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Recall

@ Given a smooth manifold X, its cotangent bundle has a canonical
symplectic form.
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Recall

@ Given a smooth manifold X, its cotangent bundle has a canonical
symplectic form. Suppose (xy, ..., x,) are local coordinates on X which
induce coordinates (&1, .. ., &,) on the fibers of 7*X. Then

Wean = Z dx; N\ d§;.
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Recall

@ Given a smooth manifold X, its cotangent bundle has a canonical
symplectic form. Suppose (xy, ..., x,) are local coordinates on X which
induce coordinates (&1, .. ., &,) on the fibers of 7*X. Then

Wean = Z dx; N\ d§;.

@ A Lagrangian submanifold L in a symplectic manifold (M, w) satisfies

1
dim(L) = 3 dim(M), w|TL=0.
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Recall

@ Given a smooth manifold X, its cotangent bundle has a canonical
symplectic form. Suppose (xy, ..., x,) are local coordinates on X which
induce coordinates (&1, .. ., &,) on the fibers of 7*X. Then

Wean = Z dx; N\ d§;.

@ A Lagrangian submanifold L in a symplectic manifold (M, w) satisfies

1
dim(L) = 3 dim(M), w|TL=0.

@ The zero section of the cotangent bundle is a Lagrangian submanifold of
T*X.
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Lagrangian submanifolds in the cotangent bundle

Denote the zero section in 7*X by X).

@ Question : Can we find more Lagrangian submanifolds ‘close’ to the
zero section in 77X?

Introduction to Symplectic Geometry : Lecture 3 August 23, 2021 3/17



Lagrangian submanifolds in the cotangent bundle

Denote the zero section in 7*X by X).

° Questgr%: Can we find more Lagrangian submanifolds ‘close’ to the
zero section in T*X? 0o & T7X

e Claim: If X, C T*X is C'-close to X then X| is a section of T*X.
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Lagrangian submanifolds in the cotangent bundle

Denote the zero section in 7*X by X).

@ Question : Can we find more Lagrangian submanifolds ‘close’ to the
zero section in 77X?

e Claim: If X, C T*X is C'-close to X then X| is a section of T*X.

@ More rigorously : Suppose there is a family of embeddings of X
i (—e,6) x X = TX, i(0,x) = x, L{X)=

such that i is continuous and the derivative of i, ;== i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
i :==i(t,-) : X — T*X is the image of a section of 7*X fort € (—¢,¢).
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Lagrangian submanifolds in the cotangent bundle

Denote the zero section in 7*X by X).

@ Question : Can we find more Lagrangian submanifolds ‘close’ to the
zero section in 77X?

e Claim: If X, C T*X is C'-close to X then X| is a section of T*X.

@ More rigorously : Suppose there is a family of embeddings of X
i:(—€€)xX—=>TX, i0,x)=x

such that i is continuous and the derivative of i, ;== i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
i :==i(t,-) : X — T*X is the image of a section of 7*X fort € (—¢,¢).
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Lagrangian submanifolds in the cotangent bundle

- *
- T"X— X

@ Claim : Suppose there is a family of embeddings of X
i:(—e,6) xX —=>TX, i(0,x)=ux,

such that i is continuous and the derivative of i, := i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
iy :==i(t,-) : X = T*X is the image of a section of 7*X fort € (—¢, ¢).

| Pl X — X
TGO ] \ | o

Xo
d“”o o) = Vel X
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Lagrangian submanifolds in the cotangent bundle
X e compet =1 F6H Bl Lo d(ﬂm)

b MY A eX . S0 T o X A
15 ‘U./\\)'()\M, o l ﬂv«/\
@ Claim : Suppose there is a family of eémbeddings of X

i:(—e,e) x X =>TX, i(0,x)=x

such that i is continuous and the derivative of i, := i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
iy :==i(t,-) : X = T*X is the image of a section of 7*X fort € (—¢, ¢).

