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Moment polytopes

e Convexity theorem (Atiyah, Guillemin-Sternberg) : Let T = (S')" be a
torus, and let (X, w, T, ) be a compact connected 7-Hamiltonian space.
Then

» the level set 1~ !(c) is connected for any ¢ € t,
» the image 1(X) is convex,
» and p(X) is the convex hull of 1(7-fixed points).

Introduction to Symplectic Geometry : Lecture 25 November 24, 2021 2/17



Moment polytopes

e Convexity theorem (Atiyah, Guillemin-Sternberg) : Let T = (S')" be a
torus, and let (X, w, T, ) be a compact connected 7-Hamiltonian space.
Then

» the level set 1~ !(c) is connected for any ¢ € t,
» the image 1(X) is convex,
» and p(X) is the convex hull of 1(7-fixed points).

Introduction to Symplectic Geometry : Lecture 25 November 24, 2021 2/17



Moment polytopes

e Convexity theorem (Atiyah, Guillemin-Sternberg) : Let T = (S')" be a

torus, and let (X, w, T, ) be a compact connected 7-Hamiltonian space.

Then

» the level set 1~ !(c) is connected for any ¢ € t,
» the image 1(X) is convex,
» and p(X) is the convex hull of 1(7-fixed points).

e The image 1 (X) is called the moment polytope of the Hamiltonian
action.
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Moment polytopes

e Convexity theorem (Atiyah, Guillemin-Sternberg) : Let T = (S')" be a
torus, and let (X, w, T, ) be a compact connected 7-Hamiltonian space.
Then

» the level set 1~ !(c) is connected for any ¢ € t,
» the image 1(X) is convex,
» and p(X) is the convex hull of 1(7-fixed points).

e The image 1 (X) is called the moment polytope of the Hamiltonian
action.

e What’s done so far : We proved convexity of x(X) assuming
connectedness of level sets of p.

@ We proved connectedness of level sets of S'-moment maps using Morse
theory.
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Detour into Morse theory (recall)

@ Theorem : On a connected manifold M, if a Morse function f : M — R
does not have critical points with index 1 or co-index 1, then its level sets
are connected.
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Detour into Morse theory (recall)

@ Theorem : On a connected manifold M, if a Morse function f : M — R
does not have critical points with index 1 or co-index 1, then its level sets
are connected.

o A function f : M — R is Morse-Bott if any connected critical set S is a
submanifold and for any s € S, f is non-degenerate in the directions
normal to S.
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Detour into Morse theory (recall)

@ Theorem : On a connected manifold M, if a Morse function f : M — R
does not have critical points with index 1 or co-index 1, then its level sets
are connected.

o A function f : M — R is Morse-Bott if any connected critical set S is a
submanifold and for any s € S, f is non-degenerate in the directions
normal to S. Thus there is a splitting

TM=T,S®H ©H,

where H; resp. H is the positive resp. negative eigen-space of the
Hessian at s.
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Detour into Morse theory (recall)

@ Theorem : On a connected manifold M, if a Morse function f : M — R
does not have critical points with index 1 or co-index 1, then its level sets
are connected.

o A function f : M — R is Morse-Bott if any connected critical set S is a
submanifold and for any s € S, f is non-degenerate in the directions
normal to S. Thus there is a splitting

TM=T,S®H ©H,

where H; resp. H is the positive resp. negative eigen-space of the
Hessian at s.

@ Theorem : If a Morse-Bott function f : M — R does not have critical
points with index 1 or co-index 1, then its level sets are connected.
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Proof of convexity theorem, Part 2

@ Theorem : An S'-moment map is Morse-Bott with critical points of even
index and co-index.
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Proof of convexity theorem, Part 2

@ Theorem : An S'-moment map is Morse-Bott with critical points of even
index and co-index.
@ Corollary : The level sets on an S'-moment map are connected.

Introduction to Symplectic Geometry : Lecture 25 November 24, 2021 4/17



Proof of convexity theorem, Part 2

@ Theorem : An S'-moment map is Morse-Bott with critical points of even
index and co-index.

@ Corollary : The level sets on an S'-moment map are connected.

e Equivariant Darboux theorem : Suppose 7 = (S')" acts symplectically
on (M,w) and p € M is a fixed point. Then there are coordinates
(X1, Y15 - -+, Xn, yu) in @ T-invariant neighborhood U of p such that

(xlayla" . axnayn)(])) =0

and the action of 7 is R-linear in U.
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Proof of convexity theorem, Part 2

@ Theorem : An S'-moment map is Morse-Bott with critical points of even
index and co-index.

