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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥
satisfying -
Q due = —ig,wforall { € g, where pe := (i, &) : M — R,
© (Equivariance) and 1(gm) = Ad, pu(m) forall g € G, m € M.
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there

exists a map M v Co- ad)abmb acdn ew
o ML 7006w
satisfying &
Q due = —ig,wforall { € g, where pe := (i, &) : M — R,
© (Equivariance) and 1(gm) = Ad, pu(m) forall g € G, m € M.
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥

satisfying

Q due = —ig,wforall { € g, where pe := (i, &) : M — R,

© (Equivariance) and 1(gm) = Ad, pu(m) forall g € G, m € M.
w is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥
satisfying
Q due = —ig,wforall { € g, where pe := (i, &) : M — R,
© (Equivariance) and 1(gm) = Ad, pu(m) forall g € G, m € M.
w is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
e If G is Abelian, the equivariance is same as invariance : p(gm) = u(m).
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
piM—g"
satisfying
Q due = —ig,wforall { € g, where pe := (i, &) : M — R,
© (Equivariance) and 1(gm) = Ad, pu(m) forall g € G, m € M.
w is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
e If G is Abelian, the equivariance is same as invariance : u(gm) = u(m).
e Example G = S' : A function y : M — R is a moment map for an
S'-action if for the vector field v € Vect(M) defined by i,w = dy, the
flow is 2m-periodic for all points on M.
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥
satisfying
Q due = —ig,wforall { € g, where pe := (i, &) : M — R,
© (Equivariance) and 1(gm) = Ad, pu(m) forall g € G, m € M.
w is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
e If G is Abelian, the equivariance is same as invariance : pu(gm) = pu(m).
e Example G = S' : A function y : M — R is a moment map for an
S'-action if for the vector field v € Vect(M) defined by i,w = dp, the
flow is 2m-periodic for all points on M.
e Consider (C,w = dx A dy), and p(x,y) := 1(x* +)?). ,/\}\ _\
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥
satisfying
Q due = —ig,wforall { € g, where pe := (i, &) : M — R,
© (Equivariance) and 1(gm) = Ad, pu(m) forall g € G, m € M.
w is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
e If G is Abelian, the equivariance is same as invariance : u(gm) = u(m).
e Example G = S' : A function y : M — R is a moment map for an
S'-action if for the vector field v € Vect(M) defined by i,w = dp, the
flow is 2m-periodic for all points on M.
e Consider (C,w = dx A dy), and pu(x,y) := 1(x> +»?). Thenv = 0.
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Moment map
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Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥

satisfying

Q due = —ig,wforall { € g, where pe := (i, &) : M — R,

© (Equivariance) and 1(gm) = Ad, pu(m) forall g € G, m € M.
w is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
If G is Abelian, the equivariance is same as invariance : p(gm) = u(m).
Example G = S : A function z : M — R is a moment map for an
S'-action if for the vector field v € Vect(M) defined by i,w = dp, the
flow is 2m-periodic for all points on M.
Consider (C,w = dx A dy), and i(x,y) := 3(x* +y*). Then v = 59’.1
Thus y is an S'-moment map for the action ™) r ¢

e Z.
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Moment map

@ What about the action

oes'
S'AC, 77—k,

P
for some k € Z? SH ‘\’7‘,&&\5’\1— +C
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Moment map

@ What about the action
0 Sl .
S'AC, 75525 ey

for some k € Z? The moment map is z — |z|%.

e Lemma : Suppose (My,wr, G, j11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 111 + (12) is a Hamiltonian
G-space.
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Moment map

@ What about the action
0 Sl .
S'AC, 75525 ey

for some k € Z? The moment map is z — |z|%.

e Lemma : Suppose (My,wr, G, j11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 111 + (12) is a Hamiltonian
G-space. Proof : Exercise.
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Moment map

@ What about the action
0 Sl .
S'AC, 75525 ey

for some k € Z? The moment map is z — |z|%.

e Lemma : Suppose (My,wr, G, j11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 111 + (12) is a Hamiltonian
G-space. Proof : Exercise.

@ The moment map for the diagonal action is

1 .
S'~C (21, 20) &e’e(zl...,zn)

is
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Moment map

@ What about the action
0 Sl .
S'AC, 75525 ey

for some k € Z? The moment map is z — §|z|2.

e Lemma : Suppose (My,wr, G, j11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 111 + (12) is a Hamiltonian
G-space. Proof : Exercise.

