Introduction to Symplectic Geometry : Lecture 13

October 1, 2021

Introduction to Symplectic Geometry : Lecture 13 October 1, 2021 1/13



Recall : What is 71 (Sp(2n, R))?

e Same as 71 (U(n, C)).
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Recall : What is 71 (Sp(2n, R))?

e Same as 71 (U(n, C)).

e Consider the action of U(n) on the unit sphere

= {zeC: g = Z |z|* = 1}.
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Recall : What is 71 (Sp(2n, R))?

e Same as 7 (U(n, C)).

e Consider the action of U(n) on the unit sphere

Sl i={zeC": |eff = Z\z,]z—l}

The action is transitive and the isotropy group at (0,...,0,1) is
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Recall : What is 71 (Sp(2n, R))?

e Same as 71 (U(n, C)).

e Consider the action of U(n) on the unit sphere
s li=freC 2P =) P =1}
i

The action is transitive and the isotropy group at (0,...,0,1) is
Un—1).

@ So,U(n)/U(n—1) ="' and U(n) — 52"~ is a principal
U(n — 1)-bundle.
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What is 71 (Sp(2n, R))?

e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — $?*~!is an SU(n — 1)-principal bundle.
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What is 71 (Sp(2n, R))?

e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — $?"~!is an SU(n — 1)-principal bundle.
e SU(2) ~ $3, and we have 7 (SU(2)) = {0}.
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What is 71 (Sp(2n, R))?

e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — $**~!is an SU(n — 1)-principal bundle.

e SU(2) ~ §3, and we have 7 (SU(2)) = {0}.

@ Result : If in a fibration F — E — B, both the base B and the fiber F are
simply connected, then the total space is simply connected.
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What is 71 (Sp(2n, R))?

e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — $**~!is an SU(n — 1)-principal bundle.

e SU(2) ~ §3, and we have 7 (SU(2)) = {0}.

@ Result : If in a fibration F — E — B, both the base B and the fiber F are
simply connected, then the total space is simply connected.

@ (As an aside, can we say the following : Let P — B be a fiber bundle
with fiber F. If B is simply connected, then 7 (F) ~ 7 (P)?)
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What is 71 (Sp(2n, R))?

e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — $**~!is an SU(n — 1)-principal bundle.

e SU(2) ~ §3, and we have 7 (SU(2)) = {0}.

@ Result : If in a fibration F — E — B, both the base B and the fiber F are
simply connected, then the total space is simply connected.

@ (As an aside, can we say the following : Let P — B be a fiber bundle
with fiber F. If B is simply connected, then 7 (F) ~ 7 (P)?)

e By induction, SU(n) is simply connected.
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What is 71 (Sp(2n, R))?

e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — $**~!is an SU(n — 1)-principal bundle.

e SU(2) ~ §3, and we have 7 (SU(2)) = {0}.

@ Result : If in a fibration F — E — B, both the base B and the fiber F are
simply connected, then the total space is simply connected.

@ (As an aside, can we say the following : Let P — B be a fiber bundle
with fiber F. If B is simply connected, then 7 (F) ~ 7 (P)?)

e By induction, SU(n) is simply connected.
e Topologically U(n) ~ SU(n) x S' (Homework).
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What is 71 (Sp(2n, R))?

e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — $**~!is an SU(n — 1)-principal bundle.

e SU(2) ~ §3, and we have 7 (SU(2)) = {0}.

@ Result : If in a fibration F — E — B, both the base B and the fiber F are
simply connected, then the total space is simply connected.

@ (As an aside, can we say the following : Let P — B be a fiber bundle
with fiber F. If B is simply connected, then 7 (F) ~ 7 (P)?)

e By induction, SU(n) is simply connected.

e Topologically U(n) ~ SU(n) x S' (Homework). Therefore,
m(U(n)) = Z.
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A characteristic class for complex vector bundles on P!

@ Definition : A complex vector bundle £ — M is a vector bundle with a
fiberwise linear complex structure

Je:Ex — E., JP=—1d.

