then J;(TL) C TM,|L is a Lagrangian complement of the
sub-bundle 7L C TM,|L.
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Recall : Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w,) and (M>,w,). Then
a neighborhood of L in M is symplectomorphic to a neighborhood of L in M.

@ Proof, Step 1 : Choose a compatible almost complex structure J; on
(My,w). Then J;(TL) C TM,|L is a Lagrangian complement of the
sub-bundle 7L C TM,|L. Do the same for M,.

@ Step 2: There is an isomorphism between the complements
¢ J1(TL) — Jo(TL)
satisfying

wi(vywy) =wv,¢(wy)) VieLveTLw €JTL.
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Recall : Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w,) and (M>,w,). Then
a neighborhood of L in M is symplectomorphic to a neighborhood of L in M.

@ Proof, Step 1 : Choose a compatible almost complex structure J; on
(My,w). Then J;(TL) C TM,|L is a Lagrangian complement of the
sub-bundle 7L C TM,|L. Do the same for M,.

@ Step 2: There is an isomorphism between the complements
¢ J1(TL) — Jo(TL)
satisfying
wi(vywy) =wv,¢(wy)) VieLveTLw €JTL.

Consequently ¢ & (Idzz) : TM|L — TM;|L is an isomorphism of
symplectic vector bundles.
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Recall : Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (M, w,) and (M3, w,). Then
a neighborhood of L in M is symplectomorphic to a neighborhood of L in M.
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Recall : Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (M, w,) and (M3, w,). Then
a neighborhood of L in M is symplectomorphic to a neighborhood of L in M.

@ Proof, Step 3 : Use the neighborhood theorem to construct a
symplectomorphism from a neighborhood of L in M to a neighborhood
of Lin M,.
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Recall : Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (M, w,) and (M3, w,). Then
a neighborhood of L in M is symplectomorphic to a neighborhood of L in M.

@ Proof, Step 3 : Use the neighborhood theorem to construct a
symplectomorphism from a neighborhood of L in M to a neighborhood
of Lin M,.

e Remark : If L C (M, w) is a Lagrangian submanifold then a
neighborhood of L in M is symplectomorphic to a neighborhood of the
zero section in T*L

M> Uy % Uy C T*L.
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Recall : Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (M, w,) and (M3, w,). Then
a neighborhood of L in M is symplectomorphic to a neighborhood of L in M.

@ Proof, Step 3 : Use the neighborhood theorem to construct a
symplectomorphism from a neighborhood of L in M to a neighborhood
of Lin M,.

e Remark : If L C (M, w) is a Lagrangian submanifold then a
neighborhood of L in M is symplectomorphic to a neighborhood of the
zero section in T*L

M> Uy % Uy C T*L.

e Assume L is compact. If L; C M is a Lagrangian that is C'-close to L
then ¢(L,) is a closed one-form on L.
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Other neighborhood theorems

Theorem (Co-isotropic neighborhood theorem)

Suppose (X, wx) is a co-isotropic submanifold in both (M}, w;) and (M, w,).
Then a neighborhood of X in M| symplectomorphic to a neighborhood of X in
M.
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Other neighborhood theorems

Theorem (Co-isotropic neighborhood theorem)

Suppose (X, wx) is a co-isotropic submanifold in both (M}, w;) and (M, w,).
Then a neighborhood of X in M| symplectomorphic to a neighborhood of X in
M.

v

Theorem (Isotropic neighborhood theorem)

Suppose X is an isotropic submanifold in both (M,,w;) and (M>,w,), and
there is an isomorphism of symplectic vector bundles

v:TX“'/TX — TX“?/TX. Then a neighborhood of X in M,
symplectomorphic to a neighborhood of X in M.
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Back to symplectomorphisms

e For a symplectic manifold (M, w), let Symp(M, w) denote the group of
symplectomorphisms.
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Back to symplectomorphisms

e For a symplectic manifold (M, w), let Symp(M, w) denote the group of
symplectomorphisms. What is the tangent space T1q Symp(M, w)?

@ Note: We only need to consider the connected component
Sympy(M,w) C Symp(M,w) that contains the identity map Id.
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e For a symplectic manifold (M, w), let Symp(M, w) denote the group of
symplectomorphisms. What is the tangent space T1q Symp(M, w)?

@ Note: We only need to consider the connected component
Sympy(M,w) C Symp(M,w) that contains the identity map Id.

@ Result (to be proved): Let M be compact. An element ¢ € Symp, (M, w)
can be connected to Idys by a path of symplectomorphisms.
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Sympy(M,w) C Symp(M,w) that contains the identity map Id.

