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Recall

The neighborhood theorem can be used to prove results about neighborhoods
of various submanifolds in symplectic manifolds.
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Recall

The neighborhood theorem can be used to prove results about neighborhoods
of various submanifolds in symplectic manifolds.

Theorem (Neighborhood theorem in symplectic manifolds)

Let X be a submanifold of a manifold M, and let wy , w; be closed 2-forms on
M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Uy and Uy of X in M and a diffeomorphism 1) : Uy — U,
which is the identity on X and ¥*w; = wo.

@ Lasttime : X = {p} gives Darboux theorem.
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Recall

The neighborhood theorem can be used to prove results about neighborhoods
of various submanifolds in symplectic manifolds.

Theorem (Neighborhood theorem in symplectic manifolds)

Let X be a submanifold of a manifold M, and let wy , w; be closed 2-forms on
M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Uy and Uy of X in M and a diffeomorphism 1) : Uy — U,
which is the identity on X and ¥*w; = wo.

@ Lasttime : X = {p} gives Darboux theorem.

@ X = symplectic submanifold gives the following.
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Neighborhood of a symplectic submanifold

Theorem (Symplectic neighborhood theorem)
Let
i : (X,wx) = (M],wl), i : (X,wx) — (Mz,u)z)

be symplectomorphic embeddings. Further suppose there is an isomorphism
v: Ny X ~ Ny, X.

of symplectic vector bundles. Then, there are neighborhoods Uy C M|,
Uy C M; of X and a symplectomorphism

Y (Ur,wr) = (Uz,ws), satisfying  |X = Idy .
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Last time : Symplectic vector bundles
@ We observed that isomorphism of symplectic vector bundles is a

topological condition by considering (as an example) symplectic vector
bundles E — P!,
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Last time : Symplectic vector bundles

@ We observed that isomorphism of symplectic vector bundles is a
topological condition by considering (as an example) symplectic vector
bundles E — P!,

e Viewing P! as C U {oc}, we have a trivialization on charts Uy := Bg,
Ui :=P'\B /g (Where R > 1)

(I)():E|U02U0XRZH, (I>1:E|U12U1><R2n
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Last time : Symplectic vector bundles

@ We observed that isomorphism of symplectic vector bundles is a
topological condition by considering (as an example) symplectic vector
bundles E — P!,

e Viewing P! as C U {oc}, we have a trivialization on charts Uy := Bg,
Ui :=P'\B /g (Where R > 1)

(I)():E|U02U0XRZH, (I>1:E|U12U1><R2n

@ The transition function is a smooth map

@19 : UgNU; = Sp(R™),  Pig(u) := P10 D
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Last time : Symplectic vector bundles

@ We observed that isomorphism of symplectic vector bundles is a
topological condition by considering (as an example) symplectic vector
bundles E — P!,

e Viewing P! as C U {oc}, we have a trivialization on charts Uy := Bg,
Ui :=P'\B /g (Where R > 1)

(I)():E|U02U0XRZH, (I>1:E|U12U1><R2n

@ The transition function is a smooth map

@19 : UgNU; = Sp(R™),  Pig(u) := P10 D

@ The bundle can be reconstructed using the map .
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Last time : Symplectic vector bundles

@ We observed that isomorphism of symplectic vector bundles is a
topological condition by considering (as an example) symplectic vector
bundles E — P!,

e Viewing P! as C U {oc}, we have a trivialization on charts Uy := Bg,
Ui :=P'\B /g (Where R > 1)

(I)():E|U02U0XRZH, (I>1:E|U12U1><R2n

@ The transition function is a smooth map

@19 : UgNU; = Sp(R™),  Pig(u) := P10 D

@ The bundle can be reconstructed using the map .
e For amap 1 : U; — Sp(R?"), replacing the trivialization ®; by 1;®;
has the effect of changing ®1g to
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@ We observed that isomorphism of symplectic vector bundles is a
topological condition by considering (as an example) symplectic vector
bundles E — P!,

e Viewing P! as C U {oc}, we have a trivialization on charts Uy := Bg,
Ui :=P'\B /g (Where R > 1)

(I)():E|U02U0XRZH, (I>1:E|U12U1><R2n

@ The transition function is a smooth map

@19 : UgNU; = Sp(R™),  Pig(u) := P10 D

@ The bundle can be reconstructed using the map .
e For amap 1 : U; — Sp(R?"), replacing the trivialization ®; by 1;®;
has the effect of changing ®q to ¥; P .
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Last time : Symplectic vector bundles

We observed that isomorphism of symplectic vector bundles is a
topological condition by considering (as an example) symplectic vector
bundles E — P!,

Viewing P! as C U {oc}, we have a trivialization on charts Uy := Bg,
Ui :=P'\B /g (Where R > 1)

(I)():E|U02U0XRZH, (I>1:E|U12U1><R2n

The transition function is a smooth map

@19 : UgNU; = Sp(R™),  Pig(u) := P10 D

The bundle can be reconstructed using the map ®1g.

