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Toric manifold

@ A toric manifold is a T-Hamiltonian space (M, w, T, ) where M is
compact and connected 2n-dimensional manifold, 7 = (S')", and the
T-action is effective.
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e Examples : P" with (S!)"-action.
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Toric manifold

@ A toric manifold is a T-Hamiltonian space (M, w, T, ) where M is
compact and connected 2n-dimensional manifold, 7 = (S')", and the
T-action is effective.

e Examples : P" with (S!)"-action.
@ The moment polytope of a toric manifold is a ‘Delzant polytope’ defined
next :

o A Delzant polytope is a convex polytope A in R” such that

> (simple) there are n edges meeting at a vertex,

» (rational) the edges meeting at the vertex p are of the form {p + fu; },>( for
some u; € 7",

» (smooth) for each vertex p the slopes uj, . .., u, of the edges form a
Z-basis of Z".
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Delzant’s theorem

Delzant’s theorem : There is a bijection between

@ the set of 2n-dimensional toric symplectic manifolds (upto equivariant
symplectomorpism),
e the set of Delzant polytopes in R” (up to the action of AGL(n, Z)).
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Delzant’s theorem

Delzant’s theorem : There is a bijection between

@ the set of 2n-dimensional toric symplectic manifolds (upto equivariant
symplectomorpism),
e the set of Delzant polytopes in R” (up to the action of AGL(n, Z)).

Remark : What are all the S!-toric manifolds?

Introduction to Symplectic Geometry : Lecture 27 December 1st, 2021 3/16



Delzant’s theorem

Delzant’s theorem : There is a bijection between

@ the set of 2n-dimensional toric symplectic manifolds (upto equivariant
symplectomorpism),
e the set of Delzant polytopes in R” (up to the action of AGL(n, Z)).

Remark : What are all the S'-toric manifolds? Answer : (P!, cwrs) for any
c>0.
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Properties of toric manifolds

e Let (M,w, T, u) be a toric manifold. Vertices of p(M) correspond to
T-fixed points in M. Fixed points in M are isolated.

e For a fixed point my € M, there exists a Z-basis of tz and coordinates

(x1,Y1,---,%n, yn) in a neighborhood of m such that the action of 7 is
standard :
exp(01,...,.0,)ET 0 i0,
(21yeeyzn) ———————— (€721, ..,€""zy)
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Properties of toric manifolds

e Let (M,w, T, u) be a toric manifold. Vertices of p(M) correspond to
T-fixed points in M. Fixed points in M are isolated.

e For a fixed point my € M, there exists a Z-basis of tz and coordinates

(x1,Y1,---,%n, yn) in a neighborhood of m such that the action of 7 is
standard :
exp(01,...,.0,)ET 0 i0,
(21yeeyzn) ———————— (€721, ..,€""zy)

@ Let e C u(M) be an edge of the polytope. Then = !(e) is fixed by a
codimension one torus 77 C T.
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Properties of toric manifolds

e Let (M,w, T, u) be a toric manifold. Vertices of p(M) correspond to
T-fixed points in M. Fixed points in M are isolated.

e For a fixed point my € M, there exists a Z-basis of tz and coordinates
(x1,Y1,---,%n, yn) in a neighborhood of m such that the action of 7 is
standard :

(01,....00)€T ; ;
(Z17 L 7Zn) ,BXPI—> (619121, o 7ezenzn)

@ Let e C u(M) be an edge of the polytope. Then = !(e) is fixed by a
codimension one torus 7" C T. In fact ' (e) ~ P! with Hamiltonian
action of S' ~ T/T;.
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Contrast with the case when dim(7) < 1 dim(M).

For a T-Hamiltonian space (M, w, T, 1) with dim(7T) < 3 dim(M), it is
possible that
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Contrast with the case when dim(7) < 1 dim(M).
For a T-Hamiltonian space (M, w, T, 1) with dim(7T) < 3 dim(M), it is

possible that

e fixed points map to the interior of p(M),
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Contrast with the case when dim(7) < 1 dim(M).

