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Recall

Given a smooth manifold X, its cotangent bundle has a canonical
symplectic form.
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Recall

Given a smooth manifold X, its cotangent bundle has a canonical
symplectic form. Suppose (x1, . . . , xn) are local coordinates on X which
induce coordinates (ξ1, . . . , ξn) on the fibers of T∗X. Then

ωcan =
�

i

dxi ∧ dξi.

A Lagrangian submanifold L in a symplectic manifold (M,ω) satisfies

dim(L) =
1
2
dim(M), ω|TL ≡ 0.

The zero section of the cotangent bundle is a Lagrangian submanifold of
T∗X.
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Lagrangian submanifolds in the cotangent bundle

Denote the zero section in T∗X by X0.

Question : Can we find more Lagrangian submanifolds ‘close’ to the
zero section in T∗X?
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zero section in T∗X?

Claim : If X1 ⊂ T∗X is C1-close to X0 then X1 is a section of T∗X.
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Question : Can we find more Lagrangian submanifolds ‘close’ to the
zero section in T∗X?

Claim : If X1 ⊂ T∗X is C1-close to X0 then X1 is a section of T∗X.

More rigorously : Suppose there is a family of embeddings of X

i : (−�, �)× X → T∗X, i(0, x) = x,

such that i is continuous and the derivative of it := i(t, ·) : X → T∗X is
continuous in (−�, �)× X. Then, after possibly decreasing �,
it := i(t, ·) : X → T∗X is the image of a section of T∗X for t ∈ (−�, �).
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Claim : Suppose there is a family of embeddings of X

i : (−�, �)× X → T∗X, i(0, x) = x,

such that i is continuous and the derivative of it := i(t, ·) : X → T∗X is
continuous in (−�, �)× X. Then, after possibly decreasing �,
it := i(t, ·) : X → T∗X is the image of a section of T∗X for t ∈ (−�, �).

Proof of Claim : π ◦ it : X → X is a diffeomorphism for small enough t,
where π : T∗X → X is the projection map.
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i : (−�, �)× X → T∗X, i(0, x) = x,

such that i is continuous and the derivative of it := i(t, ·) : X → T∗X is
continuous in (−�, �)× X. Then, after possibly decreasing �,
it := i(t, ·) : X → T∗X is the image of a section of T∗X for t ∈ (−�, �).

Proof of Claim : π ◦ it : X → X is a diffeomorphism for small enough t,
where π : T∗X → X is the projection map.
Define φt := (π ◦ it)−1.
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Lagrangian submanifolds in the cotangent bundle

Claim : Suppose there is a family of embeddings of X

i : (−�, �)× X → T∗X, i(0, x) = x,

such that i is continuous and the derivative of it := i(t, ·) : X → T∗X is
continuous in (−�, �)× X. Then, after possibly decreasing �,
it := i(t, ·) : X → T∗X is the image of a section of T∗X for t ∈ (−�, �).

Proof of Claim : π ◦ it : X → X is a diffeomorphism for small enough t,
where π : T∗X → X is the projection map.
Define φt := (π ◦ it)−1. Finally ĩt := it ◦ φt is a section for all t.
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Lagrangian submanifolds in the cotangent bundle

A section µ : X → T∗X is a one-form µ ∈ Ω1(X). We denote the image
submanifold by Xµ ⊂ T∗X.
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Lagrangian submanifolds in the cotangent bundle

A section µ : X → T∗X is a one-form µ ∈ Ω1(X). We denote the image
submanifold by Xµ ⊂ T∗X.

Question : When is Xµ a Lagrangian submanifold?
Answer :

� We work in local coordinates (x1, . . . , xn) on a neighborhood U ⊂ X. A
section is then µ =

�
i µidxi where µi : U → R.
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section is then µ =
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i µidxi where µi : U → R.

