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Last time

Theorem (Neighborhood theorem in symplectic manifolds)

Let X be a eempaet submanifold of a manifold M, and let wy , w, be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Uy and Uy of X in M and a diffeomorphism v : Uy — U,
which is the identity on X and ¥*w; = wy.
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Last time

Theorem (Neighborhood theorem in symplectic manifolds)

Let X be a eempaet submanifold of a manifold M, and let wy , w, be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Uy and Uy of X in M and a diffeomorphism v : Uy — U,
which is the identity on X and ¥*w; = wy.

@ Proof: Choose a tubular neighborhood U C M of X.

@ Find a primitive : Let w = w; — wy. Since w|(TM|X) = 0 and dw = 0,
there is a primitive . € Q'(U) such that dy = w and j, = 0 for all
xeX.
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Last time

Theorem (Neighborhood theorem in symplectic manifolds)

Let X be a eempaet submanifold of a manifold M, and let wy , w, be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Uy and Uy of X in M and a diffeomorphism v : Uy — U,
which is the identity on X and ¥*w; = wy.

@ Proof: Choose a tubular neighborhood U C M of X.

@ Find a primitive : Let w = w; — wy. Since w|(TM|X) = 0 and dw = 0,
there is a primitive . € Q'(U) such that dy = w and j, = 0 for all
xeX.

e Apply Moser’s trick : Find a time-dependent vector field v, € Vect(U),
t € [0, 1] satisfying —i,,w; = p.
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Last time

Theorem (Neighborhood theorem in symplectic manifolds)

Let X be a eempaet submanifold of a manifold M, and let wy , w, be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Uy and Uy of X in M and a diffeomorphism v : Uy — U,
which is the identity on X and ¥*w; = wy.

@ Proof: Choose a tubular neighborhood U C M of X.

@ Find a primitive : Let w = w; — wy. Since w|(TM|X) = 0 and dw = 0,
there is a primitive . € Q'(U) such that dy = w and j, = 0 for all
xeX.

e Apply Moser’s trick : Find a time-dependent vector field v, € Vect(U),
t € 10, 1] satisfying —i,,w; = p. Note v,(x) =0 forz € [0, 1], x € X.
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@ Why does flow of v, existon U ?
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Last time

@ Why does flow of v, existon U ?

e Forany x € X, v,(x) = 0 for all . So the flow p;(x) exists for any x € X
and r € [0, 1].
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Last time

@ Why does flow of v, existon U ?

e Forany x € X, v,(x) = 0 for all . So the flow p;(x) exists for any x € X
and r € [0, 1].
o By the ODE theorem, the set

U:={(u,t) € UxR:p(u) € U exists}

isopenin U x R.
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Last time

@ Why does flow of v, existon U ?

e Forany x € X, v,(x) = 0 for all . So the flow p;(x) exists for any x € X
and r € [0, 1].
o By the ODE theorem, the set

U:={(u,t) € UxR:p(u) € U exists}

isopenin U x R.
e Since X x [0,1] C U,
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Last time

@ Why does flow of v, existon U ?

e Forany x € X, v,(x) = 0 for all . So the flow p;(x) exists for any x € X
and r € [0, 1].
o By the ODE theorem, the set

U:={(u,t) € UxR:p(u) € U exists}

isopenin U x R.

e Since X x [0, 1] C U, there is a neighborhood Uy C U of X such that
Uy % [O, l] cu.
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Last time

@ Why does flow of v, existon U ?

e Forany x € X, v,(x) = 0 for all . So the flow p;(x) exists for any x € X
and r € [0, 1].
o By the ODE theorem, the set

U:={(u,t) € UxR:p(u) € U exists}

isopenin U x R.

e Since X x [0, 1] C U, there is a neighborhood Uy C U of X such that
Uy % [O, l] cu.

e Finally, set U; := p;(Up).
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Last time

@ Why does flow of v, existon U ?

e Forany x € X, v,(x) = 0 for all . So the flow p;(x) exists for any x € X
and r € [0, 1].
o By the ODE theorem, the set

U:={(u,t) € UxR:p(u) € U exists}

isopenin U x R.

e Since X x [0, 1] C U, there is a neighborhood Uy C U of X such that
Up x [0,1] C U.

e Finally, set U; := p;(Up).

