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Symplectic form on a vector space

A symplectic form on a vector space V is a bilinear, skew-symmetric,
non-degenerate function
Q:VxV-R
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Symplectic form on a vector space

A symplectic form on a vector space V is a bilinear, skew-symmetric,
non-degenerate function

Q:VxV-R

Claim : V is even-dimensional.
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Symplectic form on a vector space

Claim : V is even-dimensional.
Proof :

@ Choose vy € V.
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@ Choose vy € V.
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Symplectic form on a vector space

Claim : V is even-dimensional.
Proof :

@ Choose vy € V.
e By skew-symmetry (vg, vy) = 0.
e By non-degeneracy Jwg # vy such that (vo, wy) # 0.
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Symplectic form on a vector space

Claim : V is even-dimensional.
Proof :

@ Choose vy € V.
By skew-symmetry Q(vo, vo) = 0.
By non-degeneracy Jwg # vg such that Q(vo, wp) # 0.

Define a subspace Vy = (v, wo),

and its w-complement Vi’ := {w € V : w(w,v) = 0Vv € Vp}.

Introduction to Symplectic Geometry : Lecture 2 August 18, 2021 3/17



Symplectic form on a vector space

Claim : V is even-dimensional.
Proof :

@ Choose vy € V.

e By skew-symmetry (vg, vy) = 0.

e By non-degeneracy Jwg # vy such that (vo, wy) # 0.

@ Define a subspace Vy = (vo, wp),

@ and its w-complement Vi := {w € V : w(w,v) = 0V € Vy}.
e dim(Vy') = dim(V) — 2 and w is symplectic on V{'.
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Symplectic form on a vector space

Claim : V is even-dimensional.
Proof :

@ Choose vy € V.

e By skew-symmetry (vg, vy) = 0.

e By non-degeneracy Jwg # vy such that (vo, wy) # 0.

@ Define a subspace Vy = (vo, wp),

@ and its w-complement Vi := {w € V : w(w,v) = 0V € Vy}.

e dim(Vy') = dim(V) — 2 and w is symplectic on V. The proof follows
by induction.
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Symplectic form on a vector space

Claim : Let (V, ) be a symplectic vector space. There is a basis
{e1,...,enf1,...,fn} such that

Q=) e NS
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Symplectic form on a vector space

Claim : Let (V, ) be a symplectic vector space. There is a basis
{e1,...,enf1,...,fn} such that

Q=) e NS

Follows from the proof of the previous claim.
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Symplectic form on a vector space

Claim : Let (V, ) be a symplectic vector space. There is a basis
{e1,...,enf1,...,fn} such that

Q=) e NS

Follows from the proof of the previous claim.
Claim : Let (V, ) is a 2n-dimensional symplectic vector space. Then

QA AQ AV SR

1S non-zero.
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Symplectic manifolds

Definition

A symplectic form w on a manifold M is a closed 2-form
weQPM), do=0

that is a symplectic form
wm » TyM x T,,M — R

on each tangent space T,,,M for m € M.
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Examples of symplectic manifolds

@ Last time : the prototypical symplectic manifold is

n
(Rzn,wo) wp = dei A dyi.
i=1
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Examples of symplectic manifolds

@ Last time : the prototypical symplectic manifold is

(RZ”, wp) wo = Z dx; A dy;.

@ The complex vector space : we may view R>" as C" under the
identification z; = x; + iyx. Then we have

(C", wp), Z dz; N dz;.
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Examples of symplectic manifolds

@ Last time : the prototypical symplectic manifold is

(RZ”, wp) wo = Z dx; A dy;.

@ The complex vector space : we may view R>" as C" under the
identification z; = x; + iyx. Then we have

(C", wp), Z dz; A dz;.
@ Oriented surfaces in R? :
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Examples of symplectic manifolds

Oriented surfaces in R3 :
e Letdvol = dx Ady Adz € Q3(R?).

@ Let Y C R3 be an oriented surface.
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Examples of symplectic manifolds

Oriented surfaces in R3 :
e Letdvol = dx Ady Adz € Q3(R?).

@ Let ¥ C R3 be an oriented surface. Let v : ¥ — TR be a non-vanishing
vector field transverse to 3 everywhere.
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Examples of symplectic manifolds

Oriented surfaces in R3 :
e Letdvol = dx Ady Adz € Q3(R?).

@ Let ¥ C R3 be an oriented surface. Let v : ¥ — TR be a non-vanishing
vector field transverse to 3 everywhere.

