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Splittings of the complexified cotangent bundle

e Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

is the space of complex-valued one-forms.
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e Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

is the space of complex-valued one-forms.
e For x € X, a covector 7, € T;CM isamap 7, : TyM — C. Itis

complex linear if  in, =nxo0J,

and complex anti-linear if in, = —nxoJ.
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Splittings of the complexified cotangent bundle

e Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

is the space of complex-valued one-forms.
e Forx € X, a covector 7, € T;(CM isamap 7, : TyM — C. Itis

complex linear if  in, =nxo0J,

and complex anti-linear if in, = —nxoJ.

@ A co-vector 7, € T ~M splits into complex linear and anti-linear parts,

namely

0 =3 —imold), 't =5n+inol).
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Splittings of the complexified cotangent bundle

e Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

is the space of complex-valued one-forms.
e For x € X, a covector 7, € T;CM isamap 7, : TyM — C. Itis

complex linear if  in, =nxo0J,

and complex anti-linear if in, = —nxoJ.

@ A co-vector 7, € T ~M splits into complex linear and anti-linear parts,
namely

0 =5 —inod), nt=3(n+inol).
o In a similar way, ToM = M & T%'M.
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Splittings of the complexified cotangent bundle

e Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections
(M, TiM) = Q' (M, C)
is the space of complex-valued one-forms.
e For x € X, a covector 7, € T;CM isamap 7, : TyM — C. Itis

complex linear if  in, =nxo0J,

and complex anti-linear if in, = —nxoJ.

@ A co-vector 7, € T ~M splits into complex linear and anti-linear parts,
namely

'’ =tm—inol), ' =3im+inol).
o In a similar way, ToM = T'9M @ 7%'M. The summands 7'M, 7O M
are complex vector bundles.
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Splittings of the complexified cotangent bundle

@ The space of sections
QO(M), resp. QY'(M)

is the space of (1,0)-forms resp. (0, 1)-forms.

@ On a chart U in a complex manifold X with holomorphic charts

Zl’ L aZn,
OMO(M) = {Zfl )dzi : fi : U — C is a smooth map},
0% (m {Zfl (z)dz; : f; : U — C is a smooth map}
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Splittings of the complexified cotangent bundle

@ The space of sections
QO(M), resp. QY'(M)

is the space of (1,0)-forms resp. (0, 1)-forms.

@ On a chart U in a complex manifold X with holomorphic charts

Zl’ L aZn,
OMO(M) = {Zfl )dzi : fi : U — C is a smooth map},
0% (m {Zfl (z)dz; : f; : U — C is a smooth map}

e Here dz; = dx; + idy;, dz; = dx; — idy;.
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Splittings of the complexified tangent bundle

@ A similar discussion applies to the complexified tangent bundle TM & C.
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Splittings of the complexified tangent bundle

@ A similar discussion applies to the complexified tangent bundle TM & C.

@ A tangent vector v € TM ® C is complex linear resp. complex anti-linear
if
Jv=1iv resp. Jv=—iv.

@ There is a splitting TM & T1 oM @ To 1 M.
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Splittings of the complexified tangent bundle

@ A similar discussion applies to the complexified tangent bundle TM & C.

@ A tangent vector v € TM ® C is complex linear resp. complex anti-linear
if
Jv=1iv resp. Jv=—iv.

@ There is a splitting TM & T1 oM @ To 1 M.

@ Onachart (U, z) of a complex manifold,

Ty oU = C*(U,C)-span of {aaz_}i,

Ty U = C*(U, C)-span of {;;}i,

where
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Splittings of the complexified tangent bundle

@ A similar discussion applies to the complexified tangent bundle TM & C.

@ A tangent vector v € TM ® C is complex linear resp. complex anti-linear

if
Jv=1iv resp. Jv=—iv.
@ There is a splitting TM & T1 oM @ To 1 M.