@ Corollary : The level sets on an S'-moment map are connected.

e Equivariant Darboux theorem : Suppose T = (S')™ acts symplectically
on (M,w) and p € M is a fixed point. Then there are coordinates
(X1, Y15 - -+, Xn, yu) in @ T-invariant neighborhood U of p such that

(xlayla-' . axna_Yn>(P> =0

and the action of T is R-linear in U.
@ Result : Suppose 7T acts R-linearly on (R?", wq;4). Then there is a linear
wsrg-compatible J such that the T-action is C-linear.

Introduction to Symplectic Geometry : Lecture 25 November 24, 2021 4/17



Proof of convexity theorem, Part 2

@ Theorem : An S'-moment map is Morse-Bott with critical points of even
index and co-index.

@ Corollary : The level sets on an S'-moment map are connected.

e Equivariant Darboux theorem : Suppose 7 = (S')" acts symplectically
on (M,w) and p € M is a fixed point. Then there are coordinates
(X1, Y15 - -+, Xn, yu) in @ T-invariant neighborhood U of p such that

(xlayla-' . axna_Yn)(P) =0

and the action of T is R-linear in U.
\) Result : Suppose 7T acts R-linearly on (R?*, wyy). Then there is a linear
wsrg-compatible J such that the T-action is C-linear.
o By Homework 9, Problem 4, there is a linear change of coordinates in U
to (U,X1,¥y,---,%n,¥,), and weights 11; € t such that

'V”%\ = p(p) +Z X; 37 )i
\\\(“J/t R W=0 5 G\M» (‘M Ngﬂ V> \ s&)\ﬂf
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Proof of convexity theorem, Part 2

e Theorem : An S'-moment map i : M — R is Morse-Bott with critical
points of even index and co-index.
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Proof of convexity theorem, Part 2

e Theorem : An S'-moment map i : M — R is Morse-Bott with critical
points of even index and co-index.

@ Proof : Specializing the above discussion to T = S', for any critical point
p € crit(p), there is a coordinate chart (U,%;,y;,...,%n,V,)
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Proof of convexity theorem, Part 2

e Theorem : An S'-moment map i : M — R is Morse-Bott with critical
points of even index and co-index.

@ Proof : Specializing the above discussion to T = S', for any critical point
p € crit(p), there is a coordinate chart (U,X;,y,...,Xs,Y,) and integers
Wi € Z such that

1, _
p=np)+ D 5@ + 5w
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Proof of convexity theorem, Part 2

e Theorem : An S'-moment map i : M — R is Morse-Bott with critical
points of even index and co-index.

@ Proof : Specializing the above discussion to T = S', for any critical point
p € crit(p), there is a coordinate chart (U,X;,y,...,Xs,Y,) and integers
Wi € Z such that

1, _
p=np)+ D 5@ + 5w

® The index is #2{i : y; > 0} and the co-index is #2{i : y1; < 0}. O

o L OwReal WY = L H{ Wwi=0}
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Proof of convexity theorem, Part 2

e Theorem : An S'-moment map i : M — R is Morse-Bott with critical
points of even index and co-index.

@ Proof : Specializing the above discussion to T = S', for any critical point
p € crit(p), there is a coordinate chart (U,X;,y,...,Xs,Y,) and integers
Wi € Z such that

1, _
p=np)+ D 5@ + 5w

@ The index is #2{i : u; > 0} and the co-index is #2{i : p; < 0}. O.
e We have shown that the level sets of an S'-moment map are connected.
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Observation about 7-Hamiltonian actions

@ The above description of a neighborhood of an S'-fixed point shows that
any connected component in the S'-fixed point set is a symplectic
submanifold.
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Observation about 7-Hamiltonian actions

e The above description of a neighborhood of an S'-fixed point shows that
any connected component in the S'-fixed point set is a symplectic
submanifold.

o Consequently for a T-Hamiltonian action, the same is true of sets fixed
by the T-action.
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Proof of convexity theorem, Part 2
Proof of connectedness : induction step.