@ Result (to be proved): Let M be compact. An element ¢ € Symp, (M, w)
can be connected to Idys by a path of symplectomorphisms. (Local
path-connectedness)
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Back to symplectomorphisms

e For a symplectic manifold (M, w), let Symp(M, w) denote the group of
symplectomorphisms. What is the tangent space T1q Symp(M, w)?

@ Note: We only need to consider the connected component
Sympy(M,w) C Symp(M,w) that contains the identity map Id.

@ Result (to be proved): Let M be compact. An element ¢ € Symp, (M, w)
can be connected to Idys by a path of symplectomorphisms. (Local
path-connectedness)

@ Recall : The graph of ¢ € Symp(M,w)

Ly :={(mp(m)):meM} C(MxMwd-w)

is a Lagrangian submanifold.
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Back to symplectomorphisms

For a symplectic manifold (M,w), let Symp(M, w) denote the group of
symplectomorphisms. What is the tangent space T1q Symp(M, w)?
Note: We only need to consider the connected component

Sympy(M,w) C Symp(M,w) that contains the identity map Id.
Result (to be proved): Let M be compact. An element ¢p € Symp, (M, w)
can be connected to Idys by a path of symplectomorphisms. (Local
path-connectedness)

Recall : The graph of ¢ € Symp(M, w)

Ly :={(mp(m)):meM} C(MxMwd-w)

is a Lagrangian submanifold.
If ¢ is C'-close to identity then its graph IyisC I_close to the diagonal
ACMXxM.
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Back to symplectomorphisms

For a symplectic manifold (M,w), let Symp(M, w) denote the group of
symplectomorphisms. What is the tangent space T1q Symp(M, w)?
Note: We only need to consider the connected component
Sympy(M,w) C Symp(M,w) that contains the identity map Id.
Result (to be proved): Let M be compact. An element ¢p € Symp, (M, w)
can be connected to Idys by a path of symplectomorphisms. (Local
path-connectedness)
Recall : The graph of ¢ € Symp(M, w)

Ly :={(mp(m)):meM} C(MxMwd-w)
is a Lagrangian submanifold.
If ¢ is C'-close to identity then its graph IyisC I_close to the diagonal
ACMXxM.

Then (assuming M is compact) ¢ corresponds to a closed one-form o in
M.
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Back to symplectomorphisms

For a symplectic manifold (M,w), let Symp(M, w) denote the group of
symplectomorphisms. What is the tangent space T1q Symp(M, w)?
Note: We only need to consider the connected component

Sympy(M,w) C Symp(M,w) that contains the identity map Id.
Result (to be proved): Let M be compact. An element ¢p € Symp, (M, w)
can be connected to Idys by a path of symplectomorphisms. (Local
path-connectedness)

Recall : The graph of ¢ € Symp(M, w)

Ly :={(mp(m)):meM} C(MxMwd-w)

is a Lagrangian submanifold.

If ¢ is C'-close to identity then its graph IyisC I_close to the diagonal
ACMXM.

Then (assuming M is compact) ¢ corresponds to a closed one-form o in
M.

If ¢ is C'-close to Id, it is connected to Idy; by a path of

symplectomorphisms,
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Back to symplectomorphisms

For a symplectic manifold (M,w), let Symp(M, w) denote the group of
symplectomorphisms. What is the tangent space T1q Symp(M, w)?
Note: We only need to consider the connected component

Sympy(M,w) C Symp(M,w) that contains the identity map Id.
Result (to be proved): Let M be compact. An element ¢p € Symp, (M, w)
can be connected to Idys by a path of symplectomorphisms. (Local
path-connectedness)

Recall : The graph of ¢ € Symp(M, w)

Ly :={(mp(m)):meM} C(MxMwd-w)

is a Lagrangian submanifold.

If ¢ is C'-close to identity then its graph IyisC I_close to the diagonal
ACMXM.

Then (assuming M is compact) ¢ corresponds to a closed one-form o in
M.

If ¢ is C'-close to Id, it is connected to Idy; by a path of

symplectomorphisms, proving the result.
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@ We have also shown that 714 Symp(M, w) is the space of closed
one-forms on M.
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@ We have also shown that 714 Symp(M, w) is the space of closed
one-forms on M.

@ For a compact manifold M, given a symplectomorphism
¢1 € Sympy(M,w) there is a smooth path

¢; € Symp(M,w),t € [0,1], ¢o=1d.

Introduction to Symplectic Geometry : Lecture 9 September 13, 2021 6/10



@ We have also shown that 714 Symp(M, w) is the space of closed
one-forms on M.

@ For a compact manifold M, given a symplectomorphism
¢1 € Sympy(M,w) there is a smooth path

¢; € Symp(M,w),t € [0,1], ¢o=1d.