@ Onachart (U, z) of a complex manifold,

Ty oU = C*(U,C)-span of {aaz_}i,

Ty U = C*(U, C)-span of {;;}i,

where

o 1.9 .o, o9 1.0 .0

o~ 2\aw ) m 2w o)
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Splittings of the space of k-forms

@ Let (M,J) be an almost complex manifold. Since
Q'(M,C) = Q"0 0 Q%! we have

M, C) = ) (N A (A0,
l+m=k
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Splittings of the space of k-forms
@ Let (M,J) be an almost complex manifold. Since
Q'(M,C) = Q"0 0 Q%! we have

M, C) = ) (N A (A0,
l+m=k

Define Q(M) := (AIQLO) A (AmQOD).

@ On achart (U, z) of a complex manifold,

Ql’m(M) — COO(U7 (C)_span of {dZL VAN dZM : ’L’ = l? ’M‘ = m}
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Splitting of the exterior derivative

@ On C®(M,C),d = 0 + 0, where

9:=n00od, d=1%"0d.
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Splitting of the exterior derivative

@ On C®(M,C),d = 0 + 0, where
9:=n00od, d=1%"0d.

S0d: C®(M,C) = QYOM),d: C®(M,C) — Q¥(M).
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Splitting of the exterior derivative

@ On C®(M,C),d = 0 + 0, where
9:=n00od, d=1%"0d.

S0d: C®(M,C) = QYOM),d: C®(M,C) — Q¥(M).

@ Onachart (U, z) of a complex manifold

of = Z gfidzi, of = Z gidzi.
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Splitting of the exterior derivative

@ Show that for any w € Q""(M), dw € Q1" (M) @ QP +1(M).

Introduction to Symplectic Geometry : Lecture 18 October 18, 2021 7/11



Splitting of the exterior derivative

o Show that for any w € Q""(M), dw € QFTV"(M) @ Q1 (M). We
denote _
ow := 7rl+1’m(dw), ow := ﬂl’m+1(dw),

and thus, d = 9 + O for all forms on a complex manifold.
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Splitting of the exterior derivative

o Show that for any w € Q""(M), dw € QFTV"(M) @ Q1 (M). We
denote _
ow := 7rl+1’m(dw), ow := ﬂl’m+1(dw),

and thus, d = 9 + O for all forms on a complex manifold.

@ On a complex manifold, 8> = 0, 52 =0,00+ 90 =0.
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Kahler manifold

@ (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.
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Kahler manifold

@ (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.
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Kahler manifold

@ (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.

@ (Complex viewpoint) : A Kéhler manifold is a complex manifold (M, J)
with a Hermitian metric & for which the ‘associated 2-form w’ is closed.
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Kahler manifold

@ (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.

@ (Complex viewpoint) : A Kéhler manifold is a complex manifold (M, J)
with a Hermitian metric & for which the ‘associated 2-form w’ is closed.

@ A Hermitian metric H on a complex manifold is point-wise a positive
definite sesquilinear product

H,: TX7CM X Tx@M — C.
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Kahler manifold

@ (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.

@ (Complex viewpoint) : A Kéhler manifold is a complex manifold (M, J)
with a Hermitian metric & for which the ‘associated 2-form w’ is closed.

@ A Hermitian metric H on a complex manifold is point-wise a positive
definite sesquilinear product

H,: TX7CM X Tx@M — C.

On TM, h = g + iw where g is a Riemannian metric and w € Q*(M,R)
is a non-degenerate 2-form.
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Kahler manifold

@ (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.

@ (Complex viewpoint) : A Kéhler manifold is a complex manifold (M, J)
with a Hermitian metric & for which the ‘associated 2-form w’ is closed.

@ A Hermitian metric H on a complex manifold is point-wise a positive
definite sesquilinear product

H,: TX7CM X Tx@M — C.

On TM, h = g + iw where g is a Riemannian metric and w € Q*(M,R)
is a non-degenerate 2-form. (Check : J is w-compatible.)