@ The proof of connectedness is by induction on dim(7’). Assume far
new) the result for S'-actions.
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Proof of convexity theorem, Part 2

Proof of connectedness : induction step.

@ The proof of connectedness is by induction on dim(7’). Assume (for
now) the result for S'-actions.

@ Induction step : use a slice of the moment polytope.
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Proof of convexity theorem, Part 2
o poMm— Y
Proof of connectedness : induction step.

@ The proof of connectedness is by induction on dim(7’). Assume (for
now) the result for S'-actions.

@ Induction step : use a slice of the moment polytope.
o Consider (,...,t,) € tV. Let T, := {(1,60,,...,0,)}.
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Proof of convexity theorem, Part 2

Proof of connectedness : induction step.

@ The proof of connectedness is by induction on dim(7’). Assume (for
now) the result for S'-actions.

@ Induction step : use a slice of the moment polytope.
e Consider (11,...,1,) € t. Let T,,_; := {(1,6,,...,6,)}.C 1

e Assume (2, ...,t,) is aregular level of ur, .
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Proof of convexity theorem, Part 2

Proof of connectedness : induction step. T=T, XTvP\

The proof of connectedness is by induction on dim(7’). Assume (for
now) the result for S'-actions.

Induction step : use a slice of the moment polytope.

Consider (t1,...,t,) € tV. Let T,—; := {(1,6,, .. ._,\0 )} 3
Assume (fp, . .., t,) is aregular level of ur, . Itis'td tﬁéc_téb(rby the
induction hypothesis. The quotient ,u;}Ll (t2,...,1,)/T,—; has an action
of
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Proof of convexity theorem, Part 2

Proof of connectedness : induction step.

@ The proof of connectedness is by induction on dim(7’). Assume (for
now) the result for S'-actions.

@ Induction step : use a slice of the moment polytope.
e Consider (1,...,t,) € tV. Let T,—; := {(1,62,...,6,)}.

o Assume (2, ...,t,) is aregular level of pz,_,. It is connected by the
induction hypothesis. The quotient ,u;}Ll (t2,...,1,)/T,—; has an action
of

T = {(6,1,...,1)}.

e u~'(t,...,1,) is connected iff I, I(#)) is connected, which holds by the
result on S'-moment maps.

@ There is a problem in this proof
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Proof of convexity theorem, Part 2

Proof of connectedness : induction step.

@ The proof of connectedness is by induction on dim(7’). Assume (for
now) the result for S'-actions.

@ Induction step : use a slice of the moment polytope.

e Consider (1,...,t,) € tV. Let T,—; := {(1,62,...,6,)}.

e Assume (1o, ...,1,) is a regular level of ur,_,. Itis connected by the
induction hypothesis. The quotient ,u;}Ll (t2,...,1,)/T,—; has an action

of —_

Ty ~{(6,1,...,1)}.
e u~'(t,...,1,) is connected iff I, I(#)) is connected, which holds by the
result on S'-moment maps.

@ There is a problem in this proof : The action of 7,,_; may have may not
be free.
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Proof of convexity theorem, Part 2

TV\ \—%MT“ \(tl -f‘bvxy

Proof of connectedness : induction step. _

__~, \’“\/
The proof of connectedness is by induction on dim(7). Assume (for T
now) the result for S'-actions. "

Induction step : use a slice of the moment polytope.

Consider (t1,...,1,) € tV. Let T,—1 := {(1,62,...,0,)}.

Assume (1, . .., t,) is aregular level of pz, . It is connected by the
induction hypothesis. The quotient ,u;}Ll (t2, Ml has an action

of

Ty ~{(6,1,...,1)}.
p= (11, ..., t,) is connected iff I, L(#,) is connected, which holds by the
result on S'-moment maps.

There is a problem in this proof : The action of 7,,_; may have may not
be free. A slightly more sophisticated approach is required, see Atiyah

po.
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Proof of convexity theorem, Part 3

Proof of the convex hull claim :
@ For F C tV I S Rg § ol
D) m ™
m € Convex-Hull(F) < V¢ € t min(x, §) < (m,§) < max(x,§).
xeF x€F

—_—

o Let& c tbeaveetorwith rationally independent-coordinates.

lonvtn WD (FY - = iikg \ Zt;\ §

(=) Ty
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Proof of convexity theorem, Part 3

Proof of the convex hull claim :
e ForF C tY,

m € Convex-Hull(F) & V¢ € t ng_l(x, € < (m, &) < meagc(x, €).

o Let & € tbe a vector with rationally independent coordinates.