@ Proof of Claim : w o i; : X — X is a diffeomorphism for small enough t,
where 7 : T*X — X is the projection map.
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Lagrangian submanifolds in the cotangent bundle

@ Claim : Suppose there is a family of embeddings of X
i:(—e,e) x X =>TX, i(0,x)=x

such that i is continuous and the derivative of i, := i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
iy :==i(t,-) : X = T*X is the image of a section of 7*X fort € (—¢, ¢).

@ Proof of Claim : w o i; : X — X is a diffeomorphism for small enough t,
where 7 : T*X — X is the projection map.
Define ¢, := (woi,)~'.
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Lagrangian submanifolds in the cotangent bundle

@ Claim : Suppose there is a family of embeddings of X
i:(—e,6) xX —=>TX, i(0,x)=ux,

such that i is continuous and the derivative of i, := i(t,-) : X — T*X is

continuous in (—¢, €) x X. Then, after possibly decreasing e,

iy :==i(t,-) : X = T*X is the image of a section of 7*X fort € (—¢, ¢).
@ Proof of Claim : o i; : X — X is a diffeomorphism for small enough ¢,

where 7 : T*X — X is the projection map.

Define ¢, := (7 o i;)~'. Finally i; := i, o ¢, is a section for all .

T k=T N
T € WA
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . ..,x,) on a neighborhood U C X. A
section is then yo = ), p;dx; where y1; : U — R.
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Lagrangian submanifolds in the cotangent bundle

C %
K= Ll e X&X3 S TX
@ A section 1 : X — T*X is a one-form p € !(X). We denote the image
submanifold by X,, C T*X.
@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . ..,x,) on a neighborhood U C X. A
section is then yo = ), p;dx; where y1; : U — R.
» For x € X, what is T(X#(X))T% }A

ol L2 ) 52
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Lagrangian submanifolds in the cotangent bundle

@ A section y: X — T*X is a one-form p € !(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . ..,x,) on a neighborhood U C X. A

Ay

section is then yo = ), p;dx; where y1; : U — R.
» Forx € X, what is FrxpmyT X7 uy

AN
T K < o m»
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Lagrangian submanifolds in the cotangent bundle

@ A section y: X — T*X is a one-form p € !(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?
@ Answer :

» We work in local coordinates (xi, . ..,x,) on a neighborhood U C X. A
section is then yo = ), p;dx; where y1; : U — R.
» Forx e X; what is T(X ,u(x))T*X?

[0
> T = (vi 3x+210x1j85l> I

WW: Zdul\df,‘
Yo by @ )= 0
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.
@ Question : When is X, a Lagrangian submanifold?
@ Answer :
» We work in local coordinates (xi, . ..,x,) on a neighborhood U C X. A
section is then yo = ), p;dx; where y1; : U — R.
» For x € X, what is T(X “(X))T*X‘7
* 9 J
> T X = (vi: Bx +2 af: agl>l L,
» X, is Lagrangian iff weq, (vi, v;) = 0 for all i ]
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?
@ Answer :

» We work in local coordinates (xi, . ..,x,) on a neighborhood U C X. A

section is then yo = ), p;dx; where y1; : U — R.
» For x € X, what is T(X “(X))T*X‘7
9 J

TioueonT™X = (vi i= 3 + 5 5 3 )it
» X, is Lagrangian iff weq, (vi, v;) = 0 for all i ]
> Wean(Vi, V]) (Z dxo N d&q)(vi, Vl)
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . ..,x,) on a neighborhood U C X. A
section is then yo = ), p;dx; where y1; : U — R.

» For x € X, what is T(X “(X))T*X‘7

> T X = (vii= g + 3, G g Vimt o

» X, is Lagrangian iff weq, (vi, v;) = 0 for all i,].

> Wean(Vi, V]) (Z dxo N d&q)(vi, Vl)
= dx;(vi)d&i(v;) — dx;(v;)d&;(vi)
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . ..,x,) on a neighborhood U C X. A
section is then yo = ), p;dx; where y1; : U — R.

