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Last time

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.
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Last time

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Proof: Choose a tubular neighborhood U ⊂ M of X.

Find a primitive : Let ω = ω1 − ω0. Since ω|(TM|X) = 0 and dω = 0,
there is a primitive µ ∈ Ω1(U) such that dµ = ω and µx = 0 for all
x ∈ X.
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Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Proof: Choose a tubular neighborhood U ⊂ M of X.

Find a primitive : Let ω = ω1 − ω0. Since ω|(TM|X) = 0 and dω = 0,
there is a primitive µ ∈ Ω1(U) such that dµ = ω and µx = 0 for all
x ∈ X.

Apply Moser’s trick : Find a time-dependent vector field vt ∈ Vect(U),
t ∈ [0, 1] satisfying −ivtωt = µ.
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Last time

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Proof: Choose a tubular neighborhood U ⊂ M of X.

Find a primitive : Let ω = ω1 − ω0. Since ω|(TM|X) = 0 and dω = 0,
there is a primitive µ ∈ Ω1(U) such that dµ = ω and µx = 0 for all
x ∈ X.

Apply Moser’s trick : Find a time-dependent vector field vt ∈ Vect(U),
t ∈ [0, 1] satisfying −ivtωt = µ. Note vt(x) = 0 for t ∈ [0, 1], x ∈ X.
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Last time

Why does flow of vt exist on U ?
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Last time

Why does flow of vt exist on U ?

For any x ∈ X, vt(x) = 0 for all t. So the flow ρt(x) exists for any x ∈ X
and t ∈ [0, 1].
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Last time

Why does flow of vt exist on U ?

For any x ∈ X, vt(x) = 0 for all t. So the flow ρt(x) exists for any x ∈ X
and t ∈ [0, 1].

By the ODE theorem, the set

U := {(u, t) ∈ U × R : ρt(u) ∈ U exists}

is open in U × R.
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Why does flow of vt exist on U ?

For any x ∈ X, vt(x) = 0 for all t. So the flow ρt(x) exists for any x ∈ X
and t ∈ [0, 1].

By the ODE theorem, the set

U := {(u, t) ∈ U × R : ρt(u) ∈ U exists}

is open in U × R.

Since X × [0, 1] ⊂ U, there is a neighborhood U0 ⊂ U of X such that
U0 × [0, 1] ⊂ U .
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Why does flow of vt exist on U ?

For any x ∈ X, vt(x) = 0 for all t. So the flow ρt(x) exists for any x ∈ X
and t ∈ [0, 1].

By the ODE theorem, the set

U := {(u, t) ∈ U × R : ρt(u) ∈ U exists}

is open in U × R.

Since X × [0, 1] ⊂ U, there is a neighborhood U0 ⊂ U of X such that
U0 × [0, 1] ⊂ U .

Finally, set U1 := ρ1(U0).
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Last time

Why does flow of vt exist on U ?

For any x ∈ X, vt(x) = 0 for all t. So the flow ρt(x) exists for any x ∈ X
and t ∈ [0, 1].

By the ODE theorem, the set

U := {(u, t) ∈ U × R : ρt(u) ∈ U exists}

is open in U × R.

Since X × [0, 1] ⊂ U, there is a neighborhood U0 ⊂ U of X such that
U0 × [0, 1] ⊂ U .

Finally, set U1 := ρ1(U0).

Note that compactness of X is not required.
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Last time

Why does flow of vt exist on U ?

For any x ∈ X, vt(x) = 0 for all t. So the flow ρt(x) exists for any x ∈ X
and t ∈ [0, 1].

By the ODE theorem, the set

U := {(u, t) ∈ U × R : ρt(u) ∈ U exists}

is open in U × R.

Since X × [0, 1] ⊂ U, there is a neighborhood U0 ⊂ U of X such that
U0 × [0, 1] ⊂ U .

Finally, set U1 := ρ1(U0).

Note that compactness of X is not required.

Last time : we proved Darboux’s theorem using the neighborhood
theorem by setting X = point.
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Darboux’s theorem

Theorem (Darboux’s theorem)
Let (M,ω) be a 2n-dimensional symplectic manifold. For any point p there is
a neighborhood U and coordinates

(x1, . . . , xn, y1, . . . , yn) : U → R2n, p �→ 0

such that ω|U =
�

i dxi ∧ dyi.
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Darboux’s theorem

Proof : Choose a linear symplectomorphism

L : TpM → T0R2n � R2n.
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Proof : Choose a linear symplectomorphism

L : TpM → T0R2n � R2n.

