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Today’s theorem

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Last time we showed :

Theorem (Tubular neighborhood theorem)
Let X ⊂ M be a compact submanifold. Then there exists a neighborhood
U0 ⊂ NX of the zero section, a neighborhood U ⊂ M of X, and a
diffeomorphism ψ : U0 → U that is equal to IdX on the zero section.

In our proof the map ψ is the exponential map restricted to the normal bundle
NX.
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A primitive in a tubular neighborhood

Theorem (Construction of primitive)
Let U ⊂ M be a tubular neighborhood of a submanifold X ⊂ M. Let
i : X → U be the inclusion map. Let

ω ∈ Ω2(U), dω = 0, i∗ω = 0.

Then there exists

µ ∈ Ω1(U), dµ = ω, µx = 0∀x ∈ X.

Remark : Let π : U → X be the projection map. Then i ◦ π : U → U is
homotopy equivalent to IdU .
By a construction in differential geometry, there exists

Q : Ω∗(U)→ Ω∗−1(U) such that dQ + Qd = IdU −(i ◦ π)∗

For ω ∈ Ω2(M) in the theorem, d(Qω) = ω.
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A primitive in a tubular neighborhood

Proof of theorem : We identify U to a neighborhood in NX,

and define a
family of maps that deforms U to X :

ρt(x, v) := (x, tv) x ∈ X, v ∈ NxX, t ∈ [0, 1].

Note that ρ1 = IdNX and ρ0 = π.

Let vt ∈ Vect(NX), t ∈ (0, 1) be the vector field generating ρt. That is, it
satisfies vt(m) = d

dtρt(m) = vt(ρt(m)).

ω = ρ∗1ω − ρ∗0ω =
∫ 1

0 ( d
dtρ

∗
t ω)dt

=
∫ 1

0 ρ
∗
t (Lvtω)dt = d(

∫ 1
0 ρ

∗
t (ivtω)).

Thus µ := Qω :=
∫ 1

0 ρ
∗
t (ivtω)
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Neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Choose a tubular neighborhood U ⊂ M of X.
Let ω = ω1 − ω0. Since ω|(TM|X) = 0 and dω = 0, there is a primitive
µ ∈ Ω1(U) such that dµ = ω and µx = 0 for all x ∈ X.
Let ωt = (1− t)ω0 + tω1. By shrinking U, we can ensure that ωt is
symplectic on U for all t.
We aim to find a family of diffeomorphisms ρt : U → U such that
ρ∗t ωt = ω0.
We aim to find a family vt ∈ Vect(M), t ∈ [0, 1] whose flow is {ρt}.
0 = d

dtρ
∗
t ωt = ρ∗t (Lvtωt + d

dtωt)

−Lvtωt = d
dtωt = ω1 − ω0 implies −d(ivtωt) = dµ.

Introduction to Symplectic Geometry : Lecture 6 September 3, 2021 5 / 14



Neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Choose a tubular neighborhood U ⊂ M of X.
Let ω = ω1 − ω0. Since ω|(TM|X) = 0 and dω = 0, there is a primitive
µ ∈ Ω1(U) such that dµ = ω and µx = 0 for all x ∈ X.

Let ωt = (1− t)ω0 + tω1. By shrinking U, we can ensure that ωt is
symplectic on U for all t.
We aim to find a family of diffeomorphisms ρt : U → U such that
ρ∗t ωt = ω0.
We aim to find a family vt ∈ Vect(M), t ∈ [0, 1] whose flow is {ρt}.
0 = d

dtρ
∗
t ωt = ρ∗t (Lvtωt + d

dtωt)

−Lvtωt = d
dtωt = ω1 − ω0 implies −d(ivtωt) = dµ.

Introduction to Symplectic Geometry : Lecture 6 September 3, 2021 5 / 14



Neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Choose a tubular neighborhood U ⊂ M of X.
Let ω = ω1 − ω0. Since ω|(TM|X) = 0 and dω = 0, there is a primitive
µ ∈ Ω1(U) such that dµ = ω and µx = 0 for all x ∈ X.
Let ωt = (1− t)ω0 + tω1. By shrinking U, we can ensure that ωt is
symplectic on U for all t.

We aim to find a family of diffeomorphisms ρt : U → U such that
ρ∗t ωt = ω0.
We aim to find a family vt ∈ Vect(M), t ∈ [0, 1] whose flow is {ρt}.
0 = d

dtρ
∗
t ωt = ρ∗t (Lvtωt + d

dtωt)

−Lvtωt = d
dtωt = ω1 − ω0 implies −d(ivtωt) = dµ.