@ Then i, dvol is a non-vanishing area form, and hence a symplectic form.
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Examples of symplectic manifolds

Oriented surfaces in R3 :
e Letdvol = dx Ady Adz € Q3(R?).

@ Let ¥ C R3 be an oriented surface. Let v : ¥ — TR be a non-vanishing
vector field transverse to 3 everywhere.

@ Then i, dvol is a non-vanishing area form, and hence a symplectic form.

o If vis taken to be the unit vector normal to 3, then the area induced by
the Riemannian metric coincides with i, dvol

Introduction to Symplectic Geometry : Lecture 2 August 18, 2021 7117



Symplectic form on a cotangent bundle

Let X be a smooth n-dimensional manifold. We describe a canonical

symplectic form on 7*X by first describing a tautological 1-form
a € QYT*X).
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Symplectic form on a cotangent bundle

Let X be a smooth n-dimensional manifold. We describe a canonical

symplectic form on 7*X by first describing a tautological 1-form
a € QYT*X).

@ Forany { € T*X and v € T¢T*M, we will say what «(v) is.
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symplectic form on 7*X by first describing a tautological 1-form
a € QYT*X).
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Symplectic form on a cotangent bundle

Let X be a smooth n-dimensional manifold. We describe a canonical
symplectic form on 7*X by first describing a tautological 1-form

a € QYT*X).
@ Forany { € T*X and v € T¢T*M, we will say what «(v) is.

e We have 7,.(v) € TM where 7 : T*M — M is the projection map.
e Define a(v) := &(mi(v)).
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Symplectic form on a cotangent bundle

Let X be a smooth n-dimensional manifold. We describe a canonical

symplectic form on 7*X by first describing a tautological 1-form
a € QYT*X).

@ Forany { € T*X and v € T¢T*M, we will say what «(v) is.

e We have 7,.(v) € TM where 7 : T*M — M is the projection map.
e Define a(v) := &(mi(v)).

Define the canonical symplectic form as

Wean = —da
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Symplectic form on a cotangent bundle

Claim : w is non-degenerate.

@ Consider local coordinates
(X1, x0) : U = R”

on a neighborhood U C M,
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Symplectic form on a cotangent bundle

Claim : w is non-degenerate.

@ Consider local coordinates
(X1, x0) : U = R”

on a neighborhood U C M,

@ which will induce coordinates on the cotangent bundle

(xl,...,xn,,f],...,ﬁn) :T*U — R" x R™.
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Symplectic form on a cotangent bundle

Claim : w is non-degenerate.

@ Consider local coordinates
(X1, x0) : U = R”

on a neighborhood U C M,

@ which will induce coordinates on the cotangent bundle
(xl,. .. ,x,,,{l,... ,5,1) :T*U — R" x R™.

o Consider a tangent vector v € T¢T*U,
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Symplectic form on a cotangent bundle

Claim : w is non-degenerate.

@ Consider local coordinates
(X1, x0) : U = R”

on a neighborhood U C M,

@ which will induce coordinates on the cotangent bundle
(xl,. .. ,x,,,{l,... ,5,1) :T*U — R" x R™.

@ Consider a tangent vector v € T¢T*U, and write v = > aia% + bia%'
@ By definition of o, a(v) = £(3; aia%)'

Introduction to Symplectic Geometry : Lecture 2 August 18, 2021

9/17



Symplectic form on a cotangent bundle

Claim : w is non-degenerate.

@ Consider local coordinates
(X1, x0) : U = R”

on a neighborhood U C M,

@ which will induce coordinates on the cotangent bundle
(xl,. .. ,x,,,{l,... ,5,1) :T*U — R" x R™.

@ Consider a tangent vector v € T¢T*U, and write v = > aia% + bia%'
@ By definition of o, a(v) = £(3; aia%)'
° Soa =) &dx;,
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Symplectic form on a cotangent bundle

Claim : w is non-degenerate.

@ Consider local coordinates
(X1, x0) : U = R”

on a neighborhood U C M,

@ which will induce coordinates on the cotangent bundle
(xl,. .. ,x,,,{l,... ,5,1) :T*U — R" x R™.

@ Consider a tangent vector v € T¢T*U, and write v = > aia% + bia%'
@ By definition of o, a(v) = £(3; aia%)'
® Soa =) ;&dx;, and wean = Y, dxi A d§;.
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Symplectic form on a cotangent bundle

A diffeomorphism f : X; — X; induces a map
fo i TXy = TXa, €€ TiXi — (F)71(€) € T Xo.

