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Integrability
Awek™

e Dhivya’s presentation : Let (M, J) bel\complex. It is integrable if and
only if [Tl’o, leo] C Tl,O«
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Integrability

e Dhivya’s presentation : Let (M, J) be complex. It is integrable if and
only if [T, T1 0] C T1,. Equivalently [Ty 1, To.1] C To,1-

e Nijenhius tensor Ny € I'(T*M ® T*M) on an almost complex manifold
is defined as

(v,w) = [v,w] — [Jv,Jw] — J[v, Jw] — J[Jv, w].
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Integrability

e Dhivya’s presentation : Let (M, J) be complex. It is integrable if and
only if [T, T1 0] C T1,. Equivalently [Ty 1, To.1] C To,1-

e Nijenhius tensor Ny € I'(T*M ® T*M) on an almost complex manifold
is defined as

(v,w) = [v,w] — [Jv,Jw] — J[v,Jw] — J[.\Iv,w].
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Integrability

e Dhivya’s presentation : Let (M, J) be complex. It is integrable if and
only if [Tl’o, leo] C Tl,O- Equivalently [To’l, TO,l] C T()’l.

e Nijenhius tensor Ny € I'(T*M ® T*M) on an almost complex manifold
is defined as

(v,w) = [v,w] — [Jv,Jw] — J[v, Jw] — J[Jv, w].

o Ny =0iff [leo, T170] C T170<_—;> j- 15> \’MM '
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Local Kéhler potential

® Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.
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Local Kéhler potential

o Let U C C" be an open set. A function f : U — R is pluri- SL@Earmomc

if (az 37)1 & 18 positive definite. QAJ v
o Claim : Then w := ’88f is a Kéhler form, and f is called a@&%l é‘hler
potential.
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Local Kéhler potential

® Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.

@ Claim: Then w := gaéf is a Kihler form, and f is called a local Kihler
potential.

@ Proof of Claim : Check w € QU1(U),
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Local Kéhler potential

@ Let U C C" be an open set. A function f : U — R is pluri-subharmonic
if (%) ik 1s positive definite.
o Claim : Then w := %OEf is a Kéhler form, and f is called a local K&hler
potential.
@ Proof of Claim : Check w € QV(U), w EQZZ(U, R),
w
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Local Kéhler potential

@ Let U C C" be an open set. A function f : U — R is pluri-subharmonic
if (%) i x 1s positive definite.

@ Claim: Then w := gaéf is a Kihler form, and f is called a local Kihler
potential.

@ Proof of Claim : Check w € QV(U), w € Q*(U,R), dw = dw = 0.
Positive definiteness is given. 0J
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Local Kéhler potential

@ Let U C C" be an open set. A function f : U — R is pluri-subharmonic
if (%) i x 1s positive definite.

o Claim : Then w := gaéf is a Kéhler form, and f is called a local K&hler
potential.

@ Proof of Claim : Check w € QV(U), w € Q*(U,R), dw = dw = 0.
Positive definiteness is given.

O

e Example : f = ||z||*> on C" gives the form
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Local Kéhler potential

@ Let U C C" be an open set. A function f : U — R is pluri-subharmonic
if (%) i x 1s positive definite.

o Claim : Then w := gaéf is a Kéhler form, and f is called a local K&hler
potential.

@ Proof of Claim : Check w € QV(U), w € Q*(U,R), dw = dw = 0.
Positive definiteness is given.

o Example : f = [|z]|? on C" gives the form w = £ Y, dz; A dz;.

O
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Local Kéhler potential

@ Let U C C" be an open set. A function f : U — R is pluri-subharmonic
if (%) ik 1s positive definite.

e Claim : Then w := gaéf is a Kihler form, and f is called a local Kihler
potential.

@ Proof of Claim : Check w € QV(U), w € Q*(U,R), dw = dw = 0.
Positive definiteness is given.

o Example : f = [|z]|? on C" gives the form w = £ Y, dz; A dz;.

e Example P" : On a chart [z9,...,z: = 1,...,z,] take
S =1log(1 + 3, z]?) is alocal Kihler potential (check).

O
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Local Kéhler potential

® Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.

@ Claim : Then w := £90f is a Kihler form, and f is called a local Kihler

potential. ’
@ Proof of Claim : Check w € QV(U), w € Q*(U,R), dw = dw = 0.
Positive definiteness is given. 0J
o Example : f = [|z]|? on C" gives the form w = £ Y, dz; A dz;.
e Example P" : On a chart [z9,...,z: = 1,...,z,] take

f=log(l+3,, |7;|?) is a local Kihler potential (check). The forms on
all the charts patch.
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Kahler form on P”

e Example P" : On a chart [z9, ...,z = 1,...,2,] take
f=log(1+>.,.|z|?) is alocal Kéihlmf)tential (check).
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Kahler form on P”

e Example P" : On a chart [z9, ...,z = 1,...,2,] take
f=log(l+> |7j|?) is a local Kihler potential (check).