For amap 1 : U; — Sp(R?"), replacing the trivialization ®; by 1 ®;
has the effect of changing ®q to ¥; P .

Similarly replacing the trivialization ®y by 1P has the effect of
changing ®1g to
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Last time : Symplectic vector bundles

We observed that isomorphism of symplectic vector bundles is a
topological condition by considering (as an example) symplectic vector
bundles E — P!,

Viewing P! as C U {oc}, we have a trivialization on charts Uy := Bg,
Ui :=P'\B /g (Where R > 1)

(I)():E|U02U0XRZH, (I>1:E|U12U1><R2n

The transition function is a smooth map

@19 : UgNU; = Sp(R™),  Pig(u) := P10 D

The bundle can be reconstructed using the map ®1g.

For amap 1 : U; — Sp(R?"), replacing the trivialization ®; by 1 ®;
has the effect of changing ®q to ¥; P .

Similarly replacing the trivialization ®y by 1P has the effect of
changing ®1g to (I>1owo_l.
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Last time : Symplectic vector bundles

Theorem

Let E — P! and E — P! be symplectic vector bundles given by transition
functions

®19, 19 : Up N U; — Sp(R?")

respectively. The bundles are isomorphic iff there exist maps
Y1 : Up — Sp(R?") and v : Uy — Sp(R?") such that

D19 = 1 Pioyy -
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Last time : Symplectic vector bundles

Theorem

Let E — P! and E — P! be symplectic vector bundles given by transition
functions

®19, 19 : Up N U; — Sp(R?")

respectively. The bundles are isomorphic iff there exist maps
Y1 : Up — Sp(R?") and v : Uy — Sp(R?") such that

D19 = 1 Pioyy -

@ The transition function ®1o : Uy N U; — Sp(R?") induces a
homomorphism

[@10] : 71(Uo N Up) — 71 (Sp(R¥™))
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Last time : Symplectic vector bundles

Theorem

Let E — P! and E — P! be symplectic vector bundles given by transition
functions

®19, 19 : Up N U; — Sp(R?")

respectively. The bundles are isomorphic iff there exist maps
Y1 : Up — Sp(R?") and v : Uy — Sp(R?") such that

D19 = 1 Pioyy -

@ The transition function ®1o : Uy N U; — Sp(R?") induces a
homomorphism

[(I)l()] : 7T](U() N U]) — W](Sp(Rzn)) ~ 7.
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Last time : Symplectic vector bundles

Theorem

Let E — P! and E — P! be symplectic vector bundles given by transition
functions

®19, 19 : Up N U; — Sp(R?")

respectively. The bundles are isomorphic iff there exist maps
Y1 : Up — Sp(R?") and v : Uy — Sp(R?") such that

D19 = 1 Pioyy -

@ The transition function ®1o : Uy N U; — Sp(R?") induces a
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Last time : Symplectic vector bundles

@ Result : The :[ransition functions @, Cino represent isomorphic bundles
iff [®o] = [P10)-
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Last time : Symplectic vector bundles

@ Result : The :[ransition functions @, Cino represent isomorphic bundles
iff [®o] = [P10)-
o (<) Assume [®9] = [P10].
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Last time : Symplectic vector bundles

@ Result : The transition functions @, Cino represent isomorphic bundles
iff [®10] = [®10].

o (<) Assume [®o] = [@10]. Then there is a map 1 : U; — Sp(R?") that
is equal to i)m(bﬁ)l on Uy NUj.
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Last time : Symplectic vector bundles

@ Result : The transition functions @, Cino represent isomorphic bundles
iff [®10] = [®10].

o (<) Assume [®o] = [@10]. Then there is a map 1 : U; — Sp(R?") that
is equal to i)m(bﬁ)l on Uy N Uj. Take vy = Id.
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Neighborhoods of Lagrangian submanifolds
@ Suppose L is a Lagrangian submanifold in both (M}, w;) and (M, w).