Introduction to Symplectic Geometry : Lecture 6 September 3, 2021 5 / 14



Neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Choose a tubular neighborhood U ⊂ M of X.
Let ω = ω1 − ω0. Since ω|(TM|X) = 0 and dω = 0, there is a primitive
µ ∈ Ω1(U) such that dµ = ω and µx = 0 for all x ∈ X.
Let ωt = (1− t)ω0 + tω1. By shrinking U, we can ensure that ωt is
symplectic on U for all t.
We aim to find a family of diffeomorphisms ρt : U → U such that
ρ∗t ωt = ω0.

We aim to find a family vt ∈ Vect(M), t ∈ [0, 1] whose flow is {ρt}.
0 = d

dtρ
∗
t ωt = ρ∗t (Lvtωt + d

dtωt)

−Lvtωt = d
dtωt = ω1 − ω0 implies −d(ivtωt) = dµ.

Introduction to Symplectic Geometry : Lecture 6 September 3, 2021 5 / 14



Neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Choose a tubular neighborhood U ⊂ M of X.
Let ω = ω1 − ω0. Since ω|(TM|X) = 0 and dω = 0, there is a primitive
µ ∈ Ω1(U) such that dµ = ω and µx = 0 for all x ∈ X.
Let ωt = (1− t)ω0 + tω1. By shrinking U, we can ensure that ωt is
symplectic on U for all t.
We aim to find a family of diffeomorphisms ρt : U → U such that
ρ∗t ωt = ω0.
We aim to find a family vt ∈ Vect(M), t ∈ [0, 1] whose flow is {ρt}.

0 = d
dtρ

∗
t ωt = ρ∗t (Lvtωt + d

dtωt)

−Lvtωt = d
dtωt = ω1 − ω0 implies −d(ivtωt) = dµ.

Introduction to Symplectic Geometry : Lecture 6 September 3, 2021 5 / 14



Neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplectic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods U0 and U1 of X in M and a diffeomorphism ψ : U0 → U1
which is the identity on X and ψ∗ω1 = ω0.

Choose a tubular neighborhood U ⊂ M of X.
Let ω = ω1 − ω0. Since ω|(TM|X) = 0 and dω = 0, there is a primitive
µ ∈ Ω1(U) such that dµ = ω and µx = 0 for all x ∈ X.
Let ωt = (1− t)ω0 + tω1. By shrinking U, we can ensure that ωt is
symplectic on U for all t.
We aim to find a family of diffeomorphisms ρt : U → U such that
ρ∗t ωt = ω0.
We aim to find a family vt ∈ Vect(M), t ∈ [0, 1] whose flow is {ρt}.
0 = d

dtρ
∗
t ωt = ρ∗t (Lvtωt + d

dtωt)

−Lvtωt = d
dtωt = ω1 − ω0 implies −d(ivtωt) = dµ.

Introduction to Symplectic Geometry : Lecture 6 September 3, 2021 5 / 14



Neighborhood theorem in symplectic manifolds

We will choose vt such that −ivtωt = µ.

Since ωt is symplectic, vt exists.

Why does flow of vt exist on U ?

For any x ∈ X, vt(x) = 0 for all t. So the flow ρt(x) exists for any x ∈ X
and t ∈ [0, 1].

By the ODE theorem, the set

U := {(u, t) ∈ U × R : ρt(u) ∈ U exists}

is open in U × R.

Since X × [0, 1] ⊂ U, there is a neighborhood U0 ⊂ U of X such that
U0 × [0, 1] ⊂ U .

Finally, set U1 := ρ1(U0)
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Darboux’s theorem

Theorem (Darboux’s theorem)
Let (M, ω) be a 2n-dimensional symplectic manifold. For any point p there is
a neighborhood U and coordinates

(x1, . . . , xn, y1, . . . , yn) : U → R2n, p 7→ 0

such that ω|U =
∑

i dxi ∧ dyi.
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Darboux’s theorem

Proof : Choose a linear symplectomorphism

L : TpM → T0R2n ' R2n.

Let φ : U0 → R2n be a chart in a neighborhood of p such that dφp = L.
Let V0 := φ(U0).
There are two symplectic forms on U0 ⊂ M, namely ω0 := ω and
ω1 := φ∗ωstd, that satisfy ω0(p) = ω1(p).
By the symplectic neighborhood theorem applied to the submanifold
X = {p}, we conclude that

I there are neighborhoods U1,U2 ⊂ U0 containing p,
I and a diffeomorphism

ρ : U1 → U2, p 7→ p

such that ρ∗(φ∗ωstd) = ω.

The chart required by the theorem is φ ◦ ρ.
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