@ Let v, € Vect(M) be the time-dependent vector field that generates ¢;. It
satisfies
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We have also shown that 714 Symp(M, w) is the space of closed
one-forms on M.

For a compact manifold M, given a symplectomorphism
¢1 € Sympy(M,w) there is a smooth path

¢; € Symp(M,w),t € [0,1], ¢o=1d.

Let v, € Vect(M) be the time-dependent vector field that generates ¢;. It
satisfies
d(i,w) =0,

and is called a symplectic vector field.
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We have also shown that 714 Symp(M, w) is the space of closed
one-forms on M.

For a compact manifold M, given a symplectomorphism
¢1 € Sympy(M,w) there is a smooth path

¢; € Symp(M,w),t € [0,1], ¢o=1d.

Let v, € Vect(M) be the time-dependent vector field that generates ¢;. It
satisfies

d(i,w) =0,
and is called a symplectic vector field.
Trq Symp(M,w) = {v € Vect(M) : d(i,w) = 0} ~ {a € Q' (M) : da =
0}.
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Hamiltonian diffeomorphisms
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Hamiltonian diffeomorphisms

e If i,,w is exact then v; is called a Hamiltonian vector field.
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Hamiltonian diffeomorphisms

e If i,,w is exact then v; is called a Hamiltonian vector field.

o The flow ¢ : M — M of a time-dependent Hamiltonian vector field v, is
called a Hamiltonian diffeomorphism.
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Hamiltonian diffeomorphisms

e If i,,w is exact then v; is called a Hamiltonian vector field.

o The flow ¢ : M — M of a time-dependent Hamiltonian vector field v, is
called a Hamiltonian diffeomorphism.

@ Thus a Hamiltonian diffeomorphism is given by a time-dependent
Hamiltonian function H; : M — R,z € [0, 1], and the generating vector
field is

iy,w = dH;.
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Hamiltonian diffeomorphisms

e If i,,w is exact then v; is called a Hamiltonian vector field.

o The flow ¢ : M — M of a time-dependent Hamiltonian vector field v, is
called a Hamiltonian diffeomorphism.

@ Thus a Hamiltonian diffeomorphism is given by a time-dependent
Hamiltonian function H; : M — R,z € [0, 1], and the generating vector
field is

iy,w = dH;.

e If M is simply connected, Symp,(M,w) = Ham(M, w),
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Hamiltonian diffeomorphisms

e If i,,w is exact then v; is called a Hamiltonian vector field.

o The flow ¢ : M — M of a time-dependent Hamiltonian vector field v, is
called a Hamiltonian diffeomorphism.

@ Thus a Hamiltonian diffeomorphism is given by a time-dependent
Hamiltonian function H; : M — R,z € [0, 1], and the generating vector
field is

iy,w = dH;.

e If M is simply connected, Sympy(M,w) = Ham(M, w), otherwise they
are different.
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Claim: Let M = R x S' be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C:= {0} x S".
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Claim: Let M = R x S' be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S'.Then the signed area between C and ¢(C) is zero.

@ Proof : We may assume that the time-dependent Hamiltonian functions
H, have support in a compact set.
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Claim: Let M = R x S' be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S'.Then the signed area between C and ¢(C) is zero.

@ Proof : We may assume that the time-dependent Hamiltonian functions
H, have support in a compact set.

@ Choose a loop C' = {t} x S' lying outside supp(H).
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Claim: Let M = R x S' be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S'.Then the signed area between C and ¢(C) is zero.

@ Proof : We may assume that the time-dependent Hamiltonian functions
H, have support in a compact set.

@ Choose a loop C' = {t} x S lying outside supp(H). So ¢(C') = C’
@ A Hamiltonian diffeomorphism preserves w-area. So, the area between
C’ and ¢(C) is equal to the area between C’ and C.
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@ Claim: Let M = R x S' be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S'.Then the signed area between C and ¢(C) is zero.

@ Proof : We may assume that the time-dependent Hamiltonian functions
H, have support in a compact set.

@ Choose a loop C' = {t} x S lying outside supp(H). So ¢(C') = C’

@ A Hamiltonian diffeomorphism preserves w-area. So, the area between
C’ and ¢(C) is equal to the area between C’ and C. This finishes the
proof.
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Claim: Let M = R x S' be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S'.Then the signed area between C and ¢(C) is zero.

@ Proof : We may assume that the time-dependent Hamiltonian functions
H, have support in a compact set.

@ Choose a loop C' = {t} x S lying outside supp(H). So ¢(C') = C’
@ A Hamiltonian diffeomorphism preserves w-area. So, the area between

C’ and ¢(C) is equal to the area between C’ and C. This finishes the
proof.

e Contrast with Symp,(M, w).
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