X

@ By the same discussion as for symplectic vector bundles, complex vector
bundles over P! are given by a transition function |
®o1 : Up N Uy — GL(n, C). P=cCcuiw}

U= € U, = P\ 03
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A characteristic class for complex vector bundles on P!

@ Definition : A complex vector bundle £ — M is a vector bundle with a
fiberwise linear complex structure

Je:Ex — E., JP=—1d.

X

@ By the same discussion as for symplectic vector bundles, complex vector
bundles over P! are given by a transition function
®y; : UpN Uy — GL(n,C).

e A bundle E — P! given by a transition function ®g, is determined up to
isomorphism by the map

[[‘I)()l] : 7T1(U()ﬁ Ul) — WI(GL(H,(C)) Z% 1—k

The number k € Z is the first Chern number of thq?unﬂ]ja E.
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A characteristic class for complex vector bundles on P!

@ Definition : A complex vector bundle £ — M is a vector bundle with a
fiberwise linear complex structure

Je:Ex — E., JP=—1d.

X

@ By the same discussion as for symplectic vector bundles, complex vector
bundles over P! are given by a transition function
®y; : UpN Uy — GL(n,C).

e A bundle E — P! given by a transition function ®g, is determined up to
isomorphism by the map

[®o1] : 71 (U N Uy) — 7 (GL(n,C)) ~Z, 1+ k

The number k € Z is the first Chern number of the bundle E. (Positive
generator of 71 (0Uy))
P
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A characteristic class for complex vector bundles on P!

@ The same definition also works for any other compact oriented surface >
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A characteristic class for complex vector bundles on P!

@ The same definition also works for any other compact oriented surface >
: Y= UyU Uy, Uypisadisk, Uyn Uy ~ S' x (0,1).

2
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A characteristic class for complex vector bundles on P!

@ The same definition also works for any other compact oriented surface >
: ¥ :=UyU Uy, Uypisadisk, Uyn Uy ~ S' x (0,1).

@ Result : Let X be a connected oriented surface with non-empty
boundary. Any complex vector bundle E — . is trivial.
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A characteristic class for complex vector bundles on P!

@ The same definition also works for any other compact oriented surface >
: ¥ :=UyU Uy, Uypisadisk, Uyn Uy ~ S' x (0,1).

@ Result : Let X be a connected oriented surface with non-empty
boundary. Any complex vector bundle E — X is trivial. This result
follows from the Claim:
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A characteristic class for complex vector bundles on P!

@ The same definition also works for any other compact oriented surface >
: ¥ :=UyU Uy, Uypisadisk, Uyn Uy ~ S' x (0,1).

@ Result : Let X be a connected oriented surface with non-empty
boundary. Any complex vector bundle E — X is trivial. This result
follows from the Claim:

o Claim (Attaching a 1-cell) Suppose U, V are oriented surfaces such that
V=(0,1) x(0,1), UUYV >~ U+ 1-cell attached.

Let E — U UV be a complex vector bundle. If E|U is trivial, E|(U U V)
is also trivial. uav & 2 o\&SSO\w\“ s
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A characteristic class for complex vector bundles on P!

@ The same definition also works for any other compact oriented surface >
: ¥ :=UyU Uy, Uypisadisk, Uyn Uy ~ S' x (0,1).

@ Result : Let X be a connected oriented surface with non-empty
boundary. Any complex vector bundle E — X is trivial. This result
follows from the Claim:

o Claim (Attaching a 1-cell) Suppose U, V are oriented surfaces such that
V=(0,1) x(0,1), UUYV >~ U+ 1-cell attached.

Let E — U UV be a complex vector bundle. If E|U is trivial, E|(U U V)
is also trivial.

@ Proof : Follows from path-connectedness of GL(n, C). The transition
function U NV — GL(n, C) is homotopic to the identity map.
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A characteristic class for complex vector bundles on P!

