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Moment polytopes

e Convexity theorem (Atiyah, Guillemin-Sternberg) : Let T = (S')" be a
torus, and let (X, w, T, ) be a compact connected 7-Hamiltonian space.
Then

» the level set 1~ !(c) is connected for any ¢ € t,
» the image 1(X) is convex,
» and p(X) is the convex hull of 1(7-fixed points).
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» the level set 1~ !(c) is connected for any ¢ € t,
» the image 1(X) is convex,
» and p(X) is the convex hull of 1(7-fixed points).

e The image 1 (X) is called the moment polytope of the Hamiltonian
action.
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Moment polytopes

e Convexity theorem (Atiyah, Guillemin-Sternberg) : Let T = (S')" be a
torus, and let (X, w, T, ) be a compact connected 7-Hamiltonian space.
Then

» the level set 1~ !(c) is connected for any ¢ € t,
» the image 1(X) is convex,
» and p(X) is the convex hull of 1(7-fixed points).
e The image 1 (X) is called the moment polytope of the Hamiltonian
action.
@ Last time : examples of moment polytopes for torus actions on P!, P2,
P,
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Moment polytopes

e Convexity theorem (Atiyah, Guillemin-Sternberg) : Let T = (S')" be a
torus, and let (X, w, T, ) be a compact connected 7-Hamiltonian space.
Then

» the level set 1~ !(c) is connected for any ¢ € t,
» the image 1(X) is convex,
» and p(X) is the convex hull of 1(7-fixed points).

e The image 1 (X) is called the moment polytope of the Hamiltonian
action.

@ Last time : examples of moment polytopes for torus actions on P!, P2,
P,

@ Last time : Restricting to the action of a sub-tours 77 C T amounts to
projecting the moment polytope by the map i* : tV — t.
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Quotienting

o Consider the action of T = (S')? on P?

0,,0 , .
[z0 : 21 : 22] AGEDON 20 : €912) : €2

Zz].
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Quotienting

o Consider the action of 7 = (S')? on P2 B_

, . c \\,»*
[z0 : 21 : 22] AGEDON 20 : €¥12; : €®225)]. ——
Pr(x)
Let
T, :={(0,1)eT}, T,:={(1,0)€eT}.
Consider the quotient {ur, = c}/S'. < ’\T = W%— 0 )‘T)
|
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Quotienting
_‘(T’T\ XTZ

o Consider the action of T = (S')? on P?

(9| v92)

20 : 21 : 2] —— [z0 : €912) : €2

Zz].

Let
T, :={0,1)eT}, T,:={(1,0)¢cT}.

lope
Consider the quotient {7, = c}/S'. The moment mg-prfor the residual
action of T is the line segment [0, § — c].

‘/2_
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Quotienting

o Consider the action of T = (S')? on P?

(9|v62)

20 : 21 : 2] —— [z0 : €912) : €2

Zz].

Let
T, :={0,1)eT}, T,:={(1,0)eT}.

Consider the quotient {7, = ¢}/S'. The moment map for the residual
action of T is the line segment [0, 3 — c]. (Later we will see
{ur, = c}/S' =~ P! with form (1 — 2¢)wrs.)
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20 : 21 : 2] —— [z0 : €912) : €2

Zz].
Let
Ty :={(0,1) €T}, T,:={(1,0) € T}.

Consider the quotient {7, = ¢}/S'. The moment map for the residual
action of T is the line segment [0, 3 — c]. (Later we will see
{ur, = c}/S' =~ P! with form (1 — 2¢)wrs.)

@ Quotienting by a subtorus amounts to taking a slice of the moment
polytope.
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Quotienting

o Consider the action of T = (S')? on P?

[z0 : 21 : 22] AN 20 :

Let
T, :={0,1)eT}, T,:={(1,0)eT}.

Consider the quotient {7, = ¢}/S'. The moment map for the residual
action of T is the line segment [0, 3 — c]. (Later we will see
{ur, = c}/S' =~ P! with form (1 — 2¢)wrs.)

@ Quotienting by a subtorus amounts to taking a slice of the moment
polytope.

e Example : Consider the standard action of 7 = (S')? on P3 with moment
map pr = (1, pia, pi3) - P> — R,

(o, o, 18, .0
D5 3 30 v [0 €500 75004
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Quotienting

o Consider the action of T = (S')? on P?