� For x ∈ X, what is T(x,µ(x))T∗X?
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submanifold by Xµ ⊂ T∗X.
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Answer :
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� Xµ is Lagrangian iff ωcan(vi, vj) = 0 for all i, j.
� ωcan(vi, vj) = (

�
α dxα ∧ dξα)(vi, vj)

= dxi(vi)dξi(vj)− dxj(vj)dξj(vi)

= ∂µi
∂xj

− ∂µj

∂xi
.

� Xµ is Lagrangian iff dµ = 0.
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Other examples of Lagrangian submanifolds : The diagonal
in a product

Let (M,ω) be a symplectic manifold. The two-form

ωpr ∈ Ω2(M × M), ωpr = π∗
1ω − π∗

2ω

is a symplectic form.
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Other examples of Lagrangian submanifolds : The diagonal
in a product

Let (M,ω) be a symplectic manifold. The two-form

ωpr ∈ Ω2(M × M), ωpr = π∗
1ω − π∗

2ω

is a symplectic form. For (v1,w1), (v2,w2) ∈ T(m1,m2)(M × M),

ωpr((v1,w1), (v2,w2)) = ω(v1, v2)− ω(w1,w2).

Result : The diagonal Δ = {(m,m) : m ∈ M} ⊂ M × M is a symplectic
manifold.

� Proof : T(m,m)(M × M) = {(v, v) : v ∈ TmM}.
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Other examples of Lagrangian submanifolds : The diagonal
in a product

Let (M,ω) be a symplectic manifold. The two-form

ωpr ∈ Ω2(M × M), ωpr = π∗
1ω − π∗

2ω

is a symplectic form. For (v1,w1), (v2,w2) ∈ T(m1,m2)(M × M),

ωpr((v1,w1), (v2,w2)) = ω(v1, v2)− ω(w1,w2).

Result : The diagonal Δ = {(m,m) : m ∈ M} ⊂ M × M is a symplectic
manifold.

� Proof : T(m,m)(M × M) = {(v, v) : v ∈ TmM}.
� ωpr((v1, v1), (v2, v2)) = ω(v1, v2)− ω(v1, v2) = 0.
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Graph of a symplectomorphism

Result : Suppose φ : (M,ω) → (M,ω) is a symplectomorphism. Then
the graph

Γφ := {(m,φ(m)) : m ∈ M} ⊂ (M × M,ωpr)

is a Lagrangian submanifold.
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Graph of a symplectomorphism

Result : Suppose φ : (M,ω) → (M,ω) is a symplectomorphism. Then
the graph

Γφ := {(m,φ(m)) : m ∈ M} ⊂ (M × M,ωpr)

is a Lagrangian submanifold.

Proof : The map Φ := (Id,φ) : M × M → M × M is a
symplectomorphism, and Φ(Δ) = Γφ.

� Alternate proof : TΓφ = {(v, dφ(v)) : v ∈ TmM}.
� ωpr((v1, dφ(v1)), (v2, dφ(v2))) = ω(v1, v2)− ω(dφ(v1), dφ(v2)) = 0 for

all v1, v2
iff φ is a symplectomorphism.
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Graph of a symplectomorphism

Result : Suppose φ : (M,ω) → (M,ω) is a symplectomorphism. Then
the graph

Γφ := {(m,φ(m)) : m ∈ M} ⊂ (M × M,ωpr)

is a Lagrangian submanifold.

Proof : The map Φ := (Id,φ) : M × M → M × M is a
symplectomorphism, and Φ(Δ) = Γφ.

� Alternate proof : TΓφ = {(v, dφ(v)) : v ∈ TmM}.
� ωpr((v1, dφ(v1)), (v2, dφ(v2))) = ω(v1, v2)− ω(dφ(v1), dφ(v2)) = 0 for

all v1, v2
iff φ is a symplectomorphism.

We have shown : φ is a symplectomorphism iff its graph is Lagrangian in
M × M.
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A general neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplecic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods N0 and N1 of X in M and a diffeomorphism ψ : N0 → N1
which is the identity on X and ψ∗ω1 = ω0.
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Theorem (Neighborhood theorem in symplecic manifolds)
Let X be a compact submanifold of a manifold M, and let ω0 , ω1 be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods N0 and N1 of X in M and a diffeomorphism ψ : N0 → N1
which is the identity on X and ψ∗ω1 = ω0.

