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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is

p:C"—u(n)Y, z— izz"
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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is
p:C"—u(n)Y, z— izz"

o u(n) ={A e R : A4+ A" =0}.
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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is
p:C"—u(n)Y, z— izz"

o u(n) ={A e R : A4+ A" =0}.
o Identify u(n)" to u(n) via the Ad-invariant inner product
(A, B) = trace(A*B). M) —> M ny”
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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is
p:C"—u(n)Y, z— izz"
o u(n) ={A e R : A4+ A" =0}.
o Identify u(n)" to u(n) via the Ad-invariant inner product
(A, B) = trace(A*B).
@ Consider the subset of diagonal matrices

T ={A € U(n) : A is diagonal }
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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is
p:C"—u(n)Y, z— izz"

o u(n) ={A e R : A4+ A" =0}.

o Identify u(n)" to u(n) via the Ad-invariant inner product
(A, B) = trace(A*B).

@ Consider the subset of diagonal matrices

T ={A € U(n) : A is diagonal }

o Claim : i is a moment map for the T-action.
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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is
p:C"—u(n)Y, z— izz"

u(n) ={A e R : A+ A* = 0}.

Identify u(n)" to u(n) via the Ad-invariant inner product
(A, B) = trace(A*B).

@ Consider the subset of diagonal matrices

T ={A € U(n) : A is diagonal }

Claim : p is a moment map for the 7-action.
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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is
p:C"—u(n)Y, z— izz"

u(n) ={A e R : A+ A* = 0}.

Identify u(n)" to u(n) via the Ad-invariant inner product

(A, B) = trace(A*B).

@ Consider the subset of diagonal matrices

T ={A € U(n) : A is diagonal }

Claim : p is a moment map for the 7-action.
In other words, p7 := i* o i is a moment map for the T-action on C".
@ Here i* is the dual of the inclusion i : t — u(n),
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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is
p:C"—u(n)Y, z— izz"

u(n) ={A e R : A+ A* = 0}.

Identify u(n)" to u(n) via the Ad-invariant inner product

(A, B) = trace(A*B).

@ Consider the subset of diagonal matrices

T ={A € U(n) : A is diagonal }

Claim : p is a moment map for the 7-action.

In other words, p7 := i* o i is a moment map for the T-action on C".
@ Here i* is the dual of the inclusion i : t — u(n), so is equal to the
projection of u(n) to its diagonal entries.
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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is
p:C" = u(n)Y, z— izz"

o un)={AeR™:A+A" =0} %12(5,, “3“\
o Identify u(n)" to u(n) via the Ad-invariant inner pr%ﬂ ct

(A, B) = trace(A*B).
@ Consider the subset of diagonal matrices

T ={A € U(n) : A is diagonal }

o Claim : i is a moment map for the T-action.

@ In other words, pur := i* o p is a moment map for the T-action on C".

@ Here i* is the dual of the inclusion i : t — u(n), so is equal to the
projection of u(n) to its diagonal entries.

o We have pu7 : C" — iR" is z — 4 diag (|21, . .., |z |?).
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Recall : A moment map for a non-Abelian group

@ Result : The standard action of U(n) on (C", wyy) is
p:C"—u(n)Y, z— izz"

o u(n) ={A e R : A4+ A" =0}.

o Identify u(n)" to u(n) via the Ad-invariant inner product
(A, B) = trace(A*B).

@ Consider the subset of diagonal matrices

T ={A € U(n) : A is diagonal }

o Claim : i is a moment map for the T-action.

@ In other words, pur := i* o p is a moment map for the T-action on C".