(9|v62)

20121 2] D [z0 1 P17y ¢ €

71 -€ Zz].
Let
Ty :={(0,1) €T}, T,:={(1,0) € T}.

Consider the quotient {7, = ¢}/S'. The moment map for the residual
action of T is the line segment [0, 3 — c]. (Later we will see
{ur, = c}/S' =~ P! with form (1 — 2¢)wrs.)

@ Quotienting by a subtorus amounts to taking a slice of the moment
polytope.

e Example : Consider the standard action of 7 = (S')? on P3 with moment
map pr = (1, po, p3) : P> — R3. The quotient {3 = c}/S' has the
action of the torus T := {(6, 62, 1) € T} with moment polytope ..
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Quotienting

-\( —\ ~ “)l
,—— it
o Consider the action of 7 = (S')? on P2 ,A )
01,0 . :
[z0 : 21 : 22] M 20 : ez e’ezzz].

/
Let

Ty :={(0,1)eT}, Tr:={(1,0)eT}

Consider the quotient {7, = ¢}/S'. The moment map for the residual
action of T is the line segment [0, 3 — c]. (Later we will see
{ur, = c}/S' =~ P! with form (1 — 2¢)wrs.)

@ Quotienting by a subtorus amounts to taking a slice of the moment
polytope.

e Example : Consider the standard action of 7 = (S')? on P3 with moment
map pr = (1, po, p3) : P> — R3. The quotient {3 = c}/S' has the
action of the torus T := {(6, 62, 1) € T} with moment polytope ..
Later we will see {3 = c}/S! =~ (P2, (1 — 2¢)wrs).
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Quotienting

@ Consider the standard action of (S')? on C* with moment map

1
C =R (z,2.23) = = (21 2] 23 ).

P = R @, rersd

nw&er_
(5% (8,5.)e T

Introduction to Symplectic Geometry : Lecture 23 November 17, 2021 4/15



Quotienting
@ Consider the standard action of (S')? on C* with moment map

1
C >R (z,2,2) = 5(\11\27 22|, 123]%).

o Let Ty := {(0,0,0) € T}. The quotient {|z1|* + |z2|> + |z3|* = 1}/T
has the action of the residual torus 7/T} ~ {(1,0;,6,) € T}. The
moment polytope is
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o Let Ty := {(0,0,0) € T}. The quotient {|z1|* + |z2|> + |z3|* = 1}/T
has the action of the residual torus 7/T} ~ {(1,0;,6,) € T}. The
moment polytope is a triangle.
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Quotienting

@ Consider the standard action of (S')? on C* with moment map

1
C >R (z,2,2) = 5(\11\27 22|, 123]%).

o Let Ty := {(0,0,0) € T}. The quotient {|z1|* + |z2|> + |z3|* = 1}/T
has the action of the residual torus 7/T} ~ {(1,0;,6,) € T}. The
moment polytope is a triangle.

@ Performing reduction at a different level, say
{|z11* + |22|* + |z3|* = 2} /T, gives a triangle with twice the dimensions.
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Change of coordinates in the torus

o GL(n,Z) = {A € Myx,(Z) : det(A) = £1}.
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Change of coordinates in the torus

 GL(n,Z) = {A € Myx»(Z) : det(A) = £1}. Anelement A € GL(n,Z)
is a linear map A : R" — R”" with A(Z") C Z".
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Change of coordinates in the torus

® GL(n,7Z) = {A € Myx,(Z) : det(A) = £1}. Anelement A € GL(n,Z)
is a linear map A : R" — R" with A(Z") C Z". So, it descends to
Ya: T — T where T = (S')" = (R/Z)".
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Change of coordinates in the torus

 GL(n,Z) = {A € Myx»(Z) : det(A) = £1}. Anelement A € GL(n,Z)

is a linear map A : R" — R”" with A(Z") C Z". So, it descends to

Ya: T — T where T = (S')" = (R/Z)".
e For a Hamiltonian space (M,w, T, 1) the action
(t,m) — Ya(t)m

——

has moment map
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Change of coordinates in the torus

(a0 € & v wib o & bass

 GL(n,Z) = {A € Myx»(Z) : det(A) = £1}. Anelement A € GL(n,Z)

is a linear map A : R” — R" with A(Z") C Z". So, it descends to
Ya: T — T where T = (S')" = (R/Z)".
e For a Hamiltonian space (M, w, T, ) the action