For a T-Hamiltonian space (M, w, T, 1) with dim(7T) < 3 dim(M), it is
possible that
e fixed points map to the interior of p(M),

@ fixed points are not isolated,
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Contrast with the case when dim(7) < 1 dim(M).
For a T-Hamiltonian space (M, w, T, 1) with dim(7T) < 3 dim(M), it is
possible that

e fixed points map to the interior of p(M),
@ fixed points are not isolated,

e for an edge e of the polytope 1~ !(e) may not be P!.
Homework : Construct such examples.
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Stabilizers

For a T-Hamiltonian space (M,w, T, 1) let
T :={T), CT:3me MStab(m) =T }.

be the set of stabilizers subgroups of the action.
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@ If M is a toric manifold, the stabilizers correspond to faces of the
moment polytope.
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Stabilizers

For a T-Hamiltonian space (M,w, T, 1) let
T :={T), CT:3me MStab(m) =T }.

be the set of stabilizers subgroups of the action.

@ If M is a toric manifold, the stabilizers correspond to faces of the

moment polytope. In particular, a moment polytope is given by a finite
set of inequalities

p(M) =nNi{x €tV : (x,1;) < ¢},

where v; € t7 and ¢; € R.
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Stabilizers

For a T-Hamiltonian space (M,w, T, 1) let
T :={T), CT:3me MStab(m) =T }.

be the set of stabilizers subgroups of the action.

@ If M is a toric manifold, the stabilizers correspond to faces of the
moment polytope. In particular, a moment polytope is given by a finite
set of inequalities

p(M) =nNi{x €tV : (x,1;) < ¢},

where v; € t7 and ¢; € R. Then T, := {exp(tv;)} is a stabilizer,
Ty, x Ty, is a stabilizer if the correponding facets of the polytope
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Stabilizers

For a T-Hamiltonian space (M,w, T, 1) let
T :={T), CT:3me MStab(m) =T }.

be the set of stabilizers subgroups of the action.

@ If M is a toric manifold, the stabilizers correspond to faces of the
moment polytope. In particular, a moment polytope is given by a finite
set of inequalities

pM) =nNi{x €t : (x,u) < ¢},

where v; € t7 and ¢; € R. Then T, := {exp(tv;)} is a stabilizer,
Ty, x Ty, is a stabilizer if the correponding facets of the polytope
intersect etc.

@ If M is not toric, then the stabilizers can not be read off from the moment
polytope.
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Toric blow-up

@ Recall that for p-blowup at 0 in (C", wyy) is given by

BIG(C") := (C"\By)/ ~
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Toric blow-up

@ Recall that for p-blowup at 0 in (C", wyy) is given by
BIS(C") := (C"\B,)/ ~
where ~ mods out 0B, by the S I_action

ges' i 1
(Z17 s 7Zn) }.6.9 (elezla s ,elgzn)‘
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Toric blow-up

@ Recall that for p-blowup at 0 in (C", wyy) is given by
BIS(C") := (C"\B,)/ ~
where ~ mods out 0B, by the S I_action

ges' i 1
(@t za) i (%21, €2,).

@ Suppose C" has the standard action of (S')"

(015--+,0n) : )
(Zlv ce 7Zn) '1—> (6’10121, .. ,819”1"),
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@ Recall that for p-blowup at 0 in (C", wyy) is given by
BIS(C") := (C"\B,)/ ~
where ~ mods out 0B, by the S I_action

ges' i 1
(@t za) i (%21, €2,).

@ Suppose C" has the standard action of (S')"

(015--+,0n) : )
(Zlv ce 7Zn) '1—> (6’10121, .. ,819”1"),

The action descends to an action on the blow-up BIfj(C"). What is the
moment polytope?
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@ Recall that for p-blowup at 0 in (C", wyy) is given by
BIS(C") := (C"\B,)/ ~
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Toric blow-up

@ In a toric manifold, a neighborhood of a fixed point my is T-equivariantly
symplectomorphic to a neighbourhood of 0 in C”",
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Toric blow-up

@ In a toric manifold, a neighborhood of a fixed point my is T-equivariantly
symplectomorphic to a neighbourhood of 0 in C", so Bl,;,;M has a
T-Hamiltonian action.
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Toric blow-up

@ In a toric manifold, a neighborhood of a fixed point my is T-equivariantly
symplectomorphic to a neighbourhood of 0 in C", so Bl,;,;M has a
T-Hamiltonian action.

