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Theorems ahead

Theorem (Moser’s theorem)
Suppose {w, : t € [0, 1]} is a smooth family of symplectic forms on a compact
manifold M such that the cohomology class [w;] € H>(M) is t-independent.

Then there exists a family of diffeomorphisms p, : M — M such that
Pfwr = wy.
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Theorems ahead

Theorem (Moser’s theorem)

Suppose {w, : t € [0, 1]} is a smooth family of symplectic forms on a compact
manifold M such that the cohomology class [w;] € H>(M) is t-independent.
Then there exists a family of diffeomorphisms p, : M — M such that

Pfwr = wy.

Theorem (Neighborhood theorem in symplectic manifolds)

Let X be a compact submanifold of a manifold M, and let wq , wy be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Ny and Ny of X in M and a diffeomorphism 1) : Ny — N;
which is the identity on X and ¥*w; = wy.
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Theorems ahead

Theorem (Moser’s theorem)

Suppose {w, : t € [0, 1]} is a smooth family of symplectic forms on a compact
manifold M such that the cohomology class [w;] € H>(M) is t-independent.
Then there exists a family of diffeomorphisms p, : M — M such that

Pfwr = wy.

Theorem (Neighborhood theorem in symplectic manifolds)

Let X be a compact submanifold of a manifold M, and let wq , wy be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Ny and Ny of X in M and a diffeomorphism 1) : Ny — N;
which is the identity on X and ¥*w; = wy.

@ What the theorem says : Isomorphism of normal bundles implies an
isomorphism of neighborhoods.
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Theorems ahead

Theorem (Moser’s theorem)

Suppose {w, : t € [0, 1]} is a smooth family of symplectic forms on a compact
manifold M such that the cohomology class [w;] € H>(M) is t-independent.
Then there exists a family of diffeomorphisms p, : M — M such that

Pfwr = wy.

Theorem (Neighborhood theorem in symplectic manifolds)

Let X be a compact submanifold of a manifold M, and let wq , wy be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Ny and Ny of X in M and a diffeomorphism 1) : Ny — N;
which is the identity on X and ¥*w; = wy.

@ What the theorem says : Isomorphism of normal bundles implies an
isomorphism of neighborhoods.

@ Darboux theorem is a particular instance of this result where X = point.
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Vector fields and flow

@ Letv € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying

d
Ept(m) =v(p/(m)) VYmeM,teR.
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Vector fields and flow

@ Letv € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying

d
Ept(m) =v(p/(m)) VYmeM,teR.

o Definition(Lie derivative of forms) For a form w € Q*(M)

Low = Epfw\t:().
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Vector fields and flow

@ Letv € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying

d
Ept(m) =v(p/(m)) VYmeM,teR.

o Definition(Lie derivative of forms) For a form w € Q*(M)

Low = Epfw\t:().

@ The Lie derivative satisfies the Cartan formula

L, =id+di,.
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Vector fields and flow

@ Letv € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying

d
Ept(m) =v(p/(m)) VYmeM,teR.

o Definition(Lie derivative of forms) For a form w € Q*(M)

Low = Epfw\t:().

@ The Lie derivative satisfies the Cartan formula

L, =id+di,.

.d o —
e Remark : £piw|i—r =
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Vector fields and flow

@ Letv € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying

d
Ept(m) =v(p/(m)) VYmeM,teR.

o Definition(Lie derivative of forms) For a form w € Q*(M)

Low = Epfw\t:().

@ The Lie derivative satisfies the Cartan formula

L, =id+di,.

 Remark : 4 pfw|—, = 4 p%piwli—o = prLow. (We use priy = pupr.)
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Time-dependent vector fields

@ Letv, € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
%Pt(m) =vi(p(m)) VmeM,t€R.
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Time-dependent vector fields

@ Letv, € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
%Pt(m) =vi(p(m)) VmeM,t€R.

@ The flow does not satisfy p,4+, = pppr.
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Time-dependent vector fields

@ Letv, € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
%Pt(m) =vi(p(m)) VmeM,t€R.

@ The flow does not satisfy p,4+, = pppr.

d % _
o Eptw‘t:() —LVO(U.
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Time-dependent vector fields

@ Letv, € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
%Pt(m) =vi(p(m)) VmeM,t€R.