In the homework we will show that f is a symplectomorphism.
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Some subspaces in symplectic vector spaces

Let (V, ) be a symplectic vector space.
e A subspace W C V is symplectic if w|W is symplectic.
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Some subspaces in symplectic vector spaces

Let (V, ) be a symplectic vector space.

e A subspace W C V is symplectic if w|W is symplectic. Example :
V=R"Q=> e Af* then W = (ey,f1) is symplectic.
@ A subspace W C V is isotropic if w|W = 0.
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Some subspaces in symplectic vector spaces

Let (V, ) be a symplectic vector space.
e A subspace W C V is symplectic if w|W is symplectic. Example :
V=R"Q=> e Af* then W = (ey,f1) is symplectic.
@ A subspace W C V is isotropic if w|W = 0. Example :
V=R"Q=> e Af' then W = (e1), (e1, e2) are isotropic.
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Some subspaces in symplectic vector spaces

Let (V, ) be a symplectic vector space.

e A subspace W C V is symplectic if w|W is symplectic. Example :
V=R"Q=> e Af* then W = (ey,f1) is symplectic.

@ A subspace W C V is isotropic if w|W = 0. Example :
V=R"Q=> e Af* then W = (e1), (e1,e2) are isotropic. Note that
W C V is isotropic iff W C W¥.

e A subspace W C V is Lagrangian if w|W = 0 and
dim(W) = 1 dim(V).
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Some subspaces in symplectic vector spaces

Let (V, ) be a symplectic vector space.

e A subspace W C V is symplectic if w|W is symplectic. Example :
V=R"Q=> e Af* then W = (ey,f1) is symplectic.

@ A subspace W C V is isotropic if w|W = 0. Example :
V=R"Q=> e Af* then W = (e1), (e1,e2) are isotropic. Note that
W C V is isotropic iff W C W¥.

e A subspace W C V is Lagrangian if w|W = 0 and
dim(W) = 1 dim(V). Example : V = R*, Q = 3", ¢f Af7, then
W = (e, ez), (e1,/>) are Lagrangian.
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Some subspaces in symplectic vector spaces

Let (V, ) be a symplectic vector space.

e A subspace W C V is symplectic if w|W is symplectic. Example :
V=R"Q=> e Af* then W = (ey,f1) is symplectic.

@ A subspace W C V is isotropic if w|W = 0. Example :
V=R"Q=> e Af* then W = (e1), (e1,e2) are isotropic. Note that
W C V is isotropic iff W C W¥.

e A subspace W C V is Lagrangian if w|W = 0 and
dim(W) = 1 dim(V). Example : V = R*, Q = 3", ¢f Af7, then
W = (e, ez), (e1,/>) are Lagrangian. Note that W C V is Lagrangian iff
W =Ww>.

@ A subspace W C V is co-isotropic if W« C W.

Introduction to Symplectic Geometry : Lecture 2 August 18, 2021 11/17



Some subspaces in symplectic vector spaces

Let (V, ) be a symplectic vector space.

e A subspace W C V is symplectic if w|W is symplectic. Example :
V=R"Q=> e Af* then W = (ey,f1) is symplectic.

@ A subspace W C V is isotropic if w|W = 0. Example :
V=R"Q=> e Af* then W = (e1), (e1,e2) are isotropic. Note that
W C V is isotropic iff W C W¥.

e A subspace W C V is Lagrangian if w|W = 0 and
dim(W) = 1 dim(V). Example : V = R*, Q = 3", ¢f Af7, then
W = (e, ez), (e1,/>) are Lagrangian. Note that W C V is Lagrangian iff
W =Ww>.

@ A subspace W C V is co-isotropic if W« C W. Example :
V=RY Q=Y e Nff, then W = (e}, e2,f1), V are co-isotropic.
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Some submanifolds in symplectic manifolds

Let (M,w) be a symplectic manifold.

@ A submanifold N C M is symplectic if for all n € N, the subspace
T,N C T,M is symplectic. A symplectic submanifold of (M, w) is itself
a symplectic manifold.

@ A submanifold N C M is isotropic if for all n € N, the subspace
T,N C T,M is isotropic.

@ A submanifold N C M is Lagrangian if for all n € N, the subspace
T,N C T,M is Lagrangian.