@ The moment map for the diagonal action is
oes'
\;ao" S'ACY, (21, z) — €z z)
is puz1, ..o z0) = 330, @il
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Moment map

@ What about the action
0 Sl .
S'AC, 75525 ey

for some k € Z? The moment map is z — |z|%.

e Lemma : Suppose (My,wr, G, j11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 111 + (12) is a Hamiltonian
G-space. Proof : Exercise.

@ The moment map for the diagonal action is

1 .
S'AC" (21,0 20) &e’e(zl...,zn)

is puz1, ..o z0) = 330, @il
e Forany c € R, u(z1,...,24) = 5 >_; |zi|* + c is also a moment map.
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Moment map

@ What about the action
0 Sl .
S'AC, 75525 ey

for some k € Z? The moment map is z — |z|%.

e Lemma : Suppose (My,wr, G, j11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 111 + (12) is a Hamiltonian
G-space. Proof : Exercise.

@ The moment map for the diagonal action is

pes!

S'ACY, (21, z) — €z z)
is M(Zh <. ,Zn) - %Zz ‘Zi|2‘
e Forany c € R, u(z1,...,24) = 5 >.; |zi]* + c is also a moment map. For

general G, we can add central elements ¢ € Lie(Z(G)) to the moment
map without altering the moment map condition.
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Moment map

@ Remark : Let (M, w, G, 1) be a Hamiltonian G-space. Then the level set
1~ 1(0) is G-invariant.

Introduction to Symplectic Geometry : Lecture 15 October 6, 2021 4/10



Moment map

@ Remark : Let (M, w, G, 1) be a Hamiltonian G-space. Then the level set
1~ 1(0) is G-invariant.
@ Proof : m € u~'(0), g € G implies u(gm) = pu(m) = 0.

Mio =0
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Moment map
1t v Q)ci w
e Remark : Let (M, w, G, 1) be a Hamiltonian G-space. Then the level set
1~ 1(0) is G-invariant.
@ Proof : m € u~'(0), g € G implies u(gm) = pu(m) = 0.
@ Remark : Suppose G acts freely on ;' (0). Then 0 is regular value of .
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Moment map

e Remark : Let (M, w, G, 1) be a Hamiltonian G-space. Then the level set
1~ 1(0) is G-invariant.

@ Proof : m € u~'(0), g € G implies u(gm) = pu(m) = 0.

@ Remark : Suppose G acts freely on 1z~ (0). Then 0 is regular value of .
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Moment map

e Remark : Let (M, w, G, 1) be a Hamiltonian G-space. Then the level set
171 (0) is G-invariant.

@ Proof : m € u~'(0), g € G implies u(gm) = pu(m) = 0.

@ Remark : Suppose G acts freely on 1z~ (0). Then 0 is regular value of .

@ Proof : Forany x € = 1(0), ¢ € g\{0}, due(x) # 0 because ..
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Symplectic Quotients

e Theorem (Marsden-Weinstein-Meyer) : Let (M,w, G, 1) be a
Hamiltonian G-space. Suppose G is compact and acts freely on 1~ !(0)
Then

» M := ;1~'(0)/G is a manifold, and 7 : ~!(0) — M is a principal
G-bundle.

_ o &8
» There is a symplectic form w on M satisfying

R

where i : 4~ (0) — M is the inclusion map.

‘K\W\ * \

e =10 ){‘Lo\ SN Mm@

xS S /™ “L/&I

—
——

,\‘* W :() S\I\Q\’W\S G M

T

\
\
\
\

Introduction to Symplectic Geometry : Lecture 15 October 6, 2021 5/10



,3\

A

(0)

(N
/

N

. |
%}N‘ \ \/YJ‘(O\;F'\'

ARTAN




Symplectic Quotients

e Theorem (Marsden-Weinstein-Meyer) : Let (M,w, G, 1) be a
Hamiltonian G-space. Suppose G is compact and acts freely on 1~ !(0).
Then

» M := ;1~'(0)/G is a manifold, and 7 : ~!(0) — M is a principal
G-bundle.
» There is a symplectic form @ on M satisfying

Fw=mn"w
where i : 1~ 1(0) — M is the inclusion map.
@ M is called the symplectic quotient at level 0.
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Symplectic Quotients

e Theorem (Marsden-Weinstein-Meyer) : Let (M,w, G, 1) be a

Hamiltonian G-space. Suppose G is compact and acts freely on 1~ !(0).
Then
» M := ;1~'(0)/G is a manifold, and 7 : ~!(0) — M is a principal
G-bundle.
» There is a symplectic form @ on M satisfying

Fw=7m"w
where i : = '(0) — M is the inclusion map.

