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Toric manifold

A toric manifold is a T-Hamiltonian space (M,ω, T, µ) where M is
compact and connected 2n-dimensional manifold, T = (S1)n, and the
T-action is effective.
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Toric manifold

A toric manifold is a T-Hamiltonian space (M,ω, T, µ) where M is
compact and connected 2n-dimensional manifold, T = (S1)n, and the
T-action is effective.

Examples : Pn with (S1)n-action.

The moment polytope of a toric manifold is a ‘Delzant polytope’ defined
next :
A Delzant polytope is a convex polytope Δ in Rn such that

� (simple) there are n edges meeting at a vertex,
� (rational) the edges meeting at the vertex p are of the form {p + tui}t≥0 for

some ui ∈ Zn,
� (smooth) for each vertex p the slopes u1, . . . , un of the edges form a

Z-basis of Zn.
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Delzant’s theorem

Delzant’s theorem : There is a bijection between

the set of 2n-dimensional toric symplectic manifolds (upto equivariant
symplectomorpism),

the set of Delzant polytopes in Rn (up to the action of AGL(n,Z)).
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Delzant’s theorem

Delzant’s theorem : There is a bijection between

the set of 2n-dimensional toric symplectic manifolds (upto equivariant
symplectomorpism),

the set of Delzant polytopes in Rn (up to the action of AGL(n,Z)).
Remark : What are all the S1-toric manifolds?
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Delzant’s theorem

Delzant’s theorem : There is a bijection between

the set of 2n-dimensional toric symplectic manifolds (upto equivariant
symplectomorpism),

the set of Delzant polytopes in Rn (up to the action of AGL(n,Z)).
Remark : What are all the S1-toric manifolds? Answer : (P1, cωFS) for any
c > 0.
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Properties of toric manifolds

Let (M,ω, T, µ) be a toric manifold. Vertices of µ(M) correspond to
T-fixed points in M. Fixed points in M are isolated.

For a fixed point m0 ∈ M, there exists a Z-basis of tZ and coordinates
(x1, y1, . . . , xn, yn) in a neighborhood of m such that the action of T is
standard :

(z1, . . . , zn)
exp(θ1,...,θn)∈T�−−−−−−−−−→ (eiθ1z1, . . . , eiθnzn)
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Let e ⊂ µ(M) be an edge of the polytope. Then µ−1(e) is fixed by a
codimension one torus T � ⊂ T .
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Properties of toric manifolds

Let (M,ω, T, µ) be a toric manifold. Vertices of µ(M) correspond to
T-fixed points in M. Fixed points in M are isolated.

For a fixed point m0 ∈ M, there exists a Z-basis of tZ and coordinates
(x1, y1, . . . , xn, yn) in a neighborhood of m such that the action of T is
standard :

(z1, . . . , zn)
exp(θ1,...,θn)∈T�−−−−−−−−−→ (eiθ1z1, . . . , eiθnzn)

Let e ⊂ µ(M) be an edge of the polytope. Then µ−1(e) is fixed by a
codimension one torus T � ⊂ T . In fact µ−1(e) � P1 with Hamiltonian
action of S1 � T/T1.
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Contrast with the case when dim(T) < 1
2 dim(M).

For a T-Hamiltonian space (M,ω, T, µ) with dim(T) < 1
2 dim(M), it is

possible that
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fixed points map to the interior of µ(M),
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Contrast with the case when dim(T) < 1
2 dim(M).

For a T-Hamiltonian space (M,ω, T, µ) with dim(T) < 1
2 dim(M), it is

possible that

fixed points map to the interior of µ(M),

fixed points are not isolated,

for an edge e of the polytope µ−1(e) may not be P1.

Homework : Construct such examples.
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Stabilizers

For a T-Hamiltonian space (M,ω, T, µ) let

T := {T1 ⊂ T : ∃m ∈ M Stab(m) = T1}.

be the set of stabilizers subgroups of the action.
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be the set of stabilizers subgroups of the action.

If M is a toric manifold, the stabilizers correspond to faces of the
moment polytope. In particular, a moment polytope is given by a finite
set of inequalities

µ(M) = ∩i{x ∈ t∨ : �x, νi� ≤ ci},

where νi ∈ tZ and ci ∈ R.
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µ(M) = ∩i{x ∈ t∨ : �x, νi� ≤ ci},
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Tνi × Tνj is a stabilizer if the correponding facets of the polytope
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Stabilizers

For a T-Hamiltonian space (M,ω, T, µ) let

T := {T1 ⊂ T : ∃m ∈ M Stab(m) = T1}.

be the set of stabilizers subgroups of the action.