» For x € X, what is T(X #(X))T*X‘7

> T T™X = (vii= g + 3, g g =i,

» X, is Lagrangian iff weq, (vi, v;) = 0 for all i ]

> an("la V]) (Z dxo N d&q)(vi, VJ)
= dx;(vi)d&i(v;) — dxj(vj)dﬁj(vl)\

=G- =V RETR IR (/()":0
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :
» We work in local coordinates (xi, . ..,x,) on a neighborhood U C X. A
section is then yo = ), p;dx; where y1; : U — R.
» For x € X, what is T(X “(X))T*X‘7

8 J
TeunT*X = (i = 2 + 2, g g )izt
» X, is Lagrangian iff weq, (vi, v;) = 0 for all i,].
> Wcun("za V]) (Z dxe N dfoz)(vu V])

= dx;(v;)d&i(v;) — dx;(v;)d&;(vi)
_ O _ 9w
T Ox; ox; *

» X, is Lagrangian iff du = 0.
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Other examples of Lagrangian submanifolds : The diagonal
in a product

@ Let (M,w) be a symplectic manifold. The two-form

2
Wor €V (M X M), wp=mTjw—THw

is a symplectic form. %

"
A C,:
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Other examples of Lagrangian submanifolds : The diagonal
in a product

( \/\-) W)GT(VMJML\MXM \FG\YM‘M
@ Let (M,w) be a symplectic manifold. The two-form W C/TW\LM
Wpr € O (M x M), wp =Tiw— THw
is a symplectic form. For (vi,w;), (v2,ws) € T(ml,mz)(M x M),

wpr((vi, W), (v2, w2)) = w(vi,v2) — w(wi, wa).
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Other examples of Lagrangian submanifolds : The diagonal
in a product

@ Let (M,w) be a symplectic manifold. The two-form
wpr € (M x M),  wp, = Tjw — mw
is a symplectic form. For (vi, wy), (v2,w2) € T(ml,mz)(M x M),

wpr((vi, w1), (v2, w2)) = w(vi,v2) — w(wi, wa).

o Result : The diagonal A = {(m,m) : m € M} C M x M is a symplectic
manifold.  l@agrangian submanifold

T A = %(\r]/\}.’) y VC/TMM

oo LR, Ty = 0 0 ) 0 )
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Other examples of Lagrangian submanifolds : The diagonal
in a product

@ Let (M,w) be a symplectic manifold. The two-form
wpr € (M x M),  wp, = Tjw — mw
is a symplectic form. For (vi,w;), (v2,ws) € T(ml,mz)(M x M),
wpr((vi, w1), (v2, w2)) = w(vi,v2) — w(wi, wa).
@ Result : The diagonal A = {(m,m) : m € M} C M x M is a symplectic

manifold.
@ > Proof: Ty (M x M) = {(v,v) :v e T,M}.
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Other examples of Lagrangian submanifolds : The diagonal
in a product

@ Let (M,w) be a symplectic manifold. The two-form
wpr € (M x M),  wp, = Tjw — mw
is a symplectic form. For (vi,w;), (v2,ws) € T(ml,mz)(M x M),

wpr(vi,w1), (v2, w2)) = w(vi,v2) — w(wi, w2).
@ Result : The diagonal A = {(m,m) : m € M} C M x M is a symplectic
manifold: S

@ > Proof: Ty (M x M) = {(v,v) :veT,M}. ~
> Wy (Vi V1), (v2,12)) = w(vi, v2) — w(vi, ) = 0. ~—
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Graph of a symplectomorphism

@ Result : Suppose ¢ : (M,w) — (M,w) is a symplectomorphism. Then
the graph

Ty = {(m, ¢(m)) : m e M} C (M x M,w,,)

is a Lagrangian submanifold.
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Graph of a symplectomorphism

@ Result : Suppose ¢ : (M,w) — (M,w) is a symplectomorphism. Then
the graph

Ty = {(m, ¢(m)) : m e M} C (M x M,w,,)

is a Lagrangian submanifold.

@ Proof : The map ® := (Id,¢) : M xM — M x M is a
symplectomorphism,
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Graph of a symplectomorphism

@ Result : Suppose ¢ : (M,w) — (M,w) is a symplectomorphism. Then
the graph

Ty = {(m, ¢(m)) : m e M} C (M x M,w,,)

is a Lagrangian submanifold.