o Example: Bljj.o.] IP%2. How does the blow-up parameter X figure in the
moment polytope?
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Variation of symplectic form in quotients

@ Consider the action T = (S')? on P2, Denote

Ty :={(0,1)eT}, Tr:={(1,0)eT}
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Variation of symplectic form in quotients

@ Consider the action T = (S')? on P2, Denote
T, :={6,1)eT}, T,:={(1,0) eT}.

e Consider the quotient {7, = 7}/S".
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Variation of symplectic form in quotients

@ Consider the action T = (S')? on P2, Denote
T, :={6,1)eT}, T,:={(1,0) eT}.

e Consider the quotient {zi7, = 7}/S'. The moment map for the residual
action of T} is the line segment [0, 3 — c].
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Variation of symplectic form in quotients

@ Consider the action T = (S')? on P2, Denote
T, :={6,1)eT}, T,:={(1,0) eT}.

e Consider the quotient {zi7, = 7}/S'. The moment map for the residual
action of T} is the line segment [0, 3 — c].
e Thus, {ur, = 7}/S' ~ P! with form @, := (1 — 27)wgs.

d[@,]

@ Note that =;= = —2[wps].
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Variation of symplectic form in quotients

@ Consider the action T = (S')? on P2, Denote
T, :={6,1)eT}, T,:={(1,0) eT}.
e Consider the quotient {zi7, = 7}/S'. The moment map for the residual
action of T} is the line segment [0, 3 — c].
e Thus, {ur, = 7}/S' ~ P! with form @, := (1 — 27)wgs.

e Note that % = —2[wrs|. We will relate this quantity to the first Chern

class of the S'-bundle {pr, =71} = {ur, = T}/Sl-
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Another definition of the first Chern class

@ Let L — X be a complex line bundle.
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Another definition of the first Chern class

@ Let L — X be a complex line bundle. We choose any fiber-wise
Hermitian metric on L, and define Z C L to be the unit circle bundle,
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Another definition of the first Chern class

@ Let L — X be a complex line bundle. We choose any fiber-wise
Hermitian metric on L, and define Z C L to be the unit circle bundle,
which is a principal S'-bundle.
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Another definition of the first Chern class

@ Let L — X be a complex line bundle. We choose any fiber-wise
Hermitian metric on L, and define Z C L to be the unit circle bundle,
which is a principal S'-bundle.

(Different choices of Hermitian metric give isomorphic S!-bundles.)

@ The line bundle L is the ‘associated line bundle’ of Z :
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Another definition of the first Chern class

@ Let L — X be a complex line bundle. We choose any fiber-wise
Hermitian metric on L, and define Z C L to be the unit circle bundle,
which is a principal S'-bundle.

(Different choices of Hermitian metric give isomorphic S!-bundles.)

@ The line bundle L is the ‘associated line bundle’ of Z : L ~ (Z x C)/S",
where 1
(z,¢) 255 (2,7 c).
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Another definition of the first Chern class

@ Let L — X be a complex line bundle. We choose any fiber-wise
Hermitian metric on L, and define Z C L to be the unit circle bundle,
which is a principal S'-bundle.

(Different choices of Hermitian metric give isomorphic S!-bundles.)

@ The line bundle L is the ‘associated line bundle’ of Z : L ~ (Z x C)/S",

where
1

(z,¢) 255 (2,7 c).

o We will define the first Chern class c¢1(Z) € H*(X,Z), which can be
proved to be equal to ¢;(L).
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Connections on an S'-bundle

e Given an S'-bundle 7 : Z — X, at any point z € Z, the vertical subspace
of T,Z is ker(dr), but a horizontal subspace is not canonically defined.
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Connections on an S'-bundle

e Given an S'-bundle 7 : Z — X, at any point z € Z, the vertical subspace
of T,Z is ker(dr), but a horizontal subspace is not canonically defined.

@ Definition : A connection one-form on Z is an S'-invariant one-form
a € Q1(Z) satistying

(&) =& VE € Lie(Sh).
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of T,Z is ker(dr), but a horizontal subspace is not canonically defined.