@ M is called the symplectic quotient at level 0.
e Example : Consider the diagonal action

oes! .
S'A T (21, 20) SN ezi ... z0)
with moment map pu(z1, . ..,z.) = 5 >, lzi]* — 3.
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Symplectic Quotients

e Theorem (Marsden-Weinstein-Meyer) : Let (M,w, G, 1) be a

Hamiltonian G-space. Suppose G is compact and acts freely on 1~ !(0).
Then
» M := ;1~'(0)/G is a manifold, and 7 : ~!(0) — M is a principal
G-bundle.
» There is a symplectic form @ on M satisfying

Fw="7"w
where i : 1~ 1(0) — M is the inclusion map.

@ M is called the symplectic quotient at level 0.
e Example : Consider the diagonal action

fes'  ;
S'AC", (21, zn) — €z z0)
with moment map pu(z1, . ..,2,) = 2 >, |zi|> — . The quotient is P"~".
We have thus showed that the complex projective space has a symplectic

form.
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Symplectic Quotients

e Theorem (Marsden-Weinstein-Meyer) : Let (M,w, G, 1) be a

Hamiltonian G-space. Suppose G is compact and acts freely on 1~ !(0).
Then
» M := ;1~'(0)/G is a manifold, and 7 : ~!(0) — M is a principal
G-bundle.
» There is a symplectic form @ on M satisfying

Fw="7"w
where i : 1~ 1(0) — M is the inclusion map.

@ M is called the symplectic quotient at level 0.
e Example : Consider the diagonal action

fes'  ;
S'AC", (21, zn) — €z z0)
with moment map pu(z1, . ..,2,) = 2 >, |zi|> — . The quotient is P"~".
We have thus showed that the complex projective space has a symplectic

form.
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Motivation for symplectic reduction : Noether’s principle

e Let (M,w,G, 1) be a Hamiltonian G-space.
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Motivation for symplectic reduction : Noether’s principle

e Let (M,w,G, 1) be a Hamiltonian G-space.

@ Theorem (Noether) : A Hamiltonian function H : M — R is G-invariant
if and only if u is constant on the trajectories of the Hamiltonian vector
field vgy.
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Motivation for symplectic reduction : Noether’s principle

e Let (M,w,G, 1) be a Hamiltonian G-space.

@ Theorem (Noether) : A Hamiltonian function H : M — R is G-invariant
if and only if u is constant on the trajectories of the Hamiltonian vector
field vgy.

@ Proof : Forany £ € g,

dpe(ver) = —w(&m,ve) = —dH (&u).

Introduction to Symplectic Geometry : Lecture 15 October 6, 2021 6/10



Motivation for symplectic reduction : Noether’s principle

e Let (M,w,G, 1) be a Hamiltonian G-space.

@ Theorem (Noether) : A Hamiltonian function H : M — R is G-invariant

if and only if u is constant on the trajectories of the Hamiltonian vector
field vgy.

@ Proof : Forany £ € g,

dpe(ver) = —w(&m,ve) = —dH (&u).

@ Noether’s theorem implies that one can study the dynamics of vy on the
symplectic quotient 1~ (c)/G.
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Proof of Marsden-Weinstein-Meyer

e Forany p € M, let O, C M be the G-orbit of p.
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Proof of Marsden-Weinstein-Meyer

Op= (5
e Forany p € M, let O, C M be the G-orbit of p. If the (i':l—ctifor_l_(_)gﬂi_s
free, then 7,0, ~
o Pr 3
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Proof of Marsden-Weinstein-Meyer

e Forany p € M, let O, C M be the G-orbit of p. If the G-action on p is
free, then 7,0, ~

e Since G is a compact group acting freely on 1 ~'(0), the quotient
1~ 1(0)/G is a manifold. For p € u~1(0),