Is a neighborhood of L in M| symplectomorphic to a neighborhood of L
in M 2?
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Neighborhoods of Lagrangian submanifolds

@ Suppose L is a Lagrangian submanifold in both (M}, w;) and (M, w).
Is a neighborhood of L in M| symplectomorphic to a neighborhood of L
in M 2?

@ Assume the additional information : For k = 1, 2, there is a sub-bundle
Ej C (TMy)|L that is complementary to 7L and which is fiber-wise a
Lagrangian subspace.
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Neighborhoods of Lagrangian submanifolds

@ Suppose L is a Lagrangian submanifold in both (M}, w;) and (M, w).
Is a neighborhood of L in M| symplectomorphic to a neighborhood of L
in M 2?

@ Assume the additional information : For k = 1, 2, there is a sub-bundle
Ej C (TMy)|L that is complementary to 7L and which is fiber-wise a
Lagrangian subspace.

@ Claim : There is a natural bundle isomorphism ¢ : E; — Ej
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Neighborhoods of Lagrangian submanifolds

@ Suppose L is a Lagrangian submanifold in both (M}, w;) and (M, w).
Is a neighborhood of L in M| symplectomorphic to a neighborhood of L
in M 2?

@ Assume the additional information : For k = 1, 2, there is a sub-bundle
Ej C (TMy)|L that is complementary to 7L and which is fiber-wise a
Lagrangian subspace.

@ Claim : There is a natural bundle isomorphism ¢ : E; — E; such that the
map ¢ := (¢ + Id) : TM,|L — TMs|L satisfies

b wr = wy.
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Neighborhoods of Lagrangian submanifolds

@ Suppose L is a Lagrangian submanifold in both (M}, w;) and (M, w).
Is a neighborhood of L in M| symplectomorphic to a neighborhood of L
in M 2?

@ Assume the additional information : For k = 1, 2, there is a sub-bundle
Ej C (TMy)|L that is complementary to 7L and which is fiber-wise a
Lagrangian subspace.

@ Claim : There is a natural bundle isomorphism ¢ : E; — E; such that the
map ¢ := (¢ + Id) : TM,|L — TMs|L satisfies

b wr = wy.

@ Vector space Claim : Let (V,w;), (V2,w>) be symplectic vector
subspaces and suppose L C Vi, L C V; is a Lagrangian subspace of
both. Further let U; C Vi, U, C V, be Lagrangian subspaces, each of
which is complementary to L. Then there is a natural linear isomorphism
¢ : Uy — Uy such that (¢ @ Idp)*w; = wy.
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Neighborhoods of Lagrangian submanifolds

@ Proof of vector space Claim : There are natural maps U; — L*, U, — L*
which are isomorphisms.
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Neighborhoods of Lagrangian submanifolds

@ Proof of vector space Claim : There are natural maps U; — L*, U, — L*
which are isomorphisms. Composing we obtain a natural isomorphism
¢ : Uy — Us.
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Neighborhoods of Lagrangian submanifolds

@ Proof of vector space Claim : There are natural maps U; — L*, U, — L*
which are isomorphisms. Composing we obtain a natural isomorphism
¢ : Uy — U,. It satisfies the condition

wl(ul,l) = WZ(¢(M1),Z) Vi e L,u1 e U;.
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Neighborhoods of Lagrangian submanifolds

@ Proof of vector space Claim : There are natural maps U; — L*, U, — L*
which are isomorphisms. Composing we obtain a natural isomorphism
¢ : Uy — U,. It satisfies the condition

wl(ul,l) = WZ(¢(M1),Z) Vi e L,u1 e U;.

The condition (¢ @ Id;)*w, = wy follows.

@ Since we didn’t make any choices in constructing ¢ a similar map exists
in the bundle (family) case. This proves the Claim.
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Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w;) and (M, w,). Then
a neighborhood of L in M| symplectomorphic to a neighborhood of L in M.
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Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w;) and (M, w,). Then
a neighborhood of L in M| symplectomorphic to a neighborhood of L in M.

@ Proof : The proof is a consequence of the Claim above, which shows that
there is an isomorphism ¢ : TM,; |L — TM;|L of symplectic vector
bundles satisfying ¢|TL = Idyy.
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Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w;) and (M, w,). Then
a neighborhood of L in M| symplectomorphic to a neighborhood of L in M.