@ Here i* is the dual of the inclusion i : t — u(n), so is equal to the
projection of u(n) to its diagonal entries.

e We have yi7 : C" — iR" is z +— £ diag(|z1]?, ..., |zu|?). The Claim is
thus true.
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A moment map for a non-Abelian group

o A restatement of the Claim : The equation djie = —ig, w holds if £ € t".
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A moment map for a non-Abelian group

o A restatement of the Claim : The equation djie = —ig, w holds if £ € t".
@ Result : The standard action of U(n) on (C", wyy) is

p:C"—u(n)Y, z— izz"

@ Proof of result : v is U(n)-equivariant.
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A moment map for a non-Abelian group

o A restatement of the Claim : The equation djie = —ig, w holds if £ € t".
@ Result : The standard action of U(n) on (C", wyy) is

p:C"—u(n)Y, z— izz"

@ Proof of result : v is U(n)-equivariant.
o AdU(n) t= u(n)
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A moment map for a non-Abelian group

o A restatement of the Claim : The equation djie = —ig, w holds if £ € t".
@ Result : The standard action of U(n) on (C", wyy) is
p:C"—u(n)Y, z— izz"

@ Proof of result : v is U(n)-equivariant.
o AdU(n) t= u(n)
@ Forany ¢ € u(n), and g € U(n),

dpe = —ig,w iff Lydpe = —Lg (ig,w)
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A moment map for a non-Abelian group

o A restatement of the Claim : The equation djie = —ig, w holds if £ € t".
@ Result : The standard action of U(n) on (C", wyy) is

p:C"—u(n)Y, z— izz"

@ Proof of result : v is U(n)-equivariant.
o AdU(n) t= u(n)
@ Forany ¢ € u(n), and g € U(n),
dpe = —ig,w iff Lydpe = —Lg (ig,w)
iff d,uAdg_] &= idLgl(fM)w
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A moment map for a non-Abelian group

o A restatement of the Claim : The equation djie = —ig, w holds if £ € t".
@ Result : The standard action of U(n) on (C", wyy) is

p:C"—u(n)Y, z— izz"
@ Proof of result : 4 is U(n)-equivariant.

o AdU(n) t_: u(n)
e For any u(n), and g € U(n),

dpe = —ig,w iff Lydpe = —Lg (ig,w)
iff d,uAdg_] &= ldLgl(fM)w
iff the moment equation holds for Ad,-1 &.

@ The result follows because the Ad-orbit of any £ € u(n) intersects t.
Adt = m(n)
fewy  €14-0
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A moment map for a non-Abelian group

@ Result : The standard action of U(k) on (CF,wyy) is

s CE— u(k)Y,

B
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A moment map for a non-Abelian group

@ Result : The standard action of U(k) on (CF,wyy) is
p:C = uk)Y, ze Lz*
@ Result : Let k < n. The standard action of U(k) on (CK*" wyy) is
p s G u(k)V, A faar,

«JU N S, 6

‘\—-\>
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—— p=Ptha
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A moment map for a non-Abelian group

@ Result : The standard action of U(k) on (CF,wyy) is
p:C = uk)Y, ze Lz*
@ Result: Let k < n. The standard action of U(k) on (C**", wy) is
o Com s u(k)Y, A LAAT
e We may translate by an element in the center of u(k)" to get

p:C s u(k)Y, A L(AA* - 1d).
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A moment map for a non-Abelian group

@ Result : The standard action of U(k) on (CF,wyy) is
p:C = uk)Y, ze Lz*
@ Result: Let k < n. The standard action of U(k) on (C**", wy) is
o Com s u(k)Y, A LAAT
e We may translate by an element in the center of u(k)" to get
p:C s u(k)Y, A L(AA* - 1d).
o 1~ 1(0) = {A € CF" . AA* = Id}, and the quotient
{A € C*": AA* = 1d}/U (k)

is the Grassmanian Gr(k, n) of k-planes in C".
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Splittings of the complexified cotangent bundle

e Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

dw\ = In

is the space of complex-valued one-forms.
= R = 4n
=z 1o dei C

v =)
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Splittings of the complexified cotangent bundle

@ Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

is the space of complex-valued one-forms.
e Forx € X, a covector 1)y € T oM is amap 7, : T.M — C.
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Splittings of the complexified cotangent bundle

@ Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

is the space of complex-valued one-forms.
e For x € X, a covector 7, € T;CM isamap 7, : TyM — C. Itis

complex linear if  in, =nxoJ,

and complex anti-linear if in, = —nxoJ.
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Splittings of the complexified cotangent bundle

@ Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

is the space of complex-valued one-forms.
e For x € X, a covector 7, € T;(CM isamap 7, : TyM — C. Itis

complex linear if  in, =nxoJ,

and complex anti-linear if in, = —nxoJ.