If M is a toric manifold, the stabilizers correspond to faces of the
moment polytope. In particular, a moment polytope is given by a finite
set of inequalities

µ(M) = ∩i{x ∈ t∨ : �x, νi� ≤ ci},

where νi ∈ tZ and ci ∈ R. Then Tνi := {exp(tνi)} is a stabilizer,
Tνi × Tνj is a stabilizer if the correponding facets of the polytope
intersect etc.

If M is not toric, then the stabilizers can not be read off from the moment
polytope.
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Toric blow-up

Recall that for ρ-blowup at 0 in (Cn,ωstd) is given by

Blρ0(C
n) := (Cn\Bρ)/ ∼
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Toric blow-up

In a toric manifold, a neighborhood of a fixed point m0 is T-equivariantly
symplectomorphic to a neighbourhood of 0 in Cn,
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Toric blow-up

In a toric manifold, a neighborhood of a fixed point m0 is T-equivariantly
symplectomorphic to a neighbourhood of 0 in Cn, so Blm0M has a
T-Hamiltonian action.

Example: Bl[1:0:0]P2. How does the blow-up parameter λ figure in the
moment polytope?
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Variation of symplectic form in quotients

Consider the action T = (S1)2 on P2. Denote

T1 := {(θ, 1) ∈ T}, T2 := {(1, θ) ∈ T}.
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Variation of symplectic form in quotients

Consider the action T = (S1)2 on P2. Denote

T1 := {(θ, 1) ∈ T}, T2 := {(1, θ) ∈ T}.

Consider the quotient {µT2 = τ}/S1.
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Variation of symplectic form in quotients

Consider the action T = (S1)2 on P2. Denote

T1 := {(θ, 1) ∈ T}, T2 := {(1, θ) ∈ T}.

Consider the quotient {µT2 = τ}/S1. The moment map for the residual
action of T1 is the line segment [0, 1

2 − c].
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T1 := {(θ, 1) ∈ T}, T2 := {(1, θ) ∈ T}.

Consider the quotient {µT2 = τ}/S1. The moment map for the residual
action of T1 is the line segment [0, 1

2 − c].

Thus, {µT2 = τ}/S1 � P1 with form ωτ := (1 − 2τ)ωFS.

Note that d[ωτ ]
dτ = −2[ωFS].
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Variation of symplectic form in quotients

Consider the action T = (S1)2 on P2. Denote

T1 := {(θ, 1) ∈ T}, T2 := {(1, θ) ∈ T}.

Consider the quotient {µT2 = τ}/S1. The moment map for the residual
action of T1 is the line segment [0, 1

2 − c].

Thus, {µT2 = τ}/S1 � P1 with form ωτ := (1 − 2τ)ωFS.

Note that d[ωτ ]
dτ = −2[ωFS]. We will relate this quantity to the first Chern

class of the S1-bundle {µT2 = τ} → {µT2 = τ}/S1.
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Another definition of the first Chern class

Let L → X be a complex line bundle.
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Hermitian metric on L, and define Z ⊂ L to be the unit circle bundle,
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Another definition of the first Chern class

Let L → X be a complex line bundle. We choose any fiber-wise
Hermitian metric on L, and define Z ⊂ L to be the unit circle bundle,
which is a principal S1-bundle.
(Different choices of Hermitian metric give isomorphic S1-bundles.)

The line bundle L is the ‘associated line bundle’ of Z :
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Another definition of the first Chern class

Let L → X be a complex line bundle. We choose any fiber-wise
Hermitian metric on L, and define Z ⊂ L to be the unit circle bundle,
which is a principal S1-bundle.
(Different choices of Hermitian metric give isomorphic S1-bundles.)

The line bundle L is the ‘associated line bundle’ of Z : L � (Z × C)/S1,
where

(z, c) θ∈S1
�−−−→ (eiθz, e−iθc).
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Another definition of the first Chern class

Let L → X be a complex line bundle. We choose any fiber-wise
Hermitian metric on L, and define Z ⊂ L to be the unit circle bundle,
which is a principal S1-bundle.
(Different choices of Hermitian metric give isomorphic S1-bundles.)

The line bundle L is the ‘associated line bundle’ of Z : L � (Z × C)/S1,
where

(z, c) θ∈S1
�−−−→ (eiθz, e−iθc).