@ The flow does not satisfy p,4+, = pppr.

° % p;w|=0 = Ly,w. Follows from Cartan formula.
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Time-dependent vector fields

@ Letv, € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
%Pt(m) =vi(p(m)) VmeM,t€R.

@ The flow does not satisfy p,4+, = pppr.

° % p;w|=0 = Ly,w. Follows from Cartan formula.

d x _
® LP[Wli=r =
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Time-dependent vector fields

@ Letv, € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
%Pt(m) =vi(p(m)) VmeM,t€R.

@ The flow does not satisfy p,4+, = pppr.
° % p;w|=0 = Ly,w. Follows from Cartan formula.

° % PiWli=r = d% prprw|h=0 = piL,, w. (Here p; is the flow of the shifted
time-dependent vector field v, := v,y .)
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Time-dependent vector fields

@ Letv, € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
%Pt(m) =vi(p(m)) VmeM,t€R.

@ The flow does not satisfy p,4+, = pppr.
° % p;w|=0 = Ly,w. Follows from Cartan formula.

° % PiWli=r = d% prprw|h=0 = piL,, w. (Here p; is the flow of the shifted
time-dependent vector field v, := v,y .)

@ For a time-dependent form w, € Q*(M),r € R

>k * >k d
Epz Wili=r = prwr + Prawt-
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Existence of flow for time-dependent vector fields

@ Result : If M is compact and v, ¢ € [0, 1] is a time-dependent vector
field. Then the flow of v,
pr:M—M, tel0,1]

exists.
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Existence of flow for time-dependent vector fields

@ Result : If M is compact and v, ¢ € [0, 1] is a time-dependent vector
field. Then the flow of v,

pr:M—M, tel0,1]

exists.

@ The proof uses the ODE result : Let v € Vect(M) be a vector field on a
manifold M. For any point p there is a neighborhood U C M and € > 0
such that the flow of v

pr:(—€,6) xU—M

exists.
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Existence of flow for time-dependent vector fields

@ Result : If M is compact and v, ¢ € [0, 1] is a time-dependent vector
field. Then the flow of v,

pr:M—M, tel0,1]

exists.

@ The proof uses the ODE result : Let v € Vect(M) be a vector field on a
manifold M. For any point p there is a neighborhood U C M and € > 0
such that the flow of v

pr:(—€,6) xU—M

exists.
@ Think of the time-dependent vector field

v, € Vect(M),t € [0,1] as v(m,t) = g + vi(m) € Vect(M x [0, 1]).
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Existence of flow for time-dependent vector fields

@ Result : If M is compact and v, ¢ € [0, 1] is a time-dependent vector
field. Then the flow of v,

pr:M—M, tel0,1]
exists.

@ The proof uses the ODE result : Let v € Vect(M) be a vector field on a
manifold M. For any point p there is a neighborhood U C M and € > 0
such that the flow of v

pr:(—€,6) xU—M
exists.

@ Think of the time-dependent vector field

v, € Vect(M),t € [0,1] as v(m,t) = g + vi(m) € Vect(M x [0, 1]).

o Extend v to a vector field on R x M that vanishes outside a compact set,
and apply the ODE result.
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Moser’s theorem

Theorem (Moser’s theorem)
Suppose {w; : t € [0, 1]} is a smooth family of symplectic forms on a compact
manifold M such that the cohomology class [w;] € H*(M) is t-independent.

Then there exists a family of diffeomorphisms p, : M — M such that
Pfwr = wo.

@ Proof: We will make an assumption that w; = (1 — 1)wg + fwy.
e Since [w;] = [wo), there exists u € Q!(M) such that w; — wy = dp.
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Moser’s theorem

Theorem (Moser’s theorem)

Suppose {w; : t € [0, 1]} is a smooth family of symplectic forms on a compact
manifold M such that the cohomology class [w;] € H*(M) is t-independent.

Then there exists a family of diffeomorphisms p, : M — M such that
Pfwr = wo.

@ Proof: We will make an assumption that w; = (1 — 1)wg + fwy.

e Since [w;] = [wo), there exists ;1 € Q' (M) such that wy — wo = dp.