Let φ : U0 → R2n be a chart in a neighborhood of p such that dφp = L.
Let V0 := φ(U0).
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Darboux’s theorem

Proof : Choose a linear symplectomorphism

L : TpM → T0R2n � R2n.

Let φ : U0 → R2n be a chart in a neighborhood of p such that dφp = L.
Let V0 := φ(U0).
There are two symplectic forms on U0 ⊂ M, namely ω0 := ω and
ω1 := φ∗ωstd, that satisfy ω0(p) = ω1(p).
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Darboux’s theorem

Proof : Choose a linear symplectomorphism

L : TpM → T0R2n � R2n.

Let φ : U0 → R2n be a chart in a neighborhood of p such that dφp = L.
Let V0 := φ(U0).
There are two symplectic forms on U0 ⊂ M, namely ω0 := ω and
ω1 := φ∗ωstd, that satisfy ω0(p) = ω1(p).
By the symplectic neighborhood theorem applied to the submanifold
X = {p}, we conclude that

� there are neighborhoods U1,U2 ⊂ U0 containing p,
� and a diffeomorphism

ρ : U1 → U2, p �→ p

such that ρ∗(φ∗ωstd) = ω.
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Darboux’s theorem

Proof : Choose a linear symplectomorphism

L : TpM → T0R2n � R2n.

Let φ : U0 → R2n be a chart in a neighborhood of p such that dφp = L.
Let V0 := φ(U0).
There are two symplectic forms on U0 ⊂ M, namely ω0 := ω and
ω1 := φ∗ωstd, that satisfy ω0(p) = ω1(p).
By the symplectic neighborhood theorem applied to the submanifold
X = {p}, we conclude that

� there are neighborhoods U1,U2 ⊂ U0 containing p,
� and a diffeomorphism

ρ : U1 → U2, p �→ p

such that ρ∗(φ∗ωstd) = ω.

The chart required by the theorem is φ ◦ ρ.
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Neighborhood of a symplectic submanifold

Question (*): Suppose (X,ωX) is a symplecic manifold that is
symplectomorphically embedded in (M1,ω1) and (M2,ω2).

i1 : (X,ωX) → (M1,ω1), i2 : (X,ωX) → (M2,ω2), i∗kωk = ωX.

Under what condition is a neighborhood of i1(X) ⊂ M1
symplectomorphic to a neighborhood of i2(X) ⊂ M2?
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Under what condition is a neighborhood of i1(X) ⊂ M1
symplectomorphic to a neighborhood of i2(X) ⊂ M2?
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Question (*): Suppose (X,ωX) is a symplecic manifold that is
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i1 : (X,ωX) → (M1,ω1), i2 : (X,ωX) → (M2,ω2), i∗kωk = ωX.

Under what condition is a neighborhood of i1(X) ⊂ M1
symplectomorphic to a neighborhood of i2(X) ⊂ M2?

Answer (*) : if there is a bundle map TM1|X φ−→ TM2|X such that
� φ∗ω2 = ω1 on the zero section,
� and φ|TX = IdTX .
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Neighborhood of a symplectic submanifold

Question (*): Suppose (X,ωX) is a symplecic manifold that is
symplectomorphically embedded in (M1,ω1) and (M2,ω2).

i1 : (X,ωX) → (M1,ω1), i2 : (X,ωX) → (M2,ω2), i∗kωk = ωX.

Under what condition is a neighborhood of i1(X) ⊂ M1
symplectomorphic to a neighborhood of i2(X) ⊂ M2?

Answer (*) : if there is a bundle map TM1|X φ−→ TM2|X such that
� φ∗ω2 = ω1 on the zero section,
� and φ|TX = IdTX .

The proof follows from the neighborhood theorem.
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Neighborhood of a symplectic submanifold

Question (*): Suppose (X,ωX) is a symplecic manifold that is
symplectomorphically embedded in (M1,ω1) and (M2,ω2).

i1 : (X,ωX) → (M1,ω1), i2 : (X,ωX) → (M2,ω2), i∗kωk = ωX.

Under what condition is a neighborhood of i1(X) ⊂ M1
symplectomorphic to a neighborhood of i2(X) ⊂ M2?