@ A submanifold N C M is co-isotropic if for all n € N, the subspace
T,N C T,M is co-isotropic.
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Lagrangian submanifolds in the cotangent bundle

Some Lagrangian submanifolds :
@ The zero section X C T*X.
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Lagrangian submanifolds in the cotangent bundle

Some Lagrangian submanifolds :
@ The zero section X C T*X.
e For any x € X the cotangent fiber 7;X.
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Lagrangian submanifolds in the cotangent bundle

Some Lagrangian submanifolds :
@ The zero section X C T*X.
e For any x € X the cotangent fiber 7;X.
o Incase X = R, T*X = R?", woun = > dx; A\ d&; globally.
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Lagrangian submanifolds in the cotangent bundle

Some Lagrangian submanifolds :
@ The zero section X C T*X.
e For any x € X the cotangent fiber 7;X.

o Incase X = R, T*X = R?", woun = > dx; A\ d&; globally. The
sub-bundle {&; = - -+ = & = 0} restricted to the submanifold
{Xk4+1 = -+ = x, = 0} is Lagrangian.

We generalize this idea.
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Lagrangian submanifolds in the cotangent bundle

Definition
The co-normal bundle of a submanifold S C X is

N*'S:={{eT;X:xe€S8,&v) =0V € T,S}.
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Lagrangian submanifolds in the cotangent bundle

Definition
The co-normal bundle of a submanifold S C X is

N*'S:={{eT;X:xe€S8,&v) =0V € T,S}.

rank(N*S) = dim(X) — dim(S).

Claim: N*S C T*X is a Lagrangian submanifold.
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Lagrangian submanifolds in the cotangent bundle

Definition
The co-normal bundle of a submanifold S C X is

N*'S:={{eT;X:xe€S8,&v) =0V € T,S}.

rank(N*S) = dim(X) — dim(S).

Claim: N*S C T*X is a Lagrangian submanifold.
Proof outline : On any neighborhood U C X take local coordinates
(x1,...,x,) such that

UNS={x4 = =x, =0}

Fors e S, (N*S)y={& =--- =&} =0.
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Lagrangian submanifolds in the cotangent bundle

Definition
The co-normal bundle of a submanifold S C X is

N*'S:={{eT;X:xe€S8,&v) =0V € T,S}.

rank(N*S) = dim(X) — dim(S).

Claim: N*S C T*X is a Lagrangian submanifold.
Proof outline : On any neighborhood U C X take local coordinates
(x1,...,x,) such that

UNS={x4 = =x, =0}

Fors € S, (N*S)s={& ==&} =0.
Use the expression weq, = Zl dx; N d§;.

Introduction to Symplectic Geometry : Lecture 2 August 18, 2021

14717



Lagrangian submanifolds in the cotangent bundle

Denote the zero section in 7*X by X).

@ Question : Can we find more Lagrangian submanifolds ‘close’ to the
zero section in 7X?
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Lagrangian submanifolds in the cotangent bundle

Denote the zero section in 7*X by X).

@ Question : Can we find more Lagrangian submanifolds ‘close’ to the
zero section in 7X?

e Claim: If X; C T*X is C'-close to X then X; is a section of T*X.
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Lagrangian submanifolds in the cotangent bundle

Denote the zero section in 7*X by X).

@ Question : Can we find more Lagrangian submanifolds ‘close’ to the
zero section in 7X?

e Claim: If X; C T*X is C'-close to X then X; is a section of T*X.

@ More rigorously : Suppose there is a family of embeddings of X
i:(—€€)xX—=>TX, i0,x)=x

such that i is continuous and the derivative of i, ;== i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
i :==i(t,-) : X — T*X is the image of a section of 7*X fort € (—¢,¢).
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Lagrangian submanifolds in the cotangent bundle

Denote the zero section in 7*X by X).
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zero section in 7X?

e Claim: If X; C T*X is C'-close to X then X; is a section of T*X.

@ More rigorously : Suppose there is a family of embeddings of X
i:(—€€)xX—=>TX, i0,x)=x

such that i is continuous and the derivative of i, ;== i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
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Lagrangian submanifolds in the cotangent bundle

@ Claim : Suppose there is a family of embeddings of X
i:(—e,e) x X =>TX, i(0,x)=x

such that i is continuous and the derivative of i, := i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
i :=i(t,-) : X = T*X is the image of a section of 7*X fort € (—¢, ¢).
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Lagrangian submanifolds in the cotangent bundle

@ Claim : Suppose there is a family of embeddings of X
i:(—e,e) x X =>TX, i(0,x)=x

such that i is continuous and the derivative of i, := i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
i :=i(t,-) : X = T*X is the image of a section of 7*X fort € (—¢, ¢).