@ A co-vector 7, € T} ~M splits into complex linear and anti-linear parts,

namely

0 =3 —imold), 't =5n+inol).
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Splittings of the complexified cotangent bundle

@ Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

is the space of complex-valued one-forms.
e For x € X, a covector 7, € T;CM isamap 7, : TyM — C. Itis

complex linear if  in, =nxoJ,

and complex anti-linear if in, = —nxoJ.

@ A co-vector 7, € T} ~M splits into complex linear and anti-linear parts,
namely

' =3 —inod), P =75mn+inol).
o In a similar way, ToM = 7'M & T%'M.
— |
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Splittings of the complexified cotangent bundle

@ Let (M,J) be an almost complex manifold. Consider the complexified
bundle To:M = T*M ® C. The space of sections

(M, TiM) = Q' (M, C)

is the space of complex-valued one-forms.
e For x € X, a covector 7, € T;CM isamap 7, : TyM — C. Itis

complex linear if  in, =nxoJ,

and complex anti-linear if in, = —nxoJ.

@ A co-vector 7, € T} ~M splits into complex linear and anti-linear parts,
namely

' =5 —inold), it =3n+inol).
o In a similar way, ToM = 7'M @ T%'M. The summands 7100, 79!
are complex vector bundles. ’Y*ﬂ ja'g “\ 0 '/\ Y —YOxl ‘/\
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Splittings of the complexified cotangent bundle

@ The space of sections &V\ T\)ﬁ V\S M V('ﬂ To' )
QOM), resp. QY'(M)

is the space of (1,0)-forms resp. (0, 1)-forms.

@ On a chart U in a complex manifold X with holomorphic charts

2y Zno
OMO(M) = {Zf’ : U — Cis a smooth map},
Q% (M {Zf, dZ,-:ﬁ: U — C is a smooth map}
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Splittings of the complexified cotangent bundle

@ The space of sections 9\\<T\ 0 M
QOM), resp. QY'(M) =M

is the space of (1,0)-forms resp. (0, 1)-forms.

@ On a chart U in a complex manifold X with holomorphic charts

Ty vy Zns C\/\ I CL\‘K\«Z(—

OMO(M) = {Zfl )dzi : fi : U — C is a smooth map},
=
Q% (m {Zf, )dZ; : fi - U — C is a smooth map}
o Here dz; = dx; + idy;, dz; = dx; — idy;. ()DL: L\/T \'3’?

-/g\f’ l(f‘“ﬁi
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Splittings of the complexified tangent bundle

@ A similar discussion applies to the complexified tangent bundle 7TM & C.
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Splittings of the complexified tangent bundle
T =

@ A similar discussion applies to the complexified tangent bundle 7TM & C.

@ A tangent vector v € TM ® C is complex linear resp. complex anti-linear
if
Jv=1iv resp. Jv=—iv.

M=
@ There is a splitting FAM=& T1 oM © To 1 M.
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Splittings of the complexified tangent bundle

@ A similar discussion applies to the complexified tangent bundle 7TM & C.

@ A tangent vector v € TM ® C is complex linear resp. complex anti-linear
if
Jv=iv resp. Jv=—iv.

@ There is a splitting TM & T1 oM @ To 1 M.

@ Onachart (U, z) of a complex manifold,

Ty oU = C*(U,C)-span of {aaz_}i,

Ty, U = C*°(U, C)-span of {;;}i,

where
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Splittings of the complexified tangent bundle

@ A similar discussion applies to the complexified tangent bundle 7TM & C.