@ Definition : A connection one-form on Z is an S'-invariant one-form
a € Q1(Z) satistying

(&) =& VE € Lie(Sh).

@ A connection one-form uniquely determines an S'-invariant horizontal
sub-bundle H C TZ, and vice versa.

o We will define the first Chern class c¢1(Z) € H*(X,Z), which can be
proved to be equal to ¢;(L).
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Connections on an S'-bundle

e Given an S'-bundle 7 : Z — X, at any point z € Z, the vertical subspace
of T,Z is ker(dr), but a horizontal subspace is not canonically defined.

@ Definition : A connection one-form on Z is an S'-invariant one-form
a € Q1(Z) satistying

(&) =& VE € Lie(Sh).

@ A connection one-form uniquely determines an S'-invariant horizontal
sub-bundle H C TZ, and vice versa.

o We will define the first Chern class c¢1(Z) € H*(X,Z), which can be
proved to be equal to ¢;(L).

e Claim : da(&z,-) = 0 for any & € Lie(S").
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Connections on an S'-bundle

e Given an S'-bundle 7 : Z — X, at any point z € Z, the vertical subspace
of T,Z is ker(dr), but a horizontal subspace is not canonically defined.

@ Definition : A connection one-form on Z is an S'-invariant one-form
a € Q1(Z) satistying

aléz) =& VE € Lie(S").
@ A connection one-form uniquely determines an S'-invariant horizontal

sub-bundle H C TZ, and vice versa.

o We will define the first Chern class c¢1(Z) € H*(X,Z), which can be
proved to be equal to ¢;(L).

@ Claim : da(&z,-) = 0 for any £ € Lie(S).

o Therefore, there exists F,, € Q2(X) such that 7*F,, = da.
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Connections on an S'-bundle

e Given an S'-bundle 7 : Z — X, at any point z € Z, the vertical subspace
of T,Z is ker(dr), but a horizontal subspace is not canonically defined.

@ Definition : A connection one-form on Z is an S'-invariant one-form
a € Q1(Z) satistying

(&) =& VE € Lie(Sh).

@ A connection one-form uniquely determines an S'-invariant horizontal
sub-bundle H C TZ, and vice versa.

o We will define the first Chern class c¢1(Z) € H*(X,Z), which can be
proved to be equal to ¢;(L).

@ Claim : da(&z,-) = 0 for any £ € Lie(S).

@ Therefore, there exists F,, € Q%(X) such that 7*F, = da. The form F,,
is called the curvature of the connection c.
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Variation of symplectic form on quotient

e Let (M,w,S', i1) be an S'-Hamiltonian space with moment map
p:M — R. Let u~'(0) be a regular level on which S' acts freely.
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Variation of symplectic form on quotient

e Let (M,w,S', i1) be an S'-Hamiltonian space with moment map
p:M — R. Let u~'(0) be a regular level on which S' acts freely.

@ Observe : For 7 close enough to zero the levels ! (7) is
S'-diffeomorphic to =1 (0).
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Variation of symplectic form on quotient

e Let (M,w,S', i1) be an S'-Hamiltonian space with moment map
p:M — R. Let u~'(0) be a regular level on which S' acts freely.

@ Observe : For 7 close enough to zero the levels ! (7) is
S'-diffeomorphic to =1 (0).

@ Question : Let @, be the reduced symplectic form on X, := pu~'(7)/S".
How does w, vary with 77
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Variation of symplectic form on quotient

e Let (M,w,S', i1) be an S'-Hamiltonian space with moment map
p:M — R. Let u~'(0) be a regular level on which S' acts freely.

@ Observe : For 7 close enough to zero the levels ! (7) is
S'-diffeomorphic to =1 (0).