@ Proof : The map ® := (Id,¢) : M xM — M x M is a
symplectomorphism, and ®(A) = T'y.
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Graph of a symplectomorphism

@ Result : Suppose ¢ : (M,w) — (M,w) is a symplectomorphism. Then
the graph

Ty = {(m, ¢(m)) : m e M} C (M x M,w,,)

is a Lagrangian submanifold.

@ Proof : The map ® := (Id,¢) : M xM — M x M is a
symplectomorphism, and ®(A) = T'y.

@ » Alternate proof : TT'y =

T Vg = g (dlm) ) VETH

(w8 WYY
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Graph of a symplectomorphism

@ Result : Suppose ¢ : (M,w) — (M,w) is a symplectomorphism. Then
the graph

Ty = {(m, ¢(m)) : m e M} C (M x M,w,,)

is a Lagrangian submanifold.

@ Proof : The map ® := (Id,¢) : M xM — M x M is a
symplectomorphism, and ®(A) = T'y.

@ » Alternate proof : TT'y = {(v,d¢(v)) : v € T,,M}.
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Graph of a symplectomorphism

@ Result : Suppose ¢ : (M,w) — (M,w) is a symplectomorphism. Then
the graph

Ty = {(m, ¢(m)) : m e M} C (M x M,w,,)

is a Lagrangian submanifold.
@ Proof : The map ® := (Id,¢) : M xM — M x M is a
symplectomorphism, and ®(A) = T'y.
@ » Alternate proof : TT'y = {(v,d¢(v)) : v € T,,M}.
> Wpr((vi, dg(v1)), (v2,dd(v2))) = w(vi,v2) — w(d(v1),dg(v2)) = O for

all vi, v
iff gpisa symlj)l\ectomorphism.

)
_ &, (,\)(\]‘“\TL - W A(blv.l) Jd,(ry))
00 =W ) V‘\g’x,\’le)rm
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Graph of a symplectomorphism

@ Result : Suppose ¢ : (M,w) — (M,w) is a symplectomorphism. Then
the graph

Ty = {(m, ¢(m)) : m e M} C (M x M,w,,)

is a Lagrangian submanifold.

@ Proof : The map ® := (Id,¢) : M xM — M x M is a
symplectomorphism, and ®(A) = T'y.

@ » Alternate proof : TT'y = {(v,d¢(v)) : v € T,,M}.

> Wpr((vi,dg(v1)), (v2,db(v2))) = w(vi,v2) — w(dp(v1), d¢(v2)) = O for
all vi, v
iff ¢ is a symplectomorphism.

@ We have shown : ¢ is a symplectomorphism iff its graph is Lagrangian in
M x M.
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A general neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in sympledic manifolds)

Let X be a compact submanifold of a manifold M, and let wy , w; be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Ny and Ny of X in M and a diffeomorphism 1) : Ny — N;
which is the identity on X and ¥*w; = wy.

™M e X
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A general neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplecic manifolds)

Let X be a compact submanifold of a manifold M, and let wq , w; be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Ny and Ny of X in M and a diffeomorphism 1) : Ny — N;
which is the identity on X and ¥*w; = wy.

@ What the theorem says : Isomorphism of normal bundles implies an
isomorphism of neighborhoods.

A

Ty J
ol
C@U\\M @
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A general neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplecic manifolds)

Let X be a compact submanifold of a manifold M, and let wq , wy be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Ny and Ny of X in M and a diffeomorphism 1) : Ny — N;
which is the identity on X and ¥*w; = wy.

@ What the theorem says : Isomorphism of normal bundles implies an
isomorphism of neighborhoods.

@ Darboux theorem is a particular instance of this result where X = point.
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A general neighborhood theorem in symplectic manifolds

Theorem (Neighborhood theorem in symplecic manifolds)

Let X be a compact submanifold of a manifold M, and let wq , wy be closed
2-forms on M which are equal and non-degenerate on TM|X. Then there exist
neighbourhoods Ny and Ny of X in M and a diffeomorphism 1) : Ny — N;
which is the identity on X and ¥*w; = wy.