£ f=U--L) TeR
(G AL @:\hd.uru..l'

B w=2 (LD vowb @iy
(L) & @ -iudep
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Proof of convexity theorem, Part 3

Proof of the convex hull claim :
e ForF C tY,

m € Convex-Hull(F) & V¢ € t ng_l(x, € < (m, &) < meagc(x, €).

@ Let & € tbe a vector with rationally independent coordinates.
Consequently, {exp(z§) : t € R} is dense in R. T
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Proof of convexity theorem, Part 3

Proof of the convex hull claim :
e ForF C tY,

m € Convex-Hull(F) & V¢ € t ng_l(x, €) < (m, &) < max(x,§).

xeF

@ Let & € tbe a vector with rationally independent coordinates.
Consequently, {exp(#§) : t € R} is dense in R.

@ Then the fixed points of the action generated by ¢ are

L~—
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Proof of convexity theorem, Part 3

Proof of the convex hull claim :
e ForF C tY,

m € Convex-Hull(F) & V¢ € t ng_l(x, € < (m, &) < meagc(x, €).

@ Let & € tbe a vector with rationally independent coordinates.
Consequently, {exp(#§) : t € R} is dense in R.

@ Then the fixed points of the action generated by ¢ are the T-fixed points.
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Proof of convexity theorem, Part 3

Proof of the convex hull claim :
e ForF C tY,

m € Convex-Hull(F) & V¢ € t ng_l(x, € < (m, &) < meagc(x, €).

@ Let & € tbe a vector with rationally independent coordinates.
Consequently, {exp(#§) : t € R} is dense in R.
@ Then the fixed points of the action generated by ¢ are the T-fixed points.

@ The maximum and minimum points of z¢ are

dpg=0
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Proof of convexity theorem, Part 3

Proof of the convex hull claim :
e ForF C tY,

m € Convex-Hull(F) & V¢ € t ng_l(x, € < (m, &) < meagc(x, €).

@ Let & € tbe a vector with rationally independent coordinates.
Consequently, {exp(#§) : t € R} is dense in R.
@ Then the fixed points of the action generated by ¢ are the T-fixed points.

@ The maximum and minimum points of y are T-fixed points. So, for any
meM

i < < ma X).
efiin #e() < ) < o ()
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Proof of convexity theorem, Part 3

Proof of the convex hull claim :
e ForF C tY,

m € Convex-Hull(F) & V¢ € t ng_l(x, € < (m, &) < meagc(x, €).

@ Let & € tbe a vector with rationally independent coordinates.
Consequently, {exp(#§) : t € R} is dense in R.

@ Then the fixed points of the action generated by ¢ are the T-fixed points.
@ The maximum and minimum points of y are T-fixed points. So, for any

meM
min = pe(x) < p(m) < max - pie(x).

x€Fixr (M) x€Fixr (M)

@ The set of vectors with rationally independent coordinates is dense in t,
so the above inequality holds for all £ € t. O
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Toric manifold

@ A toric manifold is a T-Hamiltonian space (M, w, T, ) where M is
compact and connected 2n-dimensional manifold, 7 = (S')", and the
T-action is effective.
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Toric manifold

@ A toric manifold is a T-Hamiltonian space (M, w, T, ) where M is
compact and connected 2n-dimensional manifold, 7 = (S')", and the
T-action is effective.

e Examples : P" with (S!)"-action.
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Toric manifold

@ A toric manifold is a T-Hamiltonian space (M, w, T, ) where M is
compact and connected 2n-dimensional manifold, 7 = (S')", and the
T-action is effective.

e Examples : P" with (S!)"-action.
@ The moment polytope of a toric manifold is a ‘Delzant polytope’ defined
next :
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Toric manifold

@ A toric manifold is a T-Hamiltonian space (M, w, T, ) where M is
compact and connected 2n-dimensional manifold, 7 = (S')", and the
T-action is effective.

e Examples : P" with (S!)"-action.