(t,m) — Ya(t)m
has moment map ; o p1 := A’pu. At
N
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Change of coordinates in the torus

 GL(n,Z) = {A € Myx»(Z) : det(A) = £1}. Anelement A € GL(n,Z)
is a linear map A : R" — R”" with A(Z") C Z". So, it descends to
Ya: T — T where T = (S')" = (R/Z)".

e For a Hamiltonian space (M,w, T, 1) the action

(t,m) — Ya(t)m

has moment map ; o p1 := A’pu.
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Proof of convexity theorem, Part 1

For the proof of the convexity theorem, we follow the paper ‘Convexity and
commuting Hamiltonians’ by Atiyah.
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Proof of convexity theorem, Part 1

For the proof of the convexity theorem, we follow the paper ‘Convexity and
commuting Hamiltonians’ by Atiyah.
Connectedness implies convexity.

@ Idea of proof : If 14(X) is not convex there exist points pg, p; € pu(X)

such that {(1 — )po + tp1 } ¢ p(X). A
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Proof of convexity theorem, Part 1

For the proof of the convexity theorem, we follow the paper ‘Convexity and
commuting Hamiltonians’ by Atiyah.

Connectedness implies convexity.

@ Idea of proof : If 14(X) is not convex there exist points pg, p; € pu(X)
such that {(1 — #)po + tp1} ¢ wu(X). The projection of x(X) in a

direction perpendicular to [pg, p1] is the moment polytope of a subtorus
T; action on X.
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For the proof of the convexity theorem, we follow the paper ‘Convexity and
commuting Hamiltonians’ by Atiyah.
Connectedness implies convexity.

@ Idea of proof : If 14(X) is not convex there exist points pg, p; € pu(X)
such that {(1 — #)po + tp1} ¢ wu(X). The projection of x(X) in a

direction perpendicular to [pg, p1] is the moment polytope of a subtorus
T; action on X.

Ll
@ Proof : First assume that p; = po + 7(1,0,...,0). ( ¢

kv -
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Proof of convexity theorem, Part 1

For the proof of the convexity theorem, we follow the paper ‘Convexity and
commuting Hamiltonians’ by Atiyah.
Connectedness implies convexity.

@ Idea of proof : If 14(X) is not convex there exist points pg, p; € pu(X)
such that {(1 — #)po + tp1} ¢ wu(X). The projection of x(X) in a
direction perpendicular to [pg, p1] is the moment polytope of a subtorus
T; action on X.

@ Proof : First assume that p; = po + 7(1,0,...,0). Let
T,—1:={(1,12,...,t,) € T}. The moment map of the 7,,_; -action is
pr, , = i* o where

PR SR (g, x) (X2, X))
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Proof of convexity theorem, Part 1

For the proof of the convexity theorem, we follow the paper ‘Convexity and
commuting Hamiltonians’ by Atiyah.
Connectedness implies convexity.

@ Idea of proof : If 14(X) is not convex there exist points pg, p; € pu(X)
such that {(1 — #)po + tp1} ¢ wu(X). The projection of x(X) in a
direction perpendicular to [pg, p1] is the moment polytope of a subtorus
T; action on X.

@ Proof : First assume that p; = po + 7(1,0,...,0). Let
T,—1:={(1,12,...,t,) € T}. The moment map of the 7,,_; -action is
pr, , = i* o where

PR SR (g, x) (X2, X))

Then “;”171 ((x2,...,x,)(po)) is disconnected.
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Proof of convexity theorem, Part 1
Connectedness implies convexity.

@ A non-zero vector v € Z" is primitive if there is no pairt € Z~1,V € Z"
such that v = 1/,
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Proof of convexity theorem, Part 1
6,8

Connectedness implies convexity. Y (,0) 15 it PW

@ A non-zero vector v € Z" is t rlmltlve if there is nj palr t E Z>1, Vv ezr
such thatv = n/.  V=LV1~ \\;_;\ VP &

@ Result on lattices : For any Yion-zero pnmlt:‘\:egector v, there is a base
change A € GL(n,Z) such that Av = (1,0,...,0).