@ Result : A manifold has an almost complex structure iff it has a
non-degenerate 2-form.
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From complex to Kéhler
On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the

following are satisfied:
@ w is J-invariant
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From complex to Kéhler
On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the

following are satisfied:
@ wis J-invariant < w € Qb(M).

Introduction to Symplectic Geometry : Lecture 18 October 18, 2021 9/11



From complex to Kéhler
On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the

following are satisfied:
® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
o we N*(M,R)
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
Qo wE QZ(M, R) =4 hjk = Ekj'
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
Qo wE QZ(M, R) =4 hjk = Ekj'
@ dw=0
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
Qo wE QZ(M,R) =4 hjk :Ekj'
0 dw=0% 0w = 0w =0.
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
Qo wE QZ(M, R) =4 hjk = Ekj'

0 dw=0% 0w=0w=0.

@ w is non-degenerate
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
Qo wE QZ(M, R) =4 hjk = Ekj'

0 dw=0% 0w=0w=0.

@ w is non-degenerate < det(hj(z))jx # 0.

e Jis w-tame
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:
® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
w € QZ(M, R) =4 hjk = Ekj'
dw =04 0w = 0w = 0.
w is non-degenerate < det(hj(z))jx # 0.
J is w-tame < (hjx(z)); « is positive definite.
Proof of last item : For v € TM, vy o := 3(v — v ® i),
Vo1 1= 5 (v+ v ®i).
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:
® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
w € QZ(M, R) =4 hjk = Ekj'
dw =0 0w = 0w = 0.
w is non-degenerate < det(hj(z))jx # 0.
J is w-tame < (hjx(z)); « is positive definite.
Proof of last item : For v € TM, vy o := 3(v — v ® i),
Vo1 1= (v 4+ v @i). wv, v) = —2iw(vi 9, vo,1).
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the

following are satisfied:
® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
Qo wE QZ(M, R) =4 hjk = Ekj'

dw =0 0w = 0w =0

w is non-degenerate < det(hj(z))jx # 0.

J is w-tame < (hjx(z)); « is positive definite.

Proof of lastitem : Forv € TM, vi o 1= 3(v — Jv ® i),

Vo1 1= (v H+ IV ®i). wv, Jv) = 72zw(v1,o,v071).

@ Letv= Zj vjOy, + w;j0y.. Then

Vip = g vjOy +iwj0y,  vo1 = g ;0 — iw;0s
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

® wis J-invariant & w € QV'(M). Letw = 3, hix(2)dzj A dz.
Qo wE QZ(M, R) =4 hjk = Ekj'

dw =04 0w=0w=0

w is non-degenerate < det(hj(z))jx # 0.

J is w-tame < (hjx(z)); « is positive definite.

Proof of lastitem : Forv € TM, vi o 1= 3(v — Jv ® i),

Vo1 = (v+Jv® ). wv,Jv) = 72zw(v1,o,v071).

@ Letv= Zj vjOy, + w;j0y.. Then

Vip = g vjOy +iwj0y,  vo1 = g ;0 — iw;0s

So, —2iw(v170, V()yl) = (V + iw)*h(v + iW). L]
Thus for any point z, (hjx(z));« is a positive definite Hermitian matrix.
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Local Kéhler potential

© Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.
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Local Kéhler potential

© Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.

o Claim: Then w := %Ggf is a Kéhler form, and f is called a local Kihler
potential.
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Local Kéhler potential

© Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.

o Claim: Then w := %Ggf is a Kéhler form, and f is called a local Kihler
potential.

@ Proof of Claim : Check w € QU1(U),
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Local Kéhler potential

© Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.

o Claim: Then w := %Ggf is a Kéhler form, and f is called a local Kihler
potential.