@ The first Chern number can also be defined for symplectic vector bundles
in the same way.
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Holomorphic vector bundles

@ Let X be a complex manifold. A holomorphic vector bundle £ — X is
a complex vector bundle whose transition functions are holomoprhic
functions.
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Holomorphic vector bundles

@ Let X be a complex manifold. A holomorphic vector bundle £ — X is
a complex vector bundle whose transition functions are holomoprhic
functions. So E is a complex manifold.
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Holomorphic vector bundles

@ Let X be a complex manifold. A holomorphic vector bundle £ — X is
a complex vector bundle whose transition functions are holomoprhic
functions. So E is a complex manifold.

e Example : X = P!, Op: (k) := Holomorphic line bundle with first Chern
number k.

Introduction to Symplectic Geometry : Lecture 13 October 1, 2021 7/13



Holomorphic vector bundles

@ Let X be a complex manifold. A holomorphic vector bundle £ — X is
a complex vector bundle whose transition functions are holomoprhic
functions. So E is a complex manifold.

e Example : X = P!, Opi (k) := Holomorphic line bundle with first Chern
number k. Transition function is ®¢; (z) = 2*.
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Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M.
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Hamiltonian group actions on symplectic manifolds

A St G < C\ L(,LV\/ lR)

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g
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Hamiltonian group actions on symplectic manifolds
@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

d
Em(m) = %etgmhzo‘

@ The map
g — Vect(M), & &y

is R-linear
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Hamiltonian group actions on symplectic manifolds
@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

d
Em(m) = %et£m|t:0‘

@ The map
g — Vect(M), & &y

is R-linear and G-equivariant, i.e. (Adg &)y = dLg(Em).
Al
16 Lot MM g,
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Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

Em(m) == 4 e

ar’ Mi=o.

@ The map

g — Vect(M), & &u
is R-linear and G-equivariant, i.e. (Adg &)y = dLg(Em).
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Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

d
Em(m) = %etgmhzo‘

@ The map

g — Vect(M), & &y

is R-linear and G-equivariant, i.e. (Adg &)y = dLg(Em).
@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.
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Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

d
Em(m) = %et£m|t:0‘

@ The map

g — Vect(M), & &y

is R-linear and G-equivariant, i.e. (Adg &)y = dLg(Em).
@ Now suppose M is a symplectic manifold and G acts via Hamiltonian

diffeomorphisms. LlaM— M
@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
pe = —lgy W
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Hamiltonian group actions on symplectic manifolds

@ Suppose a Lie group G acts smoothly on a manifold M. The action is
‘generated’ by the vector fields &y € Vect(M), £ € g

d
Em(m) = %etgmhzo‘

@ The map

g — Vect(M), (£ &u
is R-linear and G-equivariant, i.e. (Adg {ysr="dtz({m).

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.
@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dpg = —ig,w.
o It is reasonable to require that the map
g— C*(M), & — pue

is linear and equivariant.
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.

@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —ing.
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.

@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —ing.
o It is reasonable to require that the map

g—= Cx(M), & pe )

is linear and equivariant.

Introduction to Symplectic Geometry : Lecture 13 October 1, 2021 9/13



Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.

@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —ing.
o It is reasonable to require that the map

g—= Cx(M), & pe )

is linear and equivariant. (Equivariance means fiaq,6 = ptg © Ly—1.)
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Hamiltonian group actions on symplectic manifolds

@ Now suppose M is a symplectic manifold and G acts via Hamiltonian
diffeomorphisms.

@ Then, for any £ € g, i¢,,w is exact, so there exists p¢ : M — R such that
dﬂé = —l'ng. -

k\
o It is reasonable to require that the map %- — R
{1 Pe(m)
Yy @
LAY

is linear and equivariant. (Equivariance means fiaq,6 = ptg © Ly—1.)
LHCdl an® tqiivarid

— C® (M), —
g (M), & pe

o Linearity of (1) implies that we may rewrite (1) as

such that e = <,Li,£>,,M—ﬁ )R

Mowet

next class : Monday

Introduction to Symplectic Geometry : Lecture 13 October 1, 2021 9/13