@ The forms on all the charts patch:
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Kahler form on P”

e Example P" : On a chart [z9, ...,z = 1,...,2,] take
f=log(l+> |7j|?) is a local Kihler potential (check).

@ The forms on all the charts patch:

e For a holomorphic function ¢ : U — V, U,V C C",
o*(Qm(V)) € (V).
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Kahler form on P”

e Example P" : On a chart [z9, ...,z = 1,...,2,] take
f=1log(1+ Y,z is alocal Kihler potential (check).
@ The forms on all the charts patch:
@ For a holomorphic function ¢ : U — V, U,V C C",
(@ (V) C"(0).| qumd ¢*d=d P*¥
e So, ¢*0 = 0¢*, O =00 djea‘:gd)ee
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Kahler form on P”

e Example P" : On a chart [z9, ...,z = 1,...,2,] take
f=log(l+> |7j|?) is a local Kihler potential (check).
@ The forms on all the charts patch:
e For a holomorphic function ¢ : U — V, U,V C C",
" (V) € Q¥(U).
e So, $*0 = 9¢*, 0 0 =0 .
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Kahler form on P”

e Example P" : On a chart [z9, ...,z = 1,...,2,] take
f=log(l+> |7j|?) is a local Kihler potential (check).

@ The forms on all the charts patch:

e For a holomorphic function ¢ : U — V, U,V C C",
¢*(Q"(V)) C Q(U).

e So, $*0 = 9¢*, 0 0 =0 .

o Identify the chart Uy := {z9 # 0} to C" by

[Tizi:e iz = (21,0, 20)

do the same for any U,.
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Kahler form on P”

@ The map between the charts on Uy and U is given by

¢
Uy — Uy, (Zl,-~-,Zn)'—>(ZO = ,Z2 % S SEES é)
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Kahler form on P”

@ The map between the charts on Uy and U, is given by
¢
Up — Uy, (Zlv"'aZn)H(ZO = Z%azz = %7"'7zn = é)

e The form on Uy is wy := £09log(1 + |z0)* + |z22* + - - - + |za]?).
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Kahler form on P”

@ The map between the charts on Uy and U is given by

]
Uy — Uy, (Zla"~aZn)'_>(Z0-— 722" % z::é).

e The form on Uy is wy := £09log(1 + |z0)* + |z22* + - - - + |za]?).
o Then ¢*w; := $00log(1 + |=> + |22 +--- + |2 )

21
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Kahler form on P”

@ The map between the charts on Uy and U is given by

@
Uy — Uy, (Zl,...,Zn)l—>(Z0 = Z%’ZZ — Z ey Zpn = 71)

Za

e The form on Uy is wy := £09log(1 + |z0)* + |z22* + - - - + |za]?).
o Then ¢*w; := $00log(1 + |=> + |22 +--- + |2 )
=500(log(1 + [z1[* + -+ + |z]*) — log [z1*).
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Kahler form on P”

@ The map between the charts on Uy and U is given by

]
Uy — Uy, (Zla"~aZn)'_>(Z0-— 722" % z::é).

e The form on Uy is wy := £09log(1 + |z0)* + |z22* + - - - + |za]?).
o Then ¢*w; := £001og(1 + ]%]2 + \%\2 +- 4 I%Iz)

=i§5(log(1 + 21> + - + |za]?) — log |z1]?). Note that
ddlog |z > = 0.
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@ The map between the charts on Uy and U is given by

]
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o Then ¢*w; := £001og(1 + ]%]2 + \%\2 +- 4 I%Iz)
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Kahler form on P”

@ The map between the charts on Uy and U is given by

¢
UO_>U1’ (Zl""’Zn)'_)(ZO = %]’Zz = %?"'72}1 = 71)

e The form on Uy is wy := £09log(1 + |z0)* + |z22* + - - - + |za]?).
o Then ¢*w; := $00log(1 + |=> + |22 +--- + |2 )
=199(log(1 + |z1]* + -+ - + |z4[*) — log |z1|?). Note that
00log |z1> = 0. So ¢*w; = wo.
@ This form on P" is called the Fubini-Study form.
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Kahler form on P”

@ The map between the charts on Uy and U is given by

¢
Up— Ui, (Zy,...,2Zy)— (20:= Z%,Zz = %,...,zn = %—’1’)

e The form on Uy is wy := £09log(1 + |z0)* + |z22* + - - - + |za]?).
o Then ¢*w; := £001og(1 + ]%]2 + \%\2 +- 4 I%Iz)

=i§5(log(1 + 21> + - + |za]?) — log |z1]?). Note that
00log |z1> = 0. So ¢*w; = wo.