Answer (*) : if there is a bundle map TM1|X φ−→ TM2|X such that
� φ∗ω2 = ω1 on the zero section,
� and φ|TX = IdTX .

The proof follows from the neighborhood theorem.

Note that TM1|X is a ‘symplectic vector bundle’ on X.
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Symplectic vector bundle

A vector bundle E → M is a symplectic vector bundle if there is a
fiber-wise linear symplectic form

ωx : TxM × TxM → R

that varies smoothly with x.
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A vector bundle E → M is a symplectic vector bundle if there is a
fiber-wise linear symplectic form

ωx : TxM × TxM → R

that varies smoothly with x.

Examples : For a symplectic manifold (M,ω), TM → M is a symplectic
vector bundle on M.
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Symplectic vector bundle

A vector bundle E → M is a symplectic vector bundle if there is a
fiber-wise linear symplectic form

ωx : TxM × TxM → R

that varies smoothly with x.

Examples : For a symplectic manifold (M,ω), TM → M is a symplectic
vector bundle on M.

If X ⊂ (M,ω) is a symplectic submanifold, then TM|X → X is a
symplectic vector bundle, and so also is (TX)ω → X.

Remark : There is a natural isomorphism of symplectic vector bundles

NX → TXω,

because there is a fiberwise direct sum TxM = TxX ⊕ (TxX)ω.
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Neighborhood of a symplectic submanifold

We re-state answer(*) as follows as in the following theorem.
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Neighborhood of a symplectic submanifold

We re-state answer(*) as follows as in the following theorem.

Theorem (Symplectic neighborhood theorem)
Let

i1 : (X,ωX) → (M1,ω1), i2 : (X,ωX) → (M2,ω2)

be symplectomorphic embeddings. Further suppose there is an isomorphism

ν : NM1X � NM2X.

of symplectic vector bundles. Then, there are neighborhoods U1 ⊂ M1,
U2 ⊂ M2 of X and a symplectomorphism

ψ : (U1,ω1) → (U2,ω2), satisfying ψ|X = IdX .
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Symplectic vector bundles

We will now observe that isomorphism of symplectic vector bundles is a
topological condition.
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Symplectic vector bundles

We will now observe that isomorphism of symplectic vector bundles is a
topological condition.

Let U ⊂ Rm a contracible open set, and let E → U be a symplectic
vector bundle. Then there is a trivialization

Φ : E � U × (R2n,ωstd), (u, e) �→ (u,Φu(e)),

where Φu : Eu → R2n is a linear symplecomorphism.
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We will now observe that isomorphism of symplectic vector bundles is a
topological condition.

Let U ⊂ Rm a contracible open set, and let E → U be a symplectic
vector bundle. Then there is a trivialization

Φ : E � U × (R2n,ωstd), (u, e) �→ (u,Φu(e)),

where Φu : Eu → R2n is a linear symplecomorphism.

Any smooth map ψ : U → Sp(R2n) will give us a new trivialization

Φ̃ : E � U × (R2n,ωstd), Φ̃u := ψ(u)Φu.
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Symplectic vector bundles

We will now observe that isomorphism of symplectic vector bundles is a
topological condition.

Let U ⊂ Rm a contracible open set, and let E → U be a symplectic
vector bundle. Then there is a trivialization

Φ : E � U × (R2n,ωstd), (u, e) �→ (u,Φu(e)),

where Φu : Eu → R2n is a linear symplecomorphism.

Any smooth map ψ : U → Sp(R2n) will give us a new trivialization

Φ̃ : E � U × (R2n,ωstd), Φ̃u := ψ(u)Φu.

Conversely any two trivializations are related by a map
ψ : U → Sp(R2n).
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Symplectic vector bundles

As an example let’s consider a symplectic vector bundle E → P1.
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Symplectic vector bundles

As an example let’s consider a symplectic vector bundle E → P1.
Viewing P1 as C ∪ {∞}, we have a trivialization on charts U0 := BR,
U1 := P1\B1/R (where R > 1)

Φ0 : E|U0 � U0 × R2n, Φ1 : E|U1 � U1 × R2n
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Symplectic vector bundles

As an example let’s consider a symplectic vector bundle E → P1.
Viewing P1 as C ∪ {∞}, we have a trivialization on charts U0 := BR,
U1 := P1\B1/R (where R > 1)

Φ0 : E|U0 � U0 × R2n, Φ1 : E|U1 � U1 × R2n

The transition function is a smooth map

Φ10 : U0 ∩ U1 → Sp(R2n), Φ10(u) := Φ1,u ◦ Φ−1
0,u.