@ Note that compactness of X is not required.
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Last time

@ Why does flow of v, existon U ?

e Forany x € X, v,(x) = 0 for all . So the flow p;(x) exists for any x € X
and r € [0, 1].
o By the ODE theorem, the set

U:={(u,t) € UxR:p(u) € U exists}

isopenin U x R.

e Since X x [0, 1] C U, there is a neighborhood Uy C U of X such that
Up x [0,1] C U.

e Finally, set U; := p;(Up).

@ Note that compactness of X is not required.

o Last time : we proved Darboux’s theorem using the neighborhood
theorem by setting X = point.
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Darboux’s theorem

Theorem (Darboux’s theorem)

Let (M,w) be a 2n-dimensional symplectic manifold. For any point p there is

a neighborhood U and coordinates

(XLy e ey Xy Y1y v ey Vn) U—)RZ",

such that w|U =), dx; N\ dy;.

p—0
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Darboux’s theorem

. n
@ Proof : Choose a linear symplectomorphism q %‘_7 [
L:T,M — ToR™ ~ R, Py O

O\JJ\Q VTV T@t&m
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Darboux’s theorem
@ Proof : Choose a linear symplectomorphism
L:T,M — ToR* ~ R*",

e Let ¢ : Uy — R?" be a chart in a neighborhood of p such that dop, = L.
Let Vy := ¢(U0).
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Darboux’s theorem

@ Proof : Choose a linear symplectomorphism

L:T,M — ToR* ~ R*",

e Let ¢ : Uy — R?" be a chart in a neighborhood of p such that do, = L.
Let Vy := ¢(U0).

@ There are two symplectic forms on Uy C M, namely wy := w and
wi = ¢*wyy, that satisfy wo(p) = wi(p).

%
U, =V, <t
G\Jo:w ) ¢*wsw Wk
A\
o\

wolP) = w,(p)
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Darboux’s theorem

@ Proof : Choose a linear symplectomorphism

L:T,M — ToR* ~ R*",

e Let ¢ : Uy — R?" be a chart in a neighborhood of p such that dop, = L.

Let Vy := ¢(U0).
@ There are two symplectic forms on Uy C M, namely wy := w and
wi = ¢*wyy, that satisfy wo(p) = wi(p).

o By the symptectic neighborhood theorem applied to the submanifold
X = {p}, we conclude that

» there are neighborhoods U}, U, C U, containing p,
» and a diffeomorphism

p:U = Uy, p—p

such that p*(¢* wya) = w.
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Darboux’s theorem

@ Proof : Choose a linear symplectomorphism
L:T,M — ToR* ~ R*",

e Let ¢ : Uy — R?" be a chart in a neighborhood of p such that dop, = L.
Let Vy := ¢(U0).

@ There are two symplectic forms on Uy C M, namely wy := w and
wi = ¢*wyy, that satisfy wo(p) = wi(p).

@ By the symplectic neighborhood theorem applied to the submanifold
X = {p}, we conclude that

» there are neighborhoods U}, U, C U, containing p,
» and a diffeomorphism

p:U = Uy, p—p

such that p* (¢*wyy) = w.
@ The chart required by the theorem is ¢ o p.
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Neighborhood of a symplectic submanifold

@ Question (*): Suppose (X, wy) is a symplecic manifold that is
symplectomorphically embedded in (M, w;) and (M, w»). K=\ 2.

i (X,wx) = (My,wy), ir: (X,wx) = (Ma,wp), ijwp = wx.

Under what condition is a neighborhood of i} (X) C M,
symplectomorphic to a neighborhood of i, (X) C M,?

Grivem o | T = W | TK
oy | aVx | @) x

s (T x
QWM\%\X}\M \
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Neighborhood of a symplectic submanifold

@ Question (*): Suppose (X, wy) is a symplecic manifold that is
symplectomorphically embedded in (M, w;) and (M, w»).

i (X,wx) = (My,wy), ir: (X,wx) = (Ma,wp), ijwp = wx.

Under what condition is a neighborhood of i} (X) C M,
symplectomorphic to a neighborhood of i, (X) C M,?

e Answer (*) : if there is a bundle map TM; |X ﬂ TM,|X such that
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Neighborhood of a symplectic submanifold

@ Question (*): Suppose (X, wy) is a symplecic manifold that is
symplectomorphically embedded in (M, w;) and (M, w»).

i (X,wx) = (My,wy), ir: (X,wx) = (Ma,wp), ijwp = wx.

Under what condition is a neighborhood of i} (X) C M,
symplectomorphic to a neighborhood of i, (X) C M,?