@ Question : Let @, be the reduced symplectic form on X, := pu~'(7)/S".
How does w, vary with 77
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Neighborhood of a level set

@ We will show that the neighborhood of Z := 1~!(0) has a standard form.
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@ We will show that the neighborhood of Z := 1~!(0) has a standard form.
We first construct a model neighborhood :
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Neighborhood of a level set

@ We will show that the neighborhood of Z := 1~!(0) has a standard form.
We first construct a model neighborhood :
@ Define a two-form on Z x (—e, €) as

Q= 71"wy + d(ta),
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Neighborhood of a level set

@ We will show that the neighborhood of Z := 1~!(0) has a standard form.
We first construct a model neighborhood :
@ Define a two-form on Z x (—e, €) as

Q= 71"wy + d(ta),

where o € 2!(Z) is a connection one-form on the S'-bundle Z — X
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Neighborhood of a level set

@ We will show that the neighborhood of Z := 1~!(0) has a standard form.
We first construct a model neighborhood :
@ Define a two-form on Z x (—e, €) as

Q= 71"wy + d(ta),

where o € 2!(Z) is a connection one-form on the S'-bundle Z — X
and 1 € (—e, €) is the coordinate function.
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Neighborhood of a level set

@ We will show that the neighborhood of Z := 1~!(0) has a standard form.
We first construct a model neighborhood :
@ Define a two-form on Z x (—e, €) as

Q= 71"wy + d(ta),

where o € 2!(Z) is a connection one-form on the S'-bundle Z — X
and 1 € (—e, ¢) is the coordinate function. The form is non-degenerate if
€ is small enough.

@ The S'-action on Z extends to Z x (—e¢, ) and has a moment map
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Neighborhood of a level set

@ We will show that the neighborhood of Z := 1~!(0) has a standard form.
We first construct a model neighborhood :
@ Define a two-form on Z x (—e, €) as

Q= 71"wy + d(ta),

where o € 2!(Z) is a connection one-form on the S'-bundle Z — X
and 1 € (—e, ¢) is the coordinate function. The form is non-degenerate if
€ is small enough.

@ The S'-action on Z extends to Z x (—e¢, ) and has a moment map
(z,1) = 1.
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Neighborhood of a level set

@ We will show that the neighborhood of Z := 1~!(0) has a standard form.
We first construct a model neighborhood :
@ Define a two-form on Z x (—e, €) as

Q= 71"wy + d(ta),

where o € 2!(Z) is a connection one-form on the S'-bundle Z — X
and 1 € (—e, ¢) is the coordinate function. The form is non-degenerate if
€ is small enough.

@ The S'-action on Z extends to Z x (—e¢, ) and has a moment map
(z,1) = 1.

@ By an §'-equivariant version of the coisotropic neighborhood theorem,
there is an S'-equivariant symplectomorphism

¢ :(Z x (e,€),2) - Nbhd(Z) c M
which maps Z x {0} to Z identically.
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Neighborhood of a level set

@ We will show that the neighborhood of Z := 1~!(0) has a standard form.
We first construct a model neighborhood :
@ Define a two-form on Z x (—e, €) as

Q= 71"wy + d(ta),

where o € 2!(Z) is a connection one-form on the S'-bundle Z — X
and 1 € (—e, ¢) is the coordinate function. The form is non-degenerate if
€ is small enough.

@ The S'-action on Z extends to Z x (—e¢, ) and has a moment map
(z,1) = 1.

@ By an §'-equivariant version of the coisotropic neighborhood theorem,
there is an S'-equivariant symplectomorphism

¢ :(Z x (e,€),2) - Nbhd(Z) c M

which maps Z x {0} to Z identically. Since the moment map is unique,
Z x {t} is mapped to ' (¢).
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Variation of symplectic form : formula

@ We have shown that there is an S'-equivariant symplectomorphism
¢:(Z x (e,€), m"wp + d(Ta))) — Nbhd(Z) C M

which maps Z x {0} to Z identically.
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Variation of symplectic form : formula

@ We have shown that there is an S'-equivariant symplectomorphism
¢:(Z x (e,€), m"wp + d(Ta))) — Nbhd(Z) C M

which maps Z x {0} to Z identically. Since the moment map is unique,
Z x {7} is mapped to =1 (7).
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Variation of symplectic form : formula

@ We have shown that there is an S'-equivariant symplectomorphism
¢:(Z x (e,€), m"wp + d(Ta))) — Nbhd(Z) C M

which maps Z x {0} to Z identically. Since the moment map is unique,
Z x {7} is mapped to =1 (7).
@ The reduced symplectic form is

O, = wo + 1da,
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Variation of symplectic form : formula

@ We have shown that there is an S'-equivariant symplectomorphism
¢:(Z x (e,€), m"wp + d(Ta))) — Nbhd(Z) C M

which maps Z x {0} to Z identically. Since the moment map is unique,
Z x {7} is mapped to =1 (7).
@ The reduced symplectic form is

O, = wo + 1da,

and
[@,] = [Wo] — 2771 (Z — Xo).