@ A tangent vector v € TM ® C is complex linear resp. complex anti-linear

if
Jv=iv resp. Jv=—iv.
, - Wo
@ There is a splitting TM & T1 oM @ To 1 M. ‘“l\ — “ OM
\
@ Onachart (U, z) of a complex manifold, \ '
A AN
T, oU = C*(U, C)-span of {a—},-, T\r&/\
Zi

Tp, U = C*°(U, C)-span of {;;}i,

o 1.8 0 o 1.8 .0 a°
ANz — ==(om —i), —=(o+i—). =N ;
“\\0\,7“8 - 82[ 2(8xi layi)’ aZi 2(8)6,' +l(9yi) 0)\\7“\4

where
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Splittings of the space of k-forms

@ Let (M,J) be an almost complex manifold. Since
Q'(M,C) = Q"0 Q%! we have

M, C) = Y (N A (A0,
l+m=k
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Splittings of the space of k-forms

e Let (M,J) be an almost complex manifold. Sinpce | g 0,
Q'(M,C) = Q0@ Q%! we have _Z\\_g UOSU \

Q.| \
M, C) = > (N A (A0, :iSL%*
I4+m=k M=K
Define Q'(M) := (AIQ10) A (AmQO).

@ Onachart (U, z) of a complex manifold,

9]
Q™M) = C*®(U, C)-span of {dz; Ndzy : |L| = I, |M| = m}

L L wallowdacs

%,\:;D Ay M3 A 0\_3‘\/\0\;7*
&)23 - %e’\w
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Splitting of the exterior derivative

@ On C®(M,C),d = 0 + 0, where

9:=n00od, d=1%"0d.

4. st @) — 51)(:’\,@)

AN
sy
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Splitting of the exterior derivative

@ On C®(M,C),d = 0 + 0, where
9:=n00od, d=1%"0d.

S0d: C®(M,C) — QYOM),0: C®M,C) — Q%' (M).
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Splitting of the exterior derivative

@ On C®(M,C),d = 0 + 0, where
9:=m"0d, d=n%o0d.

S0 9 : C®(M,C) = QYOM),d: C®(M,C) — Q¥(M).

@ Onachart (U, z) of a complex manifold

of = Zgidzi, of = ngdz
l P——J l

SR

(()”g—\a ?\é’\/
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Splitting of the exterior derivative
@ Show that for any w € Q""(M), dw € Q1" (M) @ QP +1(M).
ll——-““-——_'

w =

\4 AT Ny
\9%\'\,1'\ © S\E,w\’r\
v 23k dne
B=T IR RN
kN ¥ P NOR, - L,
o=t % 0K
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Splitting of the exterior derivative

o Show that for any w € Q""(M), dw € QT1"(M) @ Qb1 (M). We
denote _
Ow = T (dw), Ow = 7t (dw),

and thus, d = 9 + O for all forms on a complex manifold.
o
/ \\)

51&\\}« 51?*"“\
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Splitting of the exterior derivative

o Show that for any w € Q""(M), dw € QT1"(M) @ Qb1 (M). We
denote B
Ow = T (dw), Ow = 7t (dw),

and thus, d = 9 + O for all forms on a complex manifold.

_ _ _ L
@ On a complex manifold, 8> = 0, 82 =0,00+ 00 =0. @ d« :O

0.)'"\ d?'
SU— /
P 0
e ,f\/ \‘Sbv"ml_
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Kahler manifold

o (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.
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Kahler manifold

o (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.
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Kahler manifold

o (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.

@ (Complex viewpoint) : A Kéhler manifold is a complex manifold (M, J)
with a Hermitian metric & for which the ‘associated 2-form w’ is closed.

—
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Kahler manifold

o (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.

@ (Complex viewpoint) : A Kéhler manifold is a complex manifold (M, J)
with a Hermitian metric & for which the ‘associated 2-form w’ is closed.

@ A Hermitian metric H on a complex manifold is point-wise a positive
definite sesquilinear product

H,: TX7CM X Tx@M — C.
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Kahler manifold

o (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.