LSeo
@ Answer (*) : if there is a bundle éla.p ™ |X i; TM,|X such that

> ¢*w, = w on the zero section, "y .
» and ¢|TX = Idzy. U\ v Ul

\)’WP sl 7 Thow ougls o MWO W — VU, =1y,

N /
ohe ¥reX 4% = )
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Neighborhood of a symplectic submanifold

@ Question (*): Suppose (X, wy) is a symplecic manifold that is
symplectomorphically embedded in (M, w;) and (M, w»).

i (X,wx) = (My,wy), ir: (X,wx) = (Ma,wp), ijwp = wx.
Under what condition is a neighborhood of i} (X) C M,
symplectomorphic to a neighborhood of i, (X) C M,?

e Answer (*) : if there is a bundle map TM; |X i; TM,|X such that

> ¢*wp = w; on the zero section,
» and ¢|TX = Idzx.

@ The proof follows from the neighborhood theorem.

f\\f\“’» o N ﬁ bumdle map “k T — T X
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Neighborhood of a symplectic submanifold

@ Question (*): Suppose (X, wy) is a symplecic manifold that is
symplectomorphically embedded in (M, w;) and (M, w»).

i (X,wx) = (My,wy), ir: (X,wx) = (Ma,wp), ijwp = wx.

Under what condition is a neighborhood of i} (X) C M,
symplectomorphic to a neighborhood of i, (X) C M,?

e Answer (*) : if there is a bundle map TM; |X ﬂ TM,|X such that

> ¢*wy = w on the zero section,
» and ¢|TX = Idzx.

@ The proof follows from the neighborhood theorem.

e Note that TM |X is a ‘symplectic vector bundle’ on X.
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Symplectic vector bundle

@ A vector bundle E — M is a symplectic vector bundle if there is a
fiber-wise linear symplectic form

wy: ThOM x TM — R

that varies smoothly with x.
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Symplectic vector bundle
@ A vector bundle E — M is a symplectic vector bundle if there is a
fiber-wise linear symplectic form
wy: ThOM x TM — R

that varies smoothly with x.

e Examples : For a symplectic manifold (M,w), TM — M is a symplectic
vector bundle on M.
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Symplectic vector bundle

@ A vector bundle E — M is a symplectic vector bundle if there is a
fiber-wise linear symplectic form

wy: ThOM x TM — R

that varies smoothly with x.

e Examples : For a symplectic manifold (M, w), TM — M is a symplectic
vector bundle on M.

e If X C (M, w) is a symplectic submanifold, then TM|X — X is a
symplectic vector bundle,
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Symplectic vector bundle

Yoo Er= mx(@ “"sm? & o Symp ek bedfe
@ A vector bundle E — M is a symplectic vector bundle if there is a
fiber-wise linear symplectic form

Eq,~ RS E.v._
wy : M x M — R
that varies smoothly with x.

e Examples : For a symplectic manifold (M,w), TM — M is a symplectic
vector bundle on M.

e If X C (M, w) is a symplectic submanifold, then TM|X — X is a

symplectic vector bundle, and so also is (7X)¥ — X.

b el

Tk TN ™ Twlx 0O WSy, w)

N T \[/ Aymp Subspece
" X X x w % aso &

T\y\ QTLV\ W — S‘QW\? W\‘m

CPACL I SN \\"'@W -
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Symplectic vector bundle

@ A vector bundle E — M is a symplectic vector bundle if there is a
fiber-wise linear symplectic form

- Ce
Wy Tx%x T.M — R

that varies smoothly with x.

e Examples : For a symplectic manifold (M,w), TM — M is a symplectic
vector bundle on M.

e If X C (M, w) is a symplectic submanifold, then TM|X — X is a
symplectic vector bundle, and so also is (7X)¥ — X.

@ Remark : There is a natural isomorphism of symplectic vector bundles
W we (VW) —TM /
wow =V NX — TX*, NS T TX

because there is a fiberwise direct sum 7,.M = T, X @ (T, X)“.

— —
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Neighborhood of a symplectic submanifold

@ We re-state answer(*) as follows as in the following theorem.

Introduction to Symplectic Geometry : Lecture 7 September 6, 2021 8/12



Neighborhood of a symplectic submanifold

@ We re-state answer(*) as follows as in the following theorem.