@ What the theorem says : Isomorphism of normal bundles implies an
isomorphism of neighborhoods.

@ Darboux theorem is a particular instance of this result where X = point.

@ We build up some preliminaries for the proof of the neighborhood
theorem.
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Vector fields and flow
- wonnld M TR ()TN
@ Letv € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying

d
apt(m) =v(p/(m)) VYmeM,teR.

e

YN
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Vector fields and flow

@ Letv € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying
d
Ept(m) =v(p/(m)) VYmeM,teR.
{. n-n

o Definition(Lie derivative of forms) For a form w € Q*(M)

Low = Ep:‘w\t:().
/u 6{7(“/‘) kY
a PE e ST

CLnlw W) (rw, ), wy) —w(™, 1)
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Vector fields and flow

@ Letv € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying

d
Ept(m) =v(p/(m)) VYmeM,teR.

o Definition(Lie derivative of forms) For a form w € Q*(M)

Low = Ep:‘w\t:().

@ The Lie derivative satisfies the Cartan formult)>

(S — Y
p AR S e PRV SR L y
/MWX/ \\1\[ = v Qs &id\@b( = - — -~
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Vector fields and flow

@ Let v € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying

d
%pt(m) =v(p/(m)) VYmeM,teR.

o Definition(Lie derivative of forms) For a form w € Q*(M)

Low = Epfw\t:().

o The Lie derivative satisfies the Cartan formula
L, =id+di,.
e=1th o™ f@\ﬂ}f
o Remark : %p}"w\i: %\Jei&? ;ru) >\ (=D
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Vector fields and flow

@ Letv € Vect(M) be a vector field. The flow of v is a one-parameter
family of diffeomorphisms p, : M — M satisfying

d
%pt(m) =v(p/(m)) VYmeM,teR.
» . o PR
@ Definition(Lie derivative of forms) For a form w € Q*(M) T
/ { ey
d Lie o'
Lyw = —piw|i=o NCASSp)
dt
@ The Lie derivative satisfies the Cartan formula r‘ }o
L, = iyd + dif. \ F L \
= + Ta T

-

© Remark : %Pf Wi=r = GPEP3wlh=0 = PELyw) (We use prij, = pup-.)
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Time-dependent vector fields

@ Letv; € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d

Ep,(m) :l);(ﬁt(m)) Vme M,t € R.
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Time-dependent vector fields

@ Letv; € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d

Ep,(m) =v(p(m)) VYme M,t€R.

o The flow does not satisfy prn = prp--
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Time-dependent vector fields

@ Letv; € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
Ep,(m) =v(p(m)) VYme M,t€R.

o The flow does not satisfy prn = prp--

e Existence result : If M is compact and v, is time-independent outside a
compact interval then the flow p, exists for all 7.
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Time-dependent vector fields

@ Letv; € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
Ep,(m) =v(p(m)) VYme M,t€R.

o The flow does not satisfy prn = prp--

e Existence result : If M is compact and v, is time-independent outside a
compact interval then the flow p, exists for all 7.

d % _
o Eptw‘,:() fLVO(A).
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Time-dependent vector fields

@ Letv; € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
Ep,(m) =v(p(m)) VYme M,t€R.

o The flow does not satisfy prn = prp--

e Existence result : If M is compact and v, is time-independent outside a
compact interval then the flow p, exists for all 7.

° % piw|i=o0 = Ly,w. Follows from Cartan formula.

d x _
° Gipiwli=r =
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Time-dependent vector fields

@ Letv; € Vect(M), t € R be a time-dependent vector field. The flow of v,
is a one-parameter family of diffeomorphisms p; : M — M satisfying

d
Ep,(m) =v(p(m)) VYme M,t€R.

o The flow does not satisfy prn = prp--

e Existence result : If M is compact and v, is time-independent outside a
compact interval then the flow p, exists for all 7.

° % piw|i=o0 = Ly,w. Follows from Cartan formula.

o Lptw|—r = 4 ptprwl|p—o = piL, w. (Here j is the flow of the shifted
time-dependent vector field v, := v,y .)
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