@ (Complex viewpoint) : A Kéhler manifold is a complex manifold (M, J)
with a Hermitian metric & for which the ‘associated 2-form w’ is closed.

@ A Hermitian metric H on a complex manifold is point-wise a positive
definite sesquilinear product

H,: Tx7(cM X Tx7(cM — C.

On TM, h = g + iw where g is a Riemannian metric and w € Q*(M,R)

is a non-degenerate 2-form. &N' O
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Kahler manifold

o (Symplectic viewpoint) : A Kdhler manifold is a symplectic manifold
(M, w) and an w-compatible almost complex structure such that (M, J) is
a complex manifold.Such a J is called ‘integrable’.

@ (Complex viewpoint) : A Kéhler manifold is a complex manifold (M, J)
with a Hermitian metric & for which the ‘associated 2-form w’ is closed.

@ A Hermitian metric H on a complex manifold is point-wise a positive
definite sesquilinear product

H,: Tx7(cM X Tx@M — C.

On TM, h = g + iw where g is a Riemannian metric and w € Q*(M,R)
is a non-degenerate 2-form. (Check : J is w-compatible.)

@ Result : A manifold has an almost complex structure iff it has a

non- degeneéimrm W@\w\k "\/ ) e W dm_o
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

@ w is J-invariant
W L‘S“ )‘5\‘—\ = wW(w NB
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From complex to Kéhler
On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the

following are satisfied:

@ wis J-invariant < w € QL1(M).

Tw=w .
3\60\}8: \d-"ga 3 O\&':-Ld&\]
we PR @ (W) ©STH(m)
’S#()Jl’o:_ ~(,J7-)0 L CJ*GJWE: _QW-

G&W" _ \/\
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From complex to Kéhler
On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the

following are satisfied:
e wis J-invariant <> w € QV(M). Letw = £ >k hik(2)dz A dz.
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

o wis J-invariant & w € QV(M). Letw = § 37, h(2)dzj A dz.
o we O*(M,R)

M M
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

e wis J-invariant <> w € QV(M). Letw = § >k hik(2)dz A dz.

OUJEQZ(M,R)@]’I]‘/(:EQ'. (/ SK) . ;\S A
- J s
W= WorwdTaan WAL
A\

"%, i'@\g\a 0\5) /\AB\K
o %
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

e wis J-invariant <> w € QV(M). Letw = £ >k hik(2)dz A dz.
Q@ wE QZ(M,R) ~ hjk = Ekj.
¢ duv=0
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

@ wis J-invariant < w € QL1(M). Letw = %Zj,k hir(2)dzj N dzy.
Q@ wE QZ(M,R) ~ hjk = Ekj.
0 dv=0% 0w=0w=0.

A\ ~ \,
RTATN e SL (!'\\
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

@ wis J-invariant < w € QL1(M). Letw = %ijk hir(2)dzj N dzy.
Q@ wE QZ(M,R) ~ hjk = Ekj.
0 dv=0% 0w=0w=0.

@ w is non-degenerate
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

@ wis J-invariant < w € QL1(M). Letw = %Zj,k hir(2)dzj N dzy.

Q@ wE QZ(M, R) ~ ]’ljk = Ekj.

0 dv=0%0w=0w=0

@ w is non-degenerate < det( hir(2))jx # 0.

e Jis w-tame WA _.-ANw :é) M"\QO
k_/

R A3N--Ad3w
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From complex to Kéhler

On a complex manifold (M, J), w € Q*(M, C) is a Kéhler form if the
following are satisfied:

e wis J-invariant <> w € QV(M). Letw = £ >k hik(2)dz A dz.
Q@ wE QZ(M,R) ~ ]’ljk = Ekj.
° dw=0% 0w = 0w =0.
@ w is non-degenerate < det(hj(z));jx # 0.
o Jis w-tame < (hj(z));k is positive definite.
Thus for any point z, (hj(z));« is a positive definite Hermitian matrix.
5 VETH
M > s 2
Q: D‘S "> aa»i
v = W ,_ -
A " Zwy 2
W 4T %
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