@ We aim to find a family of diffeomorphisms p; : M — M such that
pfwr = wp.

@ We aim to find a family v, € Vect(M), t € [0, 1] whose flow is {p;}.
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Moser’s theorem

Theorem (Moser’s theorem)

Suppose {w; : t € [0, 1]} is a smooth family of symplectic forms on a compact
manifold M such that the cohomology class [w;] € H*(M) is t-independent.
Then there exists a family of diffeomorphisms p, : M — M such that

Pfwr = wo.

Proof: We will make an assumption that w; = (1 — #)wg + fwy.

Since [w}] = [wo), there exists € Q!'(M) such that w; — wy = dp.

We aim to find a family of diffeomorphisms p; : M — M such that
pfwr = wp.

We aim to find a family v, € Vect(M), ¢ € [0, 1] whose flow is {p;}.

0= %wat = p; (Ly,wr + %w,)
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Moser’s theorem

Theorem (Moser’s theorem)

Suppose {w; : t € [0, 1]} is a smooth family of symplectic forms on a compact
manifold M such that the cohomology class [w;] € H*(M) is t-independent.
Then there exists a family of diffeomorphisms p, : M — M such that

Pfwr = wo.

@ Proof: We will make an assumption that w; = (1 — 1)wg + fwy.

e Since [w;] = [wo), there exists ;1 € Q' (M) such that wy — wo = dp.

@ We aim to find a family of diffeomorphisms p; : M — M such that
pfwr = wp.

@ We aim to find a family v, € Vect(M), t € [0, 1] whose flow is {p;}.

e 0= %pfwt = pi(Lyw; + wy)

o —Lyw = %Wt = w) — wo implies —d(i,,w;) = dp.
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Moser’s theorem

Theorem (Moser’s theorem)

Suppose {w; : t € [0, 1]} is a smooth family of symplectic forms on a compact
manifold M such that the cohomology class [w;] € H*(M) is t-independent.
Then there exists a family of diffeomorphisms p, : M — M such that

Pfwr = wo.

@ Proof: We will make an assumption that w; = (1 — 1)wg + fwy.

e Since [w;] = [wo), there exists ;1 € Q' (M) such that wy — wo = dp.

@ We aim to find a family of diffeomorphisms p; : M — M such that
pfwr = wp.

@ We aim to find a family v, € Vect(M), t € [0, 1] whose flow is {p;}.

e 0= %pfwt = pi(Lyw; + wy)

o —Lyw = %wt = w) — wo implies —d(i,,w;) = dp.

@ We will choose v; such that —i,,w, = p.
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Moser’s theorem

@ We will choose v; such that —i,,w; = ¢
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Moser’s theorem

@ We will choose v; such that —i,,w; = p : such a vector field v, exists
because w; is non-degenerate.
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Moser’s theorem

@ We will choose v; such that —i,,w; = p : such a vector field v, exists
because w; is non-degenerate.

e Since M is compact, the flow of v, ¢ € [0, 1], exists.

Introduction to Symplectic Geometry : Lecture 4 August 27, 2021 7715



Moser’s theorem

@ We will choose v; such that —i,,w; = p : such a vector field v, exists
because w; is non-degenerate.

e Since M is compact, the flow of v, ¢ € [0, 1], exists.

@ The assumption w; = (1 — t)wg + fw; can be removed to prove the
existence of p; (not a family p;):
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Moser’s theorem

@ We will choose v; such that —i,,w; = p : such a vector field v, exists
because w; is non-degenerate.

e Since M is compact, the flow of v, ¢ € [0, 1], exists.

@ The assumption w; = (1 — t)wg + fw; can be removed to prove the
existence of p; (not a family p;): Replace the smooth path by a piecewise
linear path of symplectic forms with the end points pg, p;.
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Moser’s theorem

@ We will choose v; such that —i,,w; = p : such a vector field v, exists
because w; is non-degenerate.

e Since M is compact, the flow of v, ¢ € [0, 1], exists.

@ The assumption w; = (1 — t)wg + fw; can be removed to prove the
existence of p; (not a family p;): Replace the smooth path by a piecewise
linear path of symplectic forms with the end points pg, p;.

° For the full result : find a smooth family i, € Q'(M) such that
dtw, du; using Hodge theory.
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