@ Proof of Claim : Check w € Q! (U), w € Q*(U,R),
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Local Kéhler potential

@ Let U C C" be an open set. A function f : U — R is pluri-subharmonic
if (%) i x 1s positive definite.

o Claim: Then w := %Ggf is a Kéhler form, and f is called a local Kihler
potential.

@ Proof of Claim : Check w € QV(U), w € Q*(U,R), Ow = dw = 0.
Positive definiteness is given. O
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Local Kéhler potential

@ Let U C C" be an open set. A function f : U — R is pluri-subharmonic
if (%) i x 1s positive definite.

o Claim : Then w := %Ggf is a Kéhler form, and f is called a local K&hler
potential.

@ Proof of Claim : Check w € QV(U), w € Q*(U,R), Ow = dw = 0.
Positive definiteness is given. O

e Example : f = ||z||*> on C" gives the form
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Local Kéhler potential

@ Let U C C" be an open set. A function f : U — R is pluri-subharmonic
if (%) i x 1s positive definite.

o Claim : Then w := %Ggf is a Kéhler form, and f is called a local K&hler
potential.

@ Proof of Claim : Check w € QV(U), w € Q*(U,R), Ow = dw = 0.
Positive definiteness is given. O

o Example : f = [|z]|? on C" gives the form w = £ Y, dz; A dz;.
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Local Kéhler potential

© Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.

@ Claim : Then w := £90f is a Kihler form, and f is called a local Kihler

potential. ’
@ Proof of Claim : Check w € QV(U), w € Q*(U,R), Ow = dw = 0.
Positive definiteness is given. O
o Example : f = [|z]|? on C" gives the form w = £ Y, dz; A dz;.
e Example P" : On a chart [z9,...,z: = 1,...,z,] take

S =1log(1 + 3, z]?) is alocal Kihler potential (check).
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Local Kéhler potential

© Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.

@ Claim : Then w := £90f is a Kihler form, and f is called a local Kihler

potential. ’
@ Proof of Claim : Check w € QV(U), w € Q*(U,R), Ow = dw = 0.
Positive definiteness is given. O
o Example : f = [|z]|? on C" gives the form w = £ Y, dz; A dz;.
e Example P" : On a chart [z9,...,z: = 1,...,z,] take

f=log(l+3,, |7j|?) is a local Kihler potential (check). The forms on
all the charts patch.
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Local Kéhler potential

© Let U C C" be an open set. A function f : U — R is pluri-subharmonic
52
if (%)j,k is positive definite.

@ Claim : Then w := £90f is a Kihler form, and f is called a local Kihler

potential. ’
@ Proof of Claim : Check w € QV(U), w € Q*(U,R), Ow = dw = 0.
Positive definiteness is given. O
o Example : f = [|z]|? on C" gives the form w = £ Y, dz; A dz;.
e Example P" : On a chart [z9,...,z: = 1,...,z,] take

f=log(l+3,, |7j|?) is a local Kihler potential (check). The forms on
all the charts patch.
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Local Kéhler potential

e Example P" : On a chart [z9,...,zi = 1,...,z,] take
S =1log(1 + 3, 1z]?) is a local Kihler potential (check).
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Local Kéhler potential

e Example P" : On a chart [z9,...,zi = 1,...,z,] take
S =1log(1 + 3, 1z]?) is a local Kihler potential (check).
@ The forms on all the charts patch:
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Local Kéhler potential

e Example P" : On a chart [z9,...,zi = 1,...,z,] take
f=log(1+3 ., |7j|?) is a local Kihler potential (check).

@ The forms on all the charts patch:

@ Identify the chart Uy := {zp # 0} to C" by

(Tizy o izal = (2150, 20)

do the same for any U,.
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Local Kéhler potential

e Example P" : On a chart [z9,...,zi = 1,...,z,] take
f=log(1+3 ., |7j|?) is a local Kihler potential (check).