@ The moment polytope of a toric manifold is a ‘Delzant polytope’ defined
next :

@ A Delzant polytope is a convex polytope A in R” such that

> (simple) there are n edges meeting at a vertex, n=3

it Simpt
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Toric manifold

@ A toric manifold is a T-Hamiltonian space (M, w, T, ) where M is
compact and connected 2n-dimensional manifold, 7 = (S')", and the
T-action is effective.

e Examples : P" with (S!)"-action.
@ The moment polytope of a toric manifold is a ‘Delzant polytope’ defined
next :

@ A Delzant polytope is a convex polytope A in R” such that

> (simple) there are n edges meeting at a vertex,
» (rational) the edges meeting at the vertex p are of the form {p + fu; },>( for
some u; € 7",

Introduction to Symplectic Geometry : Lecture 25 November 24, 2021 9/17



Toric manifold

@ A toric manifold is a T-Hamiltonian space (M, w, T, ) where M is
compact and connected 2n-dimensional manifold, 7 = (S')", and the
T-action is effective.

e Examples : P" with (S!)"-action.
@ The moment polytope of a toric manifold is a ‘Delzant polytope’ defined
next :

@ A Delzant polytope is a convex polytope A in R” such that

> (simple) there are n edges meeting at a vertex,

» (rational) the edges meeting at the vertex p are of the form {p + fu; },>( for
some u; € 7",

» (smooth) for each vertex p the slopes uy, . .., u, of the edges form a
Z-basis of Z".
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Delzant’s theorem

Delzant’s theorem : There is a bijection between
@ the set of 2n-dimensional toric symplectic manifolds (upto equivariant
symplectomorpism),
e the set of Delzant polytopes in R” (up to the action of AGL(n, Z)).
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Delzant’s theorem

Delzant’s theorem : There is a bijection between

@ the set of 2n-dimensional toric symplectic manifolds (upto equivariant
symplectomorpism),
e the set of Delzant polytopes in R” (up to the action of AGL(n, Z)).
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A remark about fixed points

o Let (M,w, T, ;1) be a toric manifold. For a vertex p of u(M), u='(p) is a
point mg in M fixed by the T-action.
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A remark about fixed points

e Let (M,w, T, 1) be a toric manifold. For a vertex p of (M), ! (p) is a
point mg in M fixed by the T-action.

@ The moment map in a neighborhood of my is given by
= p(mo) + 3 5°,(x7 + yiz)&, where yi; € t7 and {y;}; is a Z-basis of

P

tz. CTn pnhocten pi % 09
.. r\.. (P): roh«*’
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A remark about fixed points

e Let (M,w, T, 1) be a toric manifold. For a vertex p of (M), ! (p) is a
point mg in M fixed by the T-action.

@ The moment map in a neighborhood of my is given by
= p(mo) + 3 3°;(x7 + y?) i, where p1; € t and {11;}; is a Z-basis of
t.

e By changing the coordinates in t by an element in in GL(n, Z), {1;}; is
the standard basis of t;.
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A remark about fixed points

e Let (M,w, T, 1) be a toric manifold. For a vertex p of (M), ! (p) is a
point mg in M fixed by the T-action.

@ The moment map in a neighborhood of my is given by
= p(mo) + 3 3°;(x7 + y?) i, where p1; € t and {11;}; is a Z-basis of
t.

e By changing the coordinates in t by an element in in GL(n, Z), {1;}; is
the standard basis of t;.

@ Therefore, a neighborhood of myg is T-equivariantly symplectomorphic to
a neighborhood of the origin in C" with the action CQ‘ M

(9 7~~~a9n) 1 1
(Z17 . e 7Zn) '1—> (6101217 e ,elgnzn).
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A remark about fixed points

e Let (M,w, T, 1) be a toric manifold. For a vertex p of (M), ! (p) is a
point mg in M fixed by the T-action.

@ The moment map in a neighborhood of my is given by
= p(mo) + 3 3°;(x7 + y?) i, where p1; € t and {11;}; is a Z-basis of
t.

e By changing the coordinates in t by an element in in GL(n, Z), {1;}; is
the standard basis of t;.

@ Therefore, a neighborhood of myg is T-equivariantly symplectomorphic to
a neighborhood of the origin in C" with the action

(9 7~~~79n) 1 1
(Z17 . e 7Zn) '1—> (6101Z17 e ,elgnzn).

@ In a toric manifold, fixed points are isolated and map to vertices of the
moment polytope.

Introduction to Symplectic Geometry : Lecture 25 November 24, 2021 11/17