\’VZ(\O_;) %A(vh\)\r;):\
%gﬁ:a i B = |

(< &)y =(3)

L

Nead © ?‘_?o = T *‘,%W‘;b\ﬁ\/‘m’\/ TeR
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Proof of convexity theorem, Part 1

Connectedness implies convexity.

@ A non-zero vector v € Z" is primitive if there is no pairt € Z~,V € Z"
such that v = 1/,

@ Result on lattices : For any non-zero primitive vector v, there is a base
change A € GL(n, Z) such that Av = (1,0,...,0).

@ Proof of convexity : By wiggling p;, we can assume that p; — pg € Q",

and so, is a multiple of a primitive vector. L
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Proof of convexity theorem, Part 1

Connectedness implies convexity.

@ A non-zero vector v € Z" is primitive if there is no pairt € Z~,V € Z"
such that v = 1/,

@ Result on lattices : For any non-zero primitive vector v, there is a base
change A € GL(n, Z) such that Av = (1,0,...,0).

@ Proof of convexity : By wiggling p;, we can assume that p; — pg € Q",

and so, is a multiple of a primitive vector. L

The proof of connectedness of fibers of y is by induction on dim(7'). The
base case of T = S’ is proved using Morse theory.
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Detour into Morse theory

e Given a smooth function f : M — R, p is a critical point if df (p) = 0.
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is non-singular.
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Detour into Morse theory

e Given a smooth function f : M — R, p is a critical point if df (p) = 0.

The critical point p is non-degenerate if the Hessian
H, :=Vdf, : T,M ®T,M — R

is non-singular.
o The function f is Morse if all critical points are non-degenerate.

e For a critical point p, the Hessian is symmetric. For a non-degenerate
critical point, H,, has k negative eigen-values and (n — k) positive
eigen-values. Define the index of p as k.
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Detour into Morse theory

e Given a smooth function f : M — R, p is a critical point if df (p) = 0.
The critical point p is non-degenerate if the Hessian

Hy = Vdfy : T,M @ T,M — R

is non-singular.
o The function f is Morse if all critical points are non-degenerate.

@ For a critical point p, the Hessian is symmetric. For a non-degenerate
critical point, H, has k negative eigen-values and (n — k) positive

eigen-values. Define the index of p as £. - Tt ‘"ﬂ' M[m
@ Lemma of Morse : In a neighborhood of critical point p, there are

coordinates (x, ..., x,) such that
F@) =fp) =2 = = g
Wy = 2(7H§
t1
November 17, 2021 8/15
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Detour into Morse theory
a s amar  md (@Y= W

e Given a smooth function f : M — R, p is a critical point if df (p) = 0.
The critical point p is non-degenerate if the Hessian

H, :=Vdf, : T,M ®T,M — R

is non-singular.
o The function f is Morse if all critical points are non-degenerate.

e For a critical point p, the Hessian is symmetric. For a non-degenerate
critical point, H, has k negative eigen-values and (n — k) positive

elgen Values Deﬁne a?% ndex& £ as k. lg“’) - S Dy
emma of l\%rse I elghbo ood of a 1t1ca oint p, there are

coordlnates (x1,...,x,) such that

FO) =fp) = = = g+

@ Observation : Critical points of a Morse function are isolated.
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Detour into Morse theory

@ Classical Morse theory question : How does the homotopy type of

M, :=fY~o00,a] — i; < a,zf.

change as we vary a? Consider the example of the standing torus with f
being the height function. -
~> 5 Mg = @

asp 4 o-cl

PLE<q My = =
cAsK

0-all +1@)

q/éﬁ<}1 M(\: X F
N ,\,—v\-cu\ %ﬂﬁ
O — = W

s<a M=
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Detour into Morse theory

@ Classical Morse theory question : How does the homotopy type of
M, :=f"(—o0,d

change as we vary a? Consider the example of the standing torus with f
being the height function.
@ Theorem :
@ If there are no critical points in [a, b] then M, is diffeomorphic to M,.
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Detour into Morse theory

@ Classical Morse theory question : How does the homotopy type of
M, :=f"(—o0,d

change as we vary a? Consider the example of the standing torus with f
being the height function.
@ Theorem :

@ If there are no critical points in [a, b] then M, is diffeomorphic to M,.
@ Ifa € crit(f) and the index of a is k, M, is homotopy equivalent to
M, with a k-cell attached.
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