Theorem (Symplectic neighborhood theorem)
Let
i: (X,WX) — (M],Ld]), Ir: (X,O.)X) — (Mz,(.dz)

be symplectomorphic embeddings. Further suppose there is an isomorphism

v: Ny X ~ Ny, X.

of symplectic vector bundles. Then, there are neighborhoods Uy C M|,
U, C M; of X and a symplectomorphism

Y (Uy,w) = (Uyyws), satisfying  |X = Idy .
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Symplectic vector bundles

We will now observe that isomorphism of symplectic vector bundles is a
topological condition.
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Symplectic vector bundles

We will now observe that isomorphism of symplectic vector bundles is a
topological condition.

o Let U C R™ a contracible open set, and let E — U be a symplectic
vector bundle. Then there is a trivialization

d:.E~UX (Rz”,ws,d), (u,e) — (u, ®,(e)),

PR

where @, : E, — R?" is a linear symplecomorphism.
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Symplectic vector bundles

We will now observe that isomorphism of symplectic vector bundles is a
topological condition.

o Let U C R™ a contracible open set, and let E — U be a symplectic
vector bundle. Then there is a trivialization

d:.E~UX (Rz”,ws,d), (u,e) — (u, ®,(e)),

where @, : E, — R?" is a linear symplecomorphism.

e Any smooth map 1) : U — Sp(R?") will give us a new trivialization

D:E~Ux (R, wyq), @y :=1h(u)d,.
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Symplectic vector bundles

We will now observe that isomorphism of symplectic vector bundles is a
topological condition.

o Let U C R™ a contracible open set, and let E — U be a symplectic
vector bundle. Then there is a trivialization

d:.E~UX (Rz”,ws,d), (u,e) — (u, ®,(e)),

where @, : E, — R?" is a linear symplecomorphism.

e Any smooth map 1) : U — Sp(R?") will give us a new trivialization

D:E~Ux (R, wyq), @y :=1h(u)d,.

o Conversely any two trivializations are related by a map
¥ : U — Sp(R?™).
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Symplectic vector bundles

@ As an example let’s consider a symplectic vector bundle E — P! .~ g?"
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Symplectic vector bundles

@ As an example let’s consider a symplectic vector bundle E — P'.

e Viewing P! as C U {oo}, we have a trivialization on charts Uy := Bg,
U, :=P"\B g (where R > 1)

(I)() : E’U() ~ Uy X(R%n(ojsb‘pl :E’U] ~ U X@Zn,b\/sﬂ)
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Symplectic vector bundles

@ As an example let’s consider a symplectic vector bundle E — P'.

e Viewing P! as C U {oo}, we have a trivialization on charts Uy := Bg,
U, :=P"\B g (where R > 1)

(I)():E’U()EU()XRZH, (I)l :E’U]EU] XRzn

@ The transition function is a smooth map

®19: Up N U — Sp(R™),  P1g(u) := P10 Dy

E\Uan \
% E,

UO X(Y"/“)S\-al U\Xw{‘,
W
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Symplectic vector bundles
@ As an example let’s consider a symplectic vector bundle E — P'.

e Viewing P! as C U {oo}, we have a trivialization on charts Uy := Bg,
U, :=P"\B g (where R > 1)

@0:E|U02U0><R2n, (I)l :E’U] ~ U XRzn

@ The transition function is a smooth map

Sip: UpNU — Sp(Rzn)a Pio(u) == Py 0 (I)O_,th'

@ The bundle can be reconstructed using the map .
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Symplectic vector bundles

@ As an example let’s consider a symplectic vector bundle E — P'.

Viewing P! as C U {oo}, we have a trivialization on charts Uy := Bg,
U, :=P"\B g (where R > 1)

@0:E|U02U0><R2n, (I)l :E’U] ~ U XRzn

The transition function is a smooth map

Sip: UpNU — Sp(Rzn)a Pio(u) == Py 0 (I)O_,th'

The bundle can be reconstructed using the map ®g.

For a map 1 : U; — Sp(R?"), replacing the trivialization ®; by 1 ®;

has the effect of changing ®1pto
=
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Symplectic vector bundles

@ As an example let’s consider a symplectic vector bundle E — P'.

e Viewing P! as C U {oo}, we have a trivialization on charts Uy := Bg,
U, :=P"\B g (where R > 1)

(I)():E|U02U0XR2", (I)l :E’U]EU] XRzn

@ The transition function is a smooth map

®19: UgNU; — Sp(R™),  Pyo(u) := P10 (I)o_,;-

@ The bundle can be reconstructed using the map .
e For amap 1 : U; — Sp(R?"), replacing the trivialization ®; by 1;®;
has the effect of changing g tov,b/l% pOIﬂtWIse matrix

multiplication
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Symplectic vector bundles