@ This form on P is called the Fubini-Study form. Homework : Show that
the forom on the symplectic quotient {||z[|*> = 1}/S! is equal to the

Fubini-Study form.
Elah=2af | gt~ Mhaks He fou?
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Properties of Kédhler manifolds

@ Banyaga’s theorem : Let M be a compact complex manifold. Suppose wy
and w; are cohomologous Kihler forms. Then (M, wp) and (M, w) are
symplectomorphic.
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Properties of Kédhler manifolds

@ Banyaga’s theorem : Let M be a compact complex manifold. Suppose wy
and w; are cohomologous Kihler forms. Then (M, wp) and (M, w) are
symplectomorphic.
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Properties of Kédhler manifolds

@ Banyaga’s theorem : Let M be a compact complex manifold. Suppose wy
and w; are cohomologous Kihler forms. Then (M, wp) and (M, w) are
symplectomorphic.

@ A complex submanifold of a Kidhler manifold is Kahler.
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Properties of Kédhler manifolds

@ Banyaga’s theorem : Let M be a compact complex manifold. Suppose wy
and w are cohomologous Kihler forms. Then (M, wp) and (M, w,) are
symplectomorphic.

@ A complex submanifold of a Kidhler manifold is Kahler.

Enough to check that the restriction of the symplectic form is

non-degenerate.
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Properties of Kédhler manifolds

@ Banyaga’s theorem : Let M be a compact complex manifold. Suppose wy
and w are cohomologous Kihler forms. Then (M, wp) and (M, w,) are
symplectomorphic.

@ A complex submanifold of a Kidhler manifold is Kahler.

Enough to check that the restriction of the symplectic form is
non-degenerate.

@ Non-singular projective varieties are symplectic manifolds.
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Blowing up a point

@ As a set, blow-up of the origin in C" is

\ %03
Bly(C") := @ U space of lines through 0.

\$
c ©
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Blowing up a point

@ As a set, blow-up of the origin in C" is

Bly(C") := C" U space of lines through 0.

(%P C gCt

@ As a complex manifold

% Ciopbimed Gvish
Blo(C") = {(z1, -+, 2n), W1 1 -+ s wy] € C" x P12 gowj = zjwVi, j}.

@ There are projections 7 : ]?,IO(C" — C", \T/—TT

7 -3)
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Blowing up a point

@ As a set, blow-up of the origin in C" is

Bly(C") := C" U space of lines through 0.

@ As a complex manifold
Blo(C") = {(z1, -+, 2n), W1 1 -+ s wy] € C" x P12 gowj = zjwVi, j}.

e There are projections 7 : BloC" — C", pr : Bly(C") — CP"~ !,
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Blowing up a point

@ As a set, blow-up of the origin in C" is

Bly(C") := C" U space of lines through 0.

@ As a complex manifold
Blo(C") = {(z1, -+, 2n), W1 1 -+ s wy] € C" x P12 gowj = zjwVi, j}.

e There are projections 7 : BloC" — C", pr : Bly(C") — CP"~ !,
e For A > 0, w
Wy 1= T wgg + N pr wrs BI o()

is a Kihler form on Bly(C"). n-[,/ \/‘”L
¢ e
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Towards a symplectic blow-up
e Lemma : The map F : (Bs\{0},wy) — (Bm\ﬁ,\,ws,d) defined as

z f(HZHZ +A%)!/2
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Towards a symplectic blow-up

e Lemma : The map F : (Bs\{0},wy) — (B\/m\EA,ws,d) defined as

20 (el 4+ )

]
is a symplectomorphism.
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Towards a symplectic blow-up

e Lemma : The map F : (Bs\{0},wy) — (Bm\ﬁ,\,ws,d) defined as
= W(HZHZ + )2

is a symplectomorphism.
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Towards a symplectic blow-up

e Lemma : The map F : (Bs\{0},wy) — (B\/m\ﬁ,\,ws,d) defined as

z= 7(H2H2 + A2

is a symplectomorphism.

@ Proof:
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Towards a symplectic blow-up

Work Coxs ¢ &OH‘ N wr.

e Lemma : The map F : (Bg\{O},W)\) — BW\EA,wS,d) defined as

e W(HZHZ"‘)\Z) =/

is a symplectomorphism.

@ Proof : }\__ " bt C(:Aa
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Towards a symplectic blow-up

e Lemma : The map F : (Bs\{0},wy) — (B\/m\EA,ws,d) defined as

z
= H(HZHZ + )\2)1/2

is a symplectomorphism.

@ Proof:
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