What the theorem says : Isomorphism of normal bundles implies an
isomorphism of neighborhoods.

Darboux theorem is a particular instance of this result where X = point.

We build up some preliminaries for the proof of the neighborhood
theorem.
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Vector fields and flow

Let v ∈ Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms ρt : M → M satisfying

d
dt
ρt(m) = v(ρt(m)) ∀m ∈ M, t ∈ R.
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Vector fields and flow

Let v ∈ Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms ρt : M → M satisfying

d
dt
ρt(m) = v(ρt(m)) ∀m ∈ M, t ∈ R.

Definition(Lie derivative of forms) For a form ω ∈ Ω∗(M)

Lvω :=
d
dt
ρ∗t ω|t=0.

The Lie derivative satisfies the Cartan formula

Lv = ivd + div.

Remark : d
dtρ

∗
t ω|t=τ = d

dhρ
∗
τρ

∗
hω|h=0 = ρ∗τLvω. (We use ρτ+h = ρhρτ .)
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Time-dependent vector fields

Let vt ∈ Vect(M), t ∈ R be a time-dependent vector field. The flow of vt

is a one-parameter family of diffeomorphisms ρt : M → M satisfying

d
dt
ρt(m) = vt(ρt(m)) ∀m ∈ M, t ∈ R.
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Let vt ∈ Vect(M), t ∈ R be a time-dependent vector field. The flow of vt

is a one-parameter family of diffeomorphisms ρt : M → M satisfying

d
dt
ρt(m) = vt(ρt(m)) ∀m ∈ M, t ∈ R.

The flow does not satisfy ρτ+h = ρhρτ .

Existence result : If M is compact and vt is time-independent outside a
compact interval then the flow ρt exists for all t.
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Time-dependent vector fields

Let vt ∈ Vect(M), t ∈ R be a time-dependent vector field. The flow of vt

is a one-parameter family of diffeomorphisms ρt : M → M satisfying

d
dt
ρt(m) = vt(ρt(m)) ∀m ∈ M, t ∈ R.

The flow does not satisfy ρτ+h = ρhρτ .

Existence result : If M is compact and vt is time-independent outside a
compact interval then the flow ρt exists for all t.
d
dtρ

∗
t ω|t=0 = Lv0ω.

Introduction to Symplectic Geometry : Lecture 3 August 23, 2021 10 / 17



Time-dependent vector fields

Let vt ∈ Vect(M), t ∈ R be a time-dependent vector field. The flow of vt

is a one-parameter family of diffeomorphisms ρt : M → M satisfying

d
dt
ρt(m) = vt(ρt(m)) ∀m ∈ M, t ∈ R.

The flow does not satisfy ρτ+h = ρhρτ .

Existence result : If M is compact and vt is time-independent outside a
compact interval then the flow ρt exists for all t.
d
dtρ

∗
t ω|t=0 = Lv0ω. Follows from Cartan formula.

d
dtρ

∗
t ω|t=τ =

Introduction to Symplectic Geometry : Lecture 3 August 23, 2021 10 / 17



Time-dependent vector fields

Let vt ∈ Vect(M), t ∈ R be a time-dependent vector field. The flow of vt

is a one-parameter family of diffeomorphisms ρt : M → M satisfying

d
dt
ρt(m) = vt(ρt(m)) ∀m ∈ M, t ∈ R.

The flow does not satisfy ρτ+h = ρhρτ .

Existence result : If M is compact and vt is time-independent outside a
compact interval then the flow ρt exists for all t.
d
dtρ

∗
t ω|t=0 = Lv0ω. Follows from Cartan formula.

d
dtρ

∗
t ω|t=τ = d

dhρ
∗
τ ρ̃

∗
hω|h=0 = ρ∗τLvτω. (Here ρ̃t is the flow of the shifted

time-dependent vector field ṽt := vt+τ .)
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