@ As an example let’s consider a symplectic vector bundle E — P'.

e Viewing P! as C U {oo}, we have a trivialization on charts Uy := Bg,
U, :=P"\B g (where R > 1)

(I)():E|U02U0XR2’Z, (I)l :E’U] ~ U XRzn

@ The transition function is a smooth map

Po:UgNU; — Sp(Rzn)a (I)IO(M) = (1)17“ °© (I)O_Jll

—

@ The bundle can be reconstructed using the map .

e For amap 1 : U; — Sp(R?"), replacing the trivialization ®; by 1, ®;
has the effect of changing ®g to ¥;P1p.

o Similarly replacing the trivialization ®( by 1)9®¢ has the effect of
changing ®¢ to
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Symplectic vector bundles

@ As an example let’s consider a symplectic vector bundle E — P'.

e Viewing P! as C U {oo}, we have a trivialization on charts Uy := Bg,
U, :=P"\B g (where R > 1)

(I)():E|U02U0XR2’Z, (I)l :E’U] ~ U XRzn

@ The transition function is a smooth map

Dp:UNU — Sp(Rzn)a Pio(u) == Py 0 (I)O_,th'

@ The bundle can be reconstructed using the map .

e For amap 1 : U; — Sp(R?"), replacing the trivialization ®; by 1, ®;
has the effect of changing ®g to ¥;P1p.

o Similarly replacing the trivialization ®( by 19®¢ has the effect of
changing ®¢ to <I>1owo_l.
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Symplectic vector bundles

Theorem

Let E — P! and E — P! be symplectic vector bundles given by transtition
functions

D19, P19 : Up N Uy — Sp(R™)
respectively. The bundles are isomorphic iff there exist maps

Y1 : Up — Sp(R?") and 1 : Uy — Sp(R*") such that

D19 = 1 Pioyy -
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Symplectic vector bundles

Theorem

Let E — P! and E — P! be symplectic vector bundles given by transtition
functions

D19, P19 : Up N Uy — Sp(R™)
respectively. The bundles are isomorphic iff there exist maps

Y1 : Up — Sp(R?") and 1 : Uy — Sp(R*") such that

D19 = 1 Pioyy -

e The transition function ®1o : Uy N U; — Sp(R?") induces a

homomorphism Z
' IS
[(I)l()] F](UoﬂU])—>7r1(Sp R2n n Z

Skt
0.0V, = B\ by M
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Symplectic vector bundles

Theorem

Let E — P! and E — P! be symplectic vector bundles given by transtition
functions

D19, P19 : Up N Uy — Sp(R™)
respectively. The bundles are isomorphic iff there exist maps

Y1 : Up — Sp(R?") and 1 : Uy — Sp(R*") such that

D19 = 1 Pioyy -

e The transition function ®1o : Uy N U; — Sp(R?") induces a
homomorphism

[(I)l()] : 7T](U() N U]) — W](Sp(Rzn)) ~ 7.
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Symplectic vector bundles

Theorem

Let E — P! and E — P! be symplectic vector bundles given by transtition
functions

D19, P19 : Up N Uy — Sp(R™)
respectively. The bundles are isomorphic iff there exist maps

Y1 : Up — Sp(R?") and 1 : Uy — Sp(R*") such that

D19 = 1 Pioyy -

e The transition function ®1o : Uy N U; — Sp(R?") induces a
homomorphism

[(I)l()] : 7T](U() N U]) — W](Sp(Rzn)) ~ 7.
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@ Result: The ~tramsition functions @, <i>10 represent isomorphic bundles
iff [®10] = [@10]-
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@ Result: The ~tramsition functions @, <i>10 represent isomorphic bundles
iff [®10] = [@10]-
o (<) Assume [® 9] = [®9)].
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@ Result: The ~tramsition functions @, <i>10 represent isomorphic bundles
iff [®10] = [®10]-

@ (<) Assume [(I>10] [®10]. Then there is a map ¢1 U; — Sp(R?") that
is equal to (I)lofblo on Uy N Uj.

L8, ] =

N % (B)
‘Pm‘?w U, NV, —
ekl
b W,V —>5p")
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@ Result: The ~tramsition functions @, <i>10 represent isomorphic bundles
iff [®10] = [®10]-

o (<) Assume [® 9] = [®¢]. Then there is a map t; : U; — Sp(R?") that
is equal to (i)l()(I)l_Ol on Uy N Uj. Take vy = 1d.
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