Introduction to Symplectic Geometry : Lecture 7 September 6, 2021 10 / 12
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U1 := P1\B1/R (where R > 1)

Φ0 : E|U0 � U0 × R2n, Φ1 : E|U1 � U1 × R2n

The transition function is a smooth map

Φ10 : U0 ∩ U1 → Sp(R2n), Φ10(u) := Φ1,u ◦ Φ−1
0,u.

The bundle can be reconstructed using the map Φ10.
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As an example let’s consider a symplectic vector bundle E → P1.
Viewing P1 as C ∪ {∞}, we have a trivialization on charts U0 := BR,
U1 := P1\B1/R (where R > 1)
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The transition function is a smooth map

Φ10 : U0 ∩ U1 → Sp(R2n), Φ10(u) := Φ1,u ◦ Φ−1
0,u.

The bundle can be reconstructed using the map Φ10.
For a map ψ1 : U1 → Sp(R2n), replacing the trivialization Φ1 by ψ1Φ1
has the effect of changing Φ10 to ψ1Φ10.
Similarly replacing the trivialization Φ0 by ψ0Φ0 has the effect of
changing Φ10 to

Introduction to Symplectic Geometry : Lecture 7 September 6, 2021 10 / 12



Symplectic vector bundles

As an example let’s consider a symplectic vector bundle E → P1.
Viewing P1 as C ∪ {∞}, we have a trivialization on charts U0 := BR,
U1 := P1\B1/R (where R > 1)

Φ0 : E|U0 � U0 × R2n, Φ1 : E|U1 � U1 × R2n

The transition function is a smooth map

Φ10 : U0 ∩ U1 → Sp(R2n), Φ10(u) := Φ1,u ◦ Φ−1
0,u.

The bundle can be reconstructed using the map Φ10.
For a map ψ1 : U1 → Sp(R2n), replacing the trivialization Φ1 by ψ1Φ1
has the effect of changing Φ10 to ψ1Φ10.
Similarly replacing the trivialization Φ0 by ψ0Φ0 has the effect of
changing Φ10 to Φ10ψ

−1
0 .
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Symplectic vector bundles

Theorem
Let E → P1 and Ẽ → P1 be symplectic vector bundles given by transtition
functions

Φ10, Φ̃10 : U0 ∩ U1 → Sp(R2n)

respectively. The bundles are isomorphic iff there exist maps
ψ1 : U1 → Sp(R2n) and ψ0 : U0 → Sp(R2n) such that

Φ̃10 = ψ1Φ10ψ
−1
0 .
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Theorem
Let E → P1 and Ẽ → P1 be symplectic vector bundles given by transtition
functions

Φ10, Φ̃10 : U0 ∩ U1 → Sp(R2n)

respectively. The bundles are isomorphic iff there exist maps
ψ1 : U1 → Sp(R2n) and ψ0 : U0 → Sp(R2n) such that

Φ̃10 = ψ1Φ10ψ
−1
0 .

The transition function Φ10 : U0 ∩ U1 → Sp(R2n) induces a
homomorphism

[Φ10] : π1(U0 ∩ U1) → π1(Sp(R2n))
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Result : The transition functions Φ10, Φ̃10 represent isomorphic bundles
iff [Φ10] = [Φ̃10].
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Result : The transition functions Φ10, Φ̃10 represent isomorphic bundles
iff [Φ10] = [Φ̃10].

(⇐) Assume [Φ10] = [Φ̃10].
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Result : The transition functions Φ10, Φ̃10 represent isomorphic bundles
iff [Φ10] = [Φ̃10].

(⇐) Assume [Φ10] = [Φ̃10]. Then there is a map ψ1 : U1 → Sp(R2n) that
is equal to Φ̃10Φ

−1
10 on U0 ∩ U1.
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Result : The transition functions Φ10, Φ̃10 represent isomorphic bundles
iff [Φ10] = [Φ̃10].

(⇐) Assume [Φ10] = [Φ̃10]. Then there is a map ψ1 : U1 → Sp(R2n) that
is equal to Φ̃10Φ

−1
10 on U0 ∩ U1. Take ψ0 = Id.
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