So, %[WT]‘T:() = —27TC1(Z).
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Variation of symplectic form : example

@ Recall the example : Consider the action 7 = (S')? on P2. Denote

T :={(0,1)eT}, Tr:={(1,0)eT}
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Variation of symplectic form : example

@ Recall the example : Consider the action 7 = (S')? on P2. Denote
T, :={6,1)eT}, T,:={(1,0) eT}.

e Consider the quotient {7, = 7}/S".
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Variation of symplectic form : example

@ Recall the example : Consider the action 7 = (S')? on P2. Denote
T, :={6,1)eT}, T,:={(1,0) eT}.

e Consider the quotient {zi7, = 7}/S'. The moment map for the residual
action of T} is the line segment [0, 3 — c].
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Variation of symplectic form : example

@ Recall the example : Consider the action 7 = (S')? on P2. Denote
T, :={6,1)eT}, T,:={(1,0) eT}.

e Consider the quotient {zi7, = 7}/S'. The moment map for the residual
action of T} is the line segment [0, 3 — c].
e Thus, {ur, = 7}/S' ~ P! with form @, := (1 — 27)wgs.

o Note that 22zl — _2[upq).

@ We have shown J
d—[wT] = 27c1(2),
-

and thus ¢;(Z) = = |wgs].
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Variation of symplectic form : example

@ Recall the example : Consider the action 7 = (S')? on P2. Denote
T, :={6,1)eT}, T,:={(1,0) eT}.

e Consider the quotient {zi7, = 7}/S'. The moment map for the residual
action of T} is the line segment [0, 3 — c].
e Thus, {ur, = 7}/S' ~ P! with form @, := (1 — 27)wgs.

o Note that 22zl — _2[upq).

@ We have shown J

dr
and thus ¢ (Z) = 1 [wps]. The first Chern number is ffo c1(Z2) =

G

[wr] = —2mc1(2),
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Variation of symplectic form : example

@ Recall the example : Consider the action 7 = (S')? on P2. Denote
T, :={6,1)eT}, T,:={(1,0) eT}.

e Consider the quotient {zi7, = 7}/S'. The moment map for the residual
action of T} is the line segment [0, 3 — c].
e Thus, {ur, = 7}/S' ~ P! with form @, := (1 — 27)wgs.

o Note that 22zl — _2[upq).

@ We have shown J

dr
and thus ¢ (Z) = 1 [wps]. The first Chern number is ffo c1(Z) =1.

G

[wr] = —2mc1(2),
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Chern class of normal bundles of submanifolds

o Consider the symplectic submanifold Xy := 17, 0).
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Chern class of normal bundles of submanifolds

@ Consider the symplectic submanifold Xy := o, : (0).The unit circle
bundle of NXp is just Z = u~'(7),7 >0
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Chern class of normal bundles of submanifolds

@ Consider the symplectic submanifold Xy := o, : (0).The unit circle
bundle of NXp is just Z = ' (7), 7 > 0 (as an S'-manifold).
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Chern class of normal bundles of submanifolds

@ Consider the symplectic submanifold Xy := o, : (0).The unit circle
bundle of NXp is just Z = ' (7), 7 > 0 (as an S'-manifold).
So, we have ¢ (NXp).
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Chern class of normal bundles of submanifolds

@ Consider the symplectic submanifold Xy := o, : (0).The unit circle
bundle of NXp is just Z = ' (7), 7 > 0 (as an S'-manifold).
So, we have ¢ (NXp).

@ Let E be the exceptional divisor in Blj,¢.)P?.
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Chern class of normal bundles of submanifolds

@ Consider the symplectic submanifold Xy := o, : (0).The unit circle
bundle of NXp is just Z = ' (7), 7 > 0 (as an S'-manifold).
So, we have ¢ (NXp).

o Let E be the exceptional divisor in Bl[():o:]]IP’z. The first Chern number of
NE — Eis —1.
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