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Recall : A moment map for a non-Abelian group

Result : The standard action of U(n) on (Cn, ωstd) is

µ : Cn → u(n)∨, z 7→ i
2 zz∗.

u(n) = {A ∈ Rn×n : A + A∗ = 0}.
Identify u(n)∨ to u(n) via the Ad-invariant inner product
(A,B) = trace(A∗B).
Consider the subset of diagonal matrices

T = {A ∈ U(n) : A is diagonal}

.
Claim : µ is a moment map for the T-action.
In other words, µT := i∗ ◦ µ is a moment map for the T-action on Cn.
Here i∗ is the dual of the inclusion i : t→ u(n), so is equal to the
projection of u(n) to its diagonal entries.
We have µT : Cn → iRn is z 7→ i

2 diag(|z1|2, . . . , |zn|2). The Claim is
thus true.
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A moment map for a non-Abelian group

A restatement of the Claim : The equation dµξ = −iξMω holds if ξ ∈ t∨.

Result : The standard action of U(n) on (Cn, ωstd) is

µ : Cn → u(n)∨, z 7→ i
2 zz∗.

Proof of result : µ is U(n)-equivariant.

AdU(n) t = u(n).

For any ξ ∈ u(n), and g ∈ U(n),
dµξ = −iξMω iff L∗gdµξ = −L∗g(iξMω)
iff dµAdg−1 ξ = idL−1

g (ξM)ω

iff the moment equation holds for Adg−1 ξ.

The result follows because the Ad-orbit of any ξ ∈ u(n) intersects t.
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A moment map for a non-Abelian group

Result : The standard action of U(k) on (Ck, ωstd) is

µ : Ck → u(k)∨, z 7→ i
2 zz∗.

Result : Let k ≤ n. The standard action of U(k) on (Ck×n, ωstd) is

µ : Ck×n → u(k)∨, A 7→ i
2 AA∗.

We may translate by an element in the center of u(k)∨ to get

µ : Ck×n → u(k)∨, A 7→ i
2(AA∗ − Id).

µ−1(0) = {A ∈ Ck×n : AA∗ = Id}, and the quotient

{A ∈ Ck×n : AA∗ = Id}/U(k)

is the Grassmanian Gr(k, n) of k-planes in Cn.
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Splittings of the complexified cotangent bundle

Let (M, J) be an almost complex manifold. Consider the complexified
bundle T∗CM = T∗M ⊗ C. The space of sections

Γ(M,T∗CM) = Ω1(M,C)

is the space of complex-valued one-forms.

For x ∈ X, a covector ηx ∈ T∗x,CM is a map ηx : TxM → C. It is

complex linear if iηx = ηx ◦ J,

and complex anti-linear if iηx = −ηx ◦ J.

A co-vector ηx ∈ T∗x,CM splits into complex linear and anti-linear parts,
namely

η1,0
x = 1

2(η − iη ◦ J), η0,1
x = 1

2(η + iη ◦ J).

In a similar way, T∗CM = T1,0M ⊕ T0,1M. The summands T1,0M, T0,1M
are complex vector bundles.
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Splittings of the complexified cotangent bundle

The space of sections

Ω1,0(M), resp. Ω0,1(M)

is the space of (1, 0)-forms resp. (0, 1)-forms.

On a chart U in a complex manifold X with holomorphic charts
z1, . . . , zn,

Ω1,0(M) = {
∑

i

fi(z)dzi : fi : U → C is a smooth map},

Ω0,1(M) = {
∑

i

fi(z)dzi : fi : U → C is a smooth map}

Here dzi = dxi + idyi, dzi = dxi − idyi.
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Splittings of the complexified tangent bundle

A similar discussion applies to the complexified tangent bundle TM ⊗ C.

A tangent vector v ∈ TM ⊗C is complex linear resp. complex anti-linear
if

Jv = iv resp. Jv = −iv.

There is a splitting TM ⊗ T1,0M ⊕ T0,1M.

On a chart (U, z) of a complex manifold,

T1,0U = C∞(U,C)-span of { ∂
∂zi
}i,

T0,1U = C∞(U,C)-span of { ∂
∂zi
}i,

where
∂

∂zi
=

1
2

(
∂

∂xi
− i

∂

∂yi
),

∂

∂zi
=

1
2

(
∂

∂xi
+ i

∂

∂yi
).

