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Recall : Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M.
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Recall : Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

d
Em(m) := %etgmhzo‘
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Recall : Hamiltonian group actions on symplectic manifolds
@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

d
Em(m) := %etgmhzo‘

@ The map
g — Vect(M), & &y

is R-linear
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Recall : Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

d
Em(m) := %etgmhzo‘

@ The map
g — Vect(M), & &y

is R-linear and G-equivariant, i.e. (Adg &)y = dLg(Em).
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Recall : Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

d
Em(m) := %etgmhzo‘

@ The map

g — Vect(M), & &y

is R-linear and G-equivariant, i.e. (Adg &)y = dLg(Em).
@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms. Also assume G C GL(n,R) and G is compact.
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Recall : Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g
d
Em(m) := %etgmhzo‘
@ The map
g — Vect(M), & &y
is R-linear and G-equivariant, i.e. (Adg &)y = dLg(Em).
@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms. Also assume G C GL(n,R) and G is compact.
@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —ing.
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Recall : Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g
d
Em(m) := %etgmhzo‘
@ The map
g — Vect(M), & &u
is R-linear and G-equivariant, i.e. (Adg &)y = dLg(Em).
@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms. Also assume G C GL(n,R) and G is compact.
@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —ing.
o It is reasonable to require that the map
g — C*(M),§ — pue

is linear and equivariant.
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.

@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —l'ng.
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.

@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —l'ng.
o It is reasonable to require that the map

g—= Cx(M), & pe )

is linear and equivariant.
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.

@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —l'ng.
o It is reasonable to require that the map

g—= Cx(M), & pe )

is linear and equivariant. (Equivariance means fia4,6 = ptg © Ly—1.)
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.

@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —l'ng.
o It is reasonable to require that the map

g—= Cx(M), & pe )

is linear and equivariant. (Equivariance means fia4,6 = ptg © Ly—1.)
o Linearity of (1) implies that we may rewrite (1) as

pw:M— g, suchthat pe= (u,&).
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.

@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —l'ng.
o It is reasonable to require that the map

g—= Cx(M), & pe )

is linear and equivariant. (Equivariance means fia4,6 = ptg © Ly—1.)
o Linearity of (1) implies that we may rewrite (1) as

pw:M— g, suchthat pe= (u,&).
Equivariance of (1) implies y(gm) = Ad p(m), where
<Ad; ¢7€> = <¢7Adg*1 §>7 Vo € g\/?g €g.

Introduction to Symplectic Geometry : Lecture 14 October 4, 2021 3/9



Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥
satisfying
Q due = —ig,wforall { € g, where pe := (i1, &) : M — R,
© (Equivariance) and :(gm) = Ady pu(m) forall g € G, m € M.
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥

satisfying

Q due = —ig,wforall { € g, where pe := (i1, &) : M — R,

© (Equivariance) and :(gm) = Ady pu(m) forall g € G, m € M.
1 is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥
satisfying
Q due = —ig,wforall { € g, where pe := (i1, &) : M — R,
© (Equivariance) and :(gm) = Ady pu(m) forall g € G, m € M.
1 is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
e If G is Abelian, the equivariance is same as invariance : p(gm) = u(m).
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
pw:M—g”
satisfying
Q due = —ig,wforall { € g, where pe := (i1, &) : M — R,
© (Equivariance) and :(gm) = Ady pu(m) forall g € G, m € M.
1 is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
e If G is Abelian, the equivariance is same as invariance : u(gm) = pu(m).
e Example G = S' : A function y : M — R is a moment map for an
S'-action if for the vector field v € Vect(M) defined by i,w = dp, the
flow is 2m-periodic for all points on M.
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥
satisfying
Q due = —ig,wforall { € g, where pe := (i1, &) : M — R,
© (Equivariance) and :(gm) = Ady pu(m) forall g € G, m € M.
1 is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
e If G is Abelian, the equivariance is same as invariance : u(gm) = pu(m).
e Example G = S' : A function y : M — R is a moment map for an
S'-action if for the vector field v € Vect(M) defined by i,w = dp, the
flow is 2m-periodic for all points on M.
e Consider (C,w = dx A dy), and pu(x,y) := 1(x* +)?).
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥
satisfying
Q due = —ig,wforall { € g, where pe := (i1, &) : M — R,
© (Equivariance) and :(gm) = Ady pu(m) forall g € G, m € M.
1 is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
e If G is Abelian, the equivariance is same as invariance : p(gm) = u(m).
e Example G = S' : A function y : M — R is a moment map for an
S'-action if for the vector field v € Vect(M) defined by i,w = dp, the
flow is 2m-periodic for all points on M.
e Consider (C,w = dx A dy), and pu(x,y) := 1(x> +»?). Thenv = 0.
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Moment map

@ Definition : The action of a group G on (M, w) is Hamiltonian if there
exists a map
w:M—g¥
satisfying
Q due = —ig,wforall { € g, where pe := (i1, &) : M — R,
© (Equivariance) and :(gm) = Ady pu(m) forall g € G, m € M.
1 is known as the moment map generating the Hamiltonian action, and
(M,w, G, i) is called a Hamiltonian G-space.
e If G is Abelian, the equivariance is same as invariance : u(gm) = pu(m).
e Example G = S' : A function y : M — R is a moment map for an
S'-action if for the vector field v € Vect(M) defined by i,w = dp, the
flow is 2m-periodic for all points on M.
e Consider (C,w = dx A dy), and pu(x,y) := 1(x> +»?). Thenv = 0.
Thus 4 is an S'-moment map for the action

0es' g
I—> e Z.
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Moment map

@ What about the action
0 Sl .
S'AC, 7555 ey

for some k € Z?
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Moment map

@ What about the action
0 Sl .
S'AC, 7555 ey

for some k € Z? The moment map is z — |z|%.

e Lemma : Suppose (My,wr, G, i11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 11 + (12) is a Hamiltonian
G-space.
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Moment map

@ What about the action
0 Sl .
S'AC, 7555 ey

for some k € Z? The moment map is z — |z|%.

e Lemma : Suppose (My,wr, G, i11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 11 + (12) is a Hamiltonian
G-space. Proof : Exercise.
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Moment map

@ What about the action
0 Sl .
S'AC, 7555 ey

for some k € Z? The moment map is z — |z|%.

e Lemma : Suppose (My,wr, G, i11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 11 + (12) is a Hamiltonian
G-space. Proof : Exercise.

@ The moment map for the diagonal action is

1 .
S'AC (21, 20) &e’e(zl...,zn)

is
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Moment map

@ What about the action
0 Sl .
S'AC, 7555 ey

for some k € Z? The moment map is z — |z|%.

e Lemma : Suppose (My,wr, G, i11), (Ma, w2, G, 12) are Hamiltonian
G-spaces. Then (M| x M, w; @ ws, G, 11 + (12) is a Hamiltonian
G-space. Proof : Exercise.

@ The moment map for the diagonal action is

1 .
S'AC (21, 20) &e’e(zl...,zn)

is M(Zh <. ,Zn) - %Zz ‘Zi|2‘

Introduction to Symplectic Geometry : Lecture 14 October 4, 2021

5/9