@ty , Tgg FO/a = Tyt)/1e
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k‘”df‘v

Introduction to Symplectic Geometry : Lecture 15 October 6, 2021 7/10






Thsnn
Let G be a compact Lie group acting pc\m

a manifold M. Then, M/G is a manifold and
N3N G 15 @ gunogd O bomdk.
M amg weM, ]2 TEN/G

TV,MSM/G\ < TMM /_Tw\ﬁw\w\)
U"XTMV\/ {Gn AT,



Proof of Marsden-Weinstein-Meyer

e Forany p € M, let O, C M be the G-orbit of p. If the G-action on p is
free, then 7,0, ~

e Since G is a compact group acting freely on 1 ~'(0), the quotient
1~ 1(0)/G is a manifold. For p € u~1(0),

T (1™ (0)/G) = T,u™'(0)/7,0,.
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Proof of Marsden-Weinstein-Meyer

e Forany p € M, let O, C M be the G-orbit of p. If the G-action on p is
free, then 7,0, ~

e Since G is a compact group acting freely on 1 ~'(0), the quotient
1~ 1(0)/G is a manifold. For p € u~1(0),

T (1™ (0)/G) = T,u™'(0)/7,0,.

e Remark: For p € u=1(0), )Aﬁ (o\ Vo G\ U\M

» 7,0, C T,;,~1(0), and —\
o e
Tobp < T} (@
e )*"(0)
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Proof of Marsden-Weinstein-Meyer

e Forany p € M, let O, C M be the G-orbit of p. If the G-action on p is
free, then 7,0, ~

e Since G is a compact group acting freely on 1 ~'(0), the quotient
1~ 1(0)/G is a manifold. For p € u~1(0),

T (1™ (0)/G) = T,u™'(0)/7,0,.

e Remark: For p € u=1(0), T?&f :—_g zMu,) . 2@ % %

» 7,0, C T,;,~1(0), and
> (1,0p)% = T,u~'(0).

W En, ) =0 = dpe(v)=0
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Proof of Marsden-Weinstein-Meyer

e Forany p € M, let O, C M be the G-orbit of p. If the G-action on p is
free, then 7,0, ~

e Since G is a compact group acting freely on 1 ~'(0), the quotient
1~ 1(0)/G is a manifold. For p € u~1(0),

T (1™ (0)/G) = Tou™'(0)/7,0,.

W< (VW)

[N) ~ ~ N

e Remark: For p € u=1(0), W< W ) w VS vSob\n‘\C
» 7,0, C T,;,~1(0), and W -

> (1,0,)° = Ty (0). W

L . IR . ao\sobharuc
So, O, is isotropic and 1~ (0) is co-isotropic.
. ° C/waN = w

C W
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Proof of Marsden-Weinstein-Meyer

e Forany p € M, let O, C M be the G-orbit of p. If the G-action on p is
free, then 7,0, ~

e Since G is a compact group acting freely on 1 ~'(0), the quotient
1~ 1(0)/G is a manifold. For p € u~1(0),

T (1™ (0)/G) = T,u™'(0)/7,0,.

e Remark: For p € u=1(0),
» 7,0, C T,p~'(0), and
> (1,0,) = Tpu~'(0).
So, O, is isotropic and p~!(0) is co-isotropic.
e Lemma : Let (V,w) be a symplectic vector space, and I C V be
isotropic. Then w descends to a symplectic form @ on I /I,
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Proof of Marsden-Weinstein-Meyer

e Forany p € M, let O, C M be the G-orbit of p. If the G-action on p is
free, then 7,0, ~

e Since G is a compact group acting freely on 1 ~'(0), the quotient
1~ 1(0)/G is a manifold. For p € u~1(0),

T (1™ (0)/G) = T,u™'(0)/7,0,.

nw
e Remark: For p € u=1(0), T. —
» 7,0, C T,;,~1(0), and
- (1,0, = a1 (0). 1)
So, O, is isotropic and p~!(0) is co-isotropic. T / L

e Lemma : Let (V,w) be a symplectic vector space, and I C V be
isotropic. Then w descends to a symplectic form @ on /* /I, that satisfies
i*w = m*@ where i : I — V is the inclusion map and 7 : I — I“/I is
the projection map.
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