@ Proof of Claim : w o i; : X — X is a diffeomorphism for small enough t,
where 7 : T*X — X is the projection map.
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Lagrangian submanifolds in the cotangent bundle

@ Claim : Suppose there is a family of embeddings of X
i:(—e,e) x X =>TX, i(0,x)=x

such that i is continuous and the derivative of i, := i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
i :=i(t,-) : X = T*X is the image of a section of 7*X fort € (—¢, ¢).

@ Proof of Claim : w o i; : X — X is a diffeomorphism for small enough t,
where 7 : T*X — X is the projection map.
Define ¢, := (w0 i)~ '
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Lagrangian submanifolds in the cotangent bundle

@ Claim : Suppose there is a family of embeddings of X
i:(—e,e) x X =>TX, i(0,x)=x

such that i is continuous and the derivative of i, := i(t,-) : X — T*X is
continuous in (—¢, €) x X. Then, after possibly decreasing e,
i :=i(t,-) : X = T*X is the image of a section of 7*X fort € (—¢, ¢).

@ Proof of Claim : w o i; : X — X is a diffeomorphism for small enough t,
where 7 : T*X — X is the projection map.
Define ¢, := (w0 i;)~'. Finally i, := ¢, o i, is a section for all .
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . . .,x,) on a neighborhood U C X. A
section is then po = ), p;dx; where y1; : U — R.
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . . .,x,) on a neighborhood U C X. A
section is then po = ), p;dx; where y1; : U — R.
» Forx € X, what is T, ,,(x))T*X?
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . . .,x,) on a neighborhood U C X. A
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.
@ Question : When is X, a Lagrangian submanifold?
@ Answer :
» We work in local coordinates (xi, . . .,x,) on a neighborhood U C X. A

section is then po = ), p;dx; where y1; : U — R.
» For x € X, what is T(X IL(X))T*X‘7

*Y Oj
> Tl T X = (Vi = g + 25 9 ge )izt
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . . .,x,) on a neighborhood U C X. A
section is then po = ), p;dx; where y1; : U — R.
» For x € X, what is T(X IL(X))T*X‘7

*Y oy
> TiopuenT X = (vi: Bx +2 o agl>l L,
» X, is Lagrangian iff weq, (vi, v;) = 0 for all i ]
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?
@ Answer :

» We work in local coordinates (xi, . . .,x,) on a neighborhood U C X. A

section is then po = ), p;dx; where y1; : U — R.
» For x € X, what is T(X IL(X))T*X‘7
9 J

TioueonT™X = (vi i= 3 + 5 5 3 )it
» X, is Lagrangian iff weq, (vi, v;) = 0 for all i ]
> Wean (Vi V]) (Z dxo N d&q)(vi, Vl)
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :

» We work in local coordinates (xi, . . .,x,) on a neighborhood U C X. A
section is then po = ), p;dx; where y1; : U — R.

» For x € X, what is T(X IL(X))T*X‘7

> T X = (i 1= g + 3, G g Vimt o

» X, is Lagrangian iff weq, (vi, v;) = 0 for all i,J.

> Wean (Vi V]) (Z dxo N d&q)(vi, Vl)
= dx;(vi)d&i(v;) — dx;(v;)d&;(vi)
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?
@ Answer :

» We work in local coordinates (xi, . . .,x,) on a neighborhood U C X. A
section is then po = ), p;dx; where y1; : U — R.
» For x € X, what is T(X IL(X))T*X‘7

8 A
> (X M(X))T X=(v: ax +Z] al; a§‘>z l,...,n-
» X, is Lagrangian iff weq, (vi, v;) = 0 for all i,J.
> Wcun("za V]) (Z dxe N dfoz)(vu V])

= dx;(vi)d&;i(v;) — dx;(v;)d&;(vi)
_ O _ 9w
T Ox; ox; *
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Lagrangian submanifolds in the cotangent bundle

@ A section i : X — T*X is a one-form z € Q'(X). We denote the image
submanifold by X,, C T*X.

@ Question : When is X, a Lagrangian submanifold?

@ Answer :
» We work in local coordinates (xi, . . .,x,) on a neighborhood U C X. A
section is then po = ), p;dx; where y1; : U — R.
» For x € X, what is T(X IL(X))T*X‘7

8 J
TeunT*X = (vii= 2 + 2, Fe g )izt
» X, is Lagrangian iff weq, (vi, v;) = 0 for all i,J.
> Wcun("za V]) (Z dxe N dfoz)(vu V])

= dx;(v;)d&i(v;) — dx;(v;)d&;(vi)
_ O _ 9w
T Ox; ox; *

» X, is Lagrangian iff du = 0.
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