Introduction to Symplectic Geometry : Lecture 18 October 18, 2021 7 / 13



Splittings of the complexified tangent bundle

A similar discussion applies to the complexified tangent bundle TM ⊗ C.

A tangent vector v ∈ TM ⊗C is complex linear resp. complex anti-linear
if

Jv = iv resp. Jv = −iv.

There is a splitting TM ⊗ T1,0M ⊕ T0,1M.

On a chart (U, z) of a complex manifold,

T1,0U = C∞(U,C)-span of { ∂
∂zi
}i,

T0,1U = C∞(U,C)-span of { ∂
∂zi
}i,

where
∂

∂zi
=

1
2

(
∂

∂xi
− i

∂

∂yi
),

∂

∂zi
=

1
2

(
∂

∂xi
+ i

∂

∂yi
).

Introduction to Symplectic Geometry : Lecture 18 October 18, 2021 7 / 13



Splittings of the complexified tangent bundle

A similar discussion applies to the complexified tangent bundle TM ⊗ C.

A tangent vector v ∈ TM ⊗C is complex linear resp. complex anti-linear
if

Jv = iv resp. Jv = −iv.

There is a splitting TM ⊗ T1,0M ⊕ T0,1M.

On a chart (U, z) of a complex manifold,

T1,0U = C∞(U,C)-span of { ∂
∂zi
}i,

T0,1U = C∞(U,C)-span of { ∂
∂zi
}i,

where

∂

∂zi
=

1
2

(
∂

∂xi
− i

∂

∂yi
),

∂

∂zi
=

1
2

(
∂

∂xi
+ i

∂

∂yi
).
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Splittings of the space of k-forms

Let (M, J) be an almost complex manifold. Since
Ω1(M,C) = Ω1,0 ⊕ Ω0,1, we have

Ωk(M,C) =
∑

l+m=k

(∧lΩ1,0) ∧ (∧mΩ0,1).

Define Ωl,m(M) := (∧lΩ1,0) ∧ (∧mΩ0,1).

On a chart (U, z) of a complex manifold,

Ωl,m(M) = C∞(U,C)-span of {dzL ∧ dzM : |L| = l, |M| = m}
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Splitting of the exterior derivative

On C∞(M,C), d = ∂ + ∂, where

∂ := π1,0 ◦ d, ∂ = π0,1 ◦ d.

So ∂ : C∞(M,C)→ Ω1,0(M), ∂ : C∞(M,C)→ Ω0,1(M).

On a chart (U, z) of a complex manifold

∂f =
∑

i

∂f
∂zi

dzi, ∂f =
∑

i

∂f
∂zi

dzi.
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Splitting of the exterior derivative

Show that for any ω ∈ Ωl,m(M), dω ∈ Ωl+1,m(M)⊕ Ωl,m+1(M).

We
denote

∂ω := πl+1,m(dω), ∂ω := πl,m+1(dω),

and thus, d = ∂ + ∂ for all forms on a complex manifold.

On a complex manifold, ∂2 = 0, ∂
2

= 0, ∂∂ + ∂∂ = 0.
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Kähler manifold

(Symplectic viewpoint) : A Kähler manifold is a symplectic manifold
(M, ω) and an ω-compatible almost complex structure such that (M, J) is
a complex manifold.

Such a J is called ‘integrable’.

(Complex viewpoint) : A Kähler manifold is a complex manifold (M, J)
with a Hermitian metric h for which the ‘associated 2-form ω’ is closed.

A Hermitian metric H on a complex manifold is point-wise a positive
definite sesquilinear product

Hx : Tx,CM × Tx,CM → C.

On TM, h = g + iω where g is a Riemannian metric and ω ∈ Ω2(M,R)
is a non-degenerate 2-form. (Check : J is ω-compatible.)

Result : A manifold has an almost complex structure iff it has a
non-degenerate 2-form.
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From complex to Kähler

On a complex manifold (M, J), ω ∈ Ω2(M,C) is a Kähler form if the
following are satisfied:

ω is J-invariant

⇔ ω ∈ Ω1,1(M). Let ω = i
2
∑

j,k hjk(z)dzj ∧ dzk.

ω ∈ Ω2(M,R)⇔ hjk = hkj.

dω = 0⇔ ∂ω = ∂ω = 0.

ω is non-degenerate⇔ det(hjk(z))j,k 6= 0.

J is ω-tame⇔ (hjk(z))j,k is positive definite.

Thus for any point z, (hjk(z))j,k is a positive definite Hermitian matrix.
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