@ The forms on all the charts patch:

@ Identify the chart Uy := {zp # 0} to C" by

(Tizy o izal = (2150, 20)

do the same for any U,.
@ The map between the charts on Uy and U is given by

¢
Up = Uy, (Zi,...,Z,) — (20 := 1,12 2. 2= D).

Zy’
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Local Kéhler potential

e Example P" : On a chart [z9,...,zi = 1,...,z,] take
S =1log(1 + 3, 1z]?) is a local Kihler potential (check).
@ The forms on all the charts patch:
@ Identify the chart Uy := {zp # 0} to C" by
[1 VAR :Zn] H(Zla"wZH)
do the same for any U,.

@ The map between the charts on Uy and U is given by

1 Z Zy )

¢
Uy = Uy, (Zi,...,Zy) — (20 := 7Rz = 7))

e The form on Uy is wy := £001log(1 + |20 + |z2|* + -+ - + [za[?).
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Local Kéhler potential

e Example P" : On a chart [z9,...,zi = 1,...,z,] take
S =1log(1 + 3, 1z]?) is a local Kihler potential (check).
@ The forms on all the charts patch:
@ Identify the chart Uy := {zp # 0} to C" by
[1 VAR :Zn] H(Zla"wZH)
do the same for any U,.

@ The map between the charts on Uy and U is given by

¢
Uo = Ut (ZisoZn) = (0= 222 5= 2,020 = 2.

o The form on Uj is wi := £881log(1 + |z0]? + |22]* + -+ + |z]?).
e Then ¢*w; := $00log(1 + ]%]24— \%‘2 N |%|2)
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Local Kéhler potential

e Example P" : On a chart [z9,...,zi = 1,...,z,] take
S =1log(1 + 3, 1z]?) is a local Kihler potential (check).
@ The forms on all the charts patch:
o Identify the chart Uy := {z9 # 0} to C" by
[1 VAR :Zn] H(Zla"wZH)
do the same for any U,.

@ The map between the charts on Uy and U is given by

1 Z Zy )

¢
U= U, (Z,....Z) = (0= 7,22 = F,. ., 2n = 7).

e The form on Uy is wy := £001log(1 + |20 + |z2|* + -+ - + [za[?).
@ Then ¢*w; := 5001og(1 + ]%]2 + \%\2 +- |§T|2)
=500(log(1 + |z1]* + - - - + |za]*) — log |z1*).
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Local Kéhler potential

e Example P" : On a chart [z9,...,zi = 1,...,z,] take
f=log(1+3 ., |7j|?) is a local Kihler potential (check).

@ The forms on all the charts patch:

@ Identify the chart Uy := {zp # 0} to C" by

[1 VAR :Zn] H(Zla"wZH)
do the same for any U,.
@ The map between the charts on Uy and U is given by

¢
Up = Ui, (Zi,....2,) = (20 = le,Zz % yZn = %—’1’)

o The form on Uj is wi := £881log(1 + |z0]? + |22]* + -+ + |z]?).
o Then g*w i= 300 log(1 + | + |2+ + |2)
=500(log(1 + |z1|* + - - - + [za[*) — log |z1]?). Note that
d0log |z1|> = 0.
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Local Kéhler potential

e Example P" : On a chart [z9,...,zi = 1,...,z,] take
f=log(1+3 ., |7j|?) is a local Kihler potential (check).

@ The forms on all the charts patch:

o Identify the chart Uy := {z9 # 0} to C" by

[1 VAR :Zn] H(Zla"wZH)
do the same for any U,.
@ The map between the charts on Uy and U is given by

¢
Up = Ui, (Zi,....2,) = (20 = le,Zz % yZn = %—’1’)

@ The form on U; is wy := %8510g(1 + |20+ |22 + - + |z,
@ Then ¢*w; := 500 1og(1 + ]%]2 2P+ 2P
=500(log(1 + |z1|* + - - - + [za[*) — log |z1]?). Note that
00 IOg ’Z] ’2 =0. So ¢*w1 = wyp.
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