@ Proof : The proof is a consequence of the Claim above, which shows that
there is an isomorphism ¢ : TM,; |L — TM;|L of symplectic vector
bundles satisfying ¢|TL = Idyy.

@ To finish the proof of the Claim we need to construct the Lagrangian
complements of 7L in TM|L and TM,|L.
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Complex structures on symplectic vector spaces

@ A complex structure on a real vector space V is a linear map

J:V =V, satisfying J>=—1d.
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Complex structures on symplectic vector spaces

@ A complex structure on a real vector space V is a linear map

J:V =V, satisfying J>=—1d.

e Example : If we view C as R?, the standard complex structure on it is
Jsa = 1.
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Complex structures on symplectic vector spaces

@ A complex structure on a real vector space V is a linear map

J:V =V, satisfying J>=—1d.

e Example : If we view C as R?, the standard complex structure on it is
Jsa = 1.

e A complex structure on a symplectic vector space (V,w) is typically
required to be tame

(Tameness) w(v,Jv) >0 Vv e V\{0}.
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Complex structures on symplectic vector spaces

@ A complex structure on a real vector space V is a linear map

J:V =V, satisfying J>=—1d.

e Example : If we view C as R?, the standard complex structure on it is
Jsa = 1.

e A complex structure on a symplectic vector space (V,w) is typically
required to be tame

(Tameness) w(v,Jv) >0 Vv e V\{0}.
o Additionally, a tame complex structure is compatible if

(Compatible) w(v,w) =w(Jv,Jw) Yv,we V.
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
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@ A compatible complex structure gives a positive inner product
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
(v,w) = w(v, Jw).

@ A tame complex structure gives a positive inner product

(v, w) = $(w(v,Jw) + w(v, Jw).
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
(v,w) = w(v, Jw).

@ A tame complex structure gives a positive inner product

(v, w) = $(w(v,Jw) + w(v, Jw).

@ On a manifold M a fiberwise complex structure on the tangent space
Jo: TM = TM, J?=—-1d

X

is called an almost complex structure.
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
(v,w) = w(v, Jw).

@ A tame complex structure gives a positive inner product

(v, w) = $(w(v,Jw) + w(v, Jw).

@ On a manifold M a fiberwise complex structure on the tangent space

Jo: TM = TM, J?=—-1d

X

is called an almost complex structure.

@ On a symplectic manifold (M, w) tame and compatible almost
complex structures are defined in the obvious way.
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
(v,w) = w(v, Jw).

@ A tame complex structure gives a positive inner product

(v, w) = $(w(v,Jw) + w(v, Jw).

@ On a manifold M a fiberwise complex structure on the tangent space

Jo: TM = TM, J?=—-1d

X

is called an almost complex structure.

@ On a symplectic manifold (M, w) tame and compatible almost
complex structures are defined in the obvious way.

@ We will show later : on symplectic manifolds tame and compatible
almost complex structures exist.
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Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w,) and (M>,w,). Then
a neighborhood of L in M| symplectomorphic to a neighborhood of L in M.
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Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w,) and (M>,w,). Then
a neighborhood of L in M| symplectomorphic to a neighborhood of L in M.

@ To finish the proof of the Claim we need to construct Lagrangian
complements of 7L in TM|L and TM,|L.
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Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w,) and (M>,w,). Then
a neighborhood of L in M| symplectomorphic to a neighborhood of L in M.

@ To finish the proof of the Claim we need to construct Lagrangian
complements of 7L in TM|L and TM,|L.

@ Choose compatible almost complex structures Ji, Jo on TMy, TM,.
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Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w,) and (M>,w,). Then
a neighborhood of L in M| symplectomorphic to a neighborhood of L in M.

@ To finish the proof of the Claim we need to construct Lagrangian
complements of 7L in TM|L and TM,|L.

@ Choose compatible almost complex structures Ji, Jo, on TM, TM,. Take
the complements to be J1(TL), Jo(TL).
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Neighborhoods of Lagrangian submanifolds

Theorem (Lagrangian neighborhood theorem)

Suppose L is a Lagrangian submanifold in both (My,w,) and (M>,w,). Then
a neighborhood of L in M| symplectomorphic to a neighborhood of L in M.

@ To finish the proof of the Claim we need to construct Lagrangian
complements of 7L in TM|L and TM,|L.

@ Choose compatible almost complex structures Ji, Jo, on TM, TM,. Take
the complements to be J1(TL), Jo(TL).

@ This proves the neighborhood theorem.
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