We will define the first Chern class c1(Z) ∈ H2(X,Z), which can be
proved to be equal to c1(L).
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Connections on an S1-bundle

Given an S1-bundle π : Z → X, at any point z ∈ Z, the vertical subspace
of TzZ is ker(dπ), but a horizontal subspace is not canonically defined.
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Connections on an S1-bundle

Given an S1-bundle π : Z → X, at any point z ∈ Z, the vertical subspace
of TzZ is ker(dπ), but a horizontal subspace is not canonically defined.
Definition : A connection one-form on Z is an S1-invariant one-form
α ∈ Ω1(Z) satisfying

α(ξZ) = ξ ∀ξ ∈ Lie(S1).
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Introduction to Symplectic Geometry : Lecture 27 December 1st, 2021 11 / 16



Connections on an S1-bundle

Given an S1-bundle π : Z → X, at any point z ∈ Z, the vertical subspace
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Claim : dα(ξZ, ·) = 0 for any ξ ∈ Lie(S1).
Therefore, there exists Fα ∈ Ω2(X) such that π∗Fα = dα. The form Fα

is called the curvature of the connection α.
We note that dFα = 0. The class − 1

2π [Fα] ∈ H2(X) is the first Chern
class of Z → X.

Introduction to Symplectic Geometry : Lecture 27 December 1st, 2021 11 / 16



Connections on an S1-bundle

Given an S1-bundle π : Z → X, at any point z ∈ Z, the vertical subspace
of TzZ is ker(dπ), but a horizontal subspace is not canonically defined.
Definition : A connection one-form on Z is an S1-invariant one-form
α ∈ Ω1(Z) satisfying

α(ξZ) = ξ ∀ξ ∈ Lie(S1).

A connection one-form uniquely determines an S1-invariant horizontal
sub-bundle H ⊂ TZ, and vice versa.
We will define the first Chern class c1(Z) ∈ H2(X,Z), which can be
proved to be equal to c1(L).
Claim : dα(ξZ, ·) = 0 for any ξ ∈ Lie(S1).
Therefore, there exists Fα ∈ Ω2(X) such that π∗Fα = dα. The form Fα

is called the curvature of the connection α.
We note that dFα = 0. The class − 1

2π [Fα] ∈ H2(X) is the first Chern
class of Z → X.

Introduction to Symplectic Geometry : Lecture 27 December 1st, 2021 11 / 16



Variation of symplectic form on quotient

Let (M,ω, S1, µ) be an S1-Hamiltonian space with moment map
µ : M → R. Let µ−1(0) be a regular level on which S1 acts freely.
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Variation of symplectic form on quotient

Let (M,ω, S1, µ) be an S1-Hamiltonian space with moment map
µ : M → R. Let µ−1(0) be a regular level on which S1 acts freely.

Observe : For τ close enough to zero the levels µ−1(τ) is
S1-diffeomorphic to µ−1(0).
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Variation of symplectic form on quotient

Let (M,ω, S1, µ) be an S1-Hamiltonian space with moment map
µ : M → R. Let µ−1(0) be a regular level on which S1 acts freely.

Observe : For τ close enough to zero the levels µ−1(τ) is
S1-diffeomorphic to µ−1(0).

Question : Let ωτ be the reduced symplectic form on Xτ := µ−1(τ)/S1.
How does ωτ vary with τ?
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Neighborhood of a level set

We will show that the neighborhood of Z := µ−1(0) has a standard form.
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Neighborhood of a level set

We will show that the neighborhood of Z := µ−1(0) has a standard form.
We first construct a model neighborhood :
Define a two-form on Z × (−�, �) as

Ω := π∗ω0 + d(tα),
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Variation of symplectic form : formula

We have shown that there is an S1-equivariant symplectomorphism

φ : (Z × (�, �),π∗ω0 + d(τα)) → Nbhd(Z) ⊂ M

which maps Z × {0} to Z identically. Since the moment map is unique,
Z × {τ} is mapped to µ−1(τ).

The reduced symplectic form is

ωτ = ω0 + τdα,

and
[ωτ ] = [ω0]− 2πτc1(Z → X0).

So, d
dτ [ωτ ]|τ=0 = −2πc1(Z).
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Variation of symplectic form : example

Recall the example : Consider the action T = (S1)2 on P2. Denote

T1 := {(θ, 1) ∈ T}, T2 := {(1, θ) ∈ T}.
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Chern class of normal bundles of submanifolds

Consider the symplectic submanifold X0 := µ−1
T2

(0).
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Chern class of normal bundles of submanifolds

Consider the symplectic submanifold X0 := µ−1
T2

(0).The unit circle
bundle of NX0 is just Z = µ−1(τ), τ > 0 (as an S1-manifold).
So, we have c1(NX0).

Let E be the exceptional divisor in Bl[0:0:1]P2. The first Chern number of
NE → E is −1.
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