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Recall : A Lie group theoretic viewpoint
@ Lemma : Suppose a Lie group G acts transitively on a manifold M.
Suppose for a point m € M the isotropy group is G, i.e.
Gy ={g€G:gm=m}.

Then the map
G/Gy — M, gG, v+ gm

is well-defined and is a diffeomorphism.
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Recall : A Lie group theoretic viewpoint

@ Lemma : Suppose a Lie group G acts transitively on a manifold M.
Suppose for a point m € M the isotropy group is G, i.e.

Gy ={g€G:gm=m}.
Then the map
G/Gy — M, gG, v+ gm

is well-defined and is a diffeomorphism.
@ The space of linear symplectic structures on R** is GL(2n, R) /Sp(2n, R).
@ The space of complex structures on R*" is GL(2n, R)/GL(n, C).

@ The space of metrics on R” is
GL(n,R)/O(n,R) ~ GL" (n,R)/SO(n, R).
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A Lie group theoretic viewpoint

@ The space of compatible complex structures on (R>*,wy) is
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A Lie group theoretic viewpoint

@ The space of compatible complex structures on (R>*,wy) is
Sp(2n,R)/U(n).
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A Lie group theoretic viewpoint

@ The space of compatible complex structures on (R>*,wy) is
Sp(2n,R)/U(n).
e Corollary : The coset space Sp(2n,R)/U(n) is contractible.
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e Corollary : The coset space Sp(2n,R)/U(n) is contractible.
Consequently Sp(2n, R) deformation retracts to U(n).

@ The contractibility of Sp(2n,R)/U(n) implies : A symplectic vector
bundle (E,w) — M has a U(n)-structure.
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bundle (E,w) — M has a U(n)-structure. The structure group can be
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Introduction to Symplectic Geometry : Lecture 12 September 29, 2021

3/10



A Lie group theoretic viewpoint
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e Corollary : The coset space Sp(2n,R)/U(n) is contractible.
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@ The contractibility of Sp(2n,R)/U(n) implies : A symplectic vector
bundle (E,w) — M has a U(n)-structure. The structure group can be
reduced from Sp(2n, R) to U(n). (We have seen a more direct proof
though!)

e In a similar way, GL™ (n, R) deformation retracts to SO(n, R).
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@ The space of compatible complex structures on (R>*,wy) is
Sp(2n,R)/U(n).

e Corollary : The coset space Sp(2n,R)/U(n) is contractible.
Consequently Sp(2n, R) deformation retracts to U(n).

@ The contractibility of Sp(2n,R)/U(n) implies : A symplectic vector
bundle (E,w) — M has a U(n)-structure. The structure group can be
reduced from Sp(2n, R) to U(n). (We have seen a more direct proof
though!)

e In a similar way, GL™ (n, R) deformation retracts to SO(n, R). (Reason :
The space of metrics on R" is contractible.)
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@ Question : Does a real vector bundle of rank 2n always have fiber-wise
symplectic form?
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@ Question : Does a real vector bundle of rank 2n always have fiber-wise
symplectic form?

e Answer : For obstructions look at the cosets GL(2n, R) /Sp(2n, R). It has
2 components (non-trivial my!), which leads us to the answer : We may
choose E such that there is no continuously varying orientation of the
fibers. Then it won’t have a fiber-wise symplectic form.
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e Answer : For obstructions look at the cosets GL(2n, R) /Sp(2n, R). It has
2 components (non-trivial my!), which leads us to the answer : We may
choose E such that there is no continuously varying orientation of the
fibers. Then it won’t have a fiber-wise symplectic form.

@ Question : Does a real vector bundle with oriented fibers of rank 2n
always have fiber-wise symplectic form?
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@ Question : Does a real vector bundle of rank 2n always have fiber-wise
symplectic form?

e Answer : For obstructions look at the cosets GL(2n, R) /Sp(2n, R). It has
2 components (non-trivial my!), which leads us to the answer : We may
choose E such that there is no continuously varying orientation of the
fibers. Then it won’t have a fiber-wise symplectic form.

@ Question : Does a real vector bundle with oriented fibers of rank 2n
always have fiber-wise symplectic form?

@ Answer : For obstructions look at the cosets GL™ (2n,R) /Sp(2n, R). The
group is not contractible. So one may be able to produce vector bundles
without a fiber-wise symplectic structures.
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What is 71 (Sp(2n, R))?

e Same as 71 (U(n, C)).
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@ Consider the action of U(n) on the unit sphere

= {zeC: 7 = Z |zi|* = 1}.
i
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What is 71 (Sp(2n, R))?

e Same as 71 (U(n, C)).

@ Consider the action of U(n) on the unit sphere

= {zeC: 7 = Z |zi|* = 1}.
i

The action is transitive and the isotropy group at (0,...,0,1) is
Un—1).
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What is 71 (Sp(2n, R))?

e Same as 71 (U(n, C)).

@ Consider the action of U(n) on the unit sphere
sli=freC P =) P =1}
i

The action is transitive and the isotropy group at (0,...,0,1) is
Un—1).

@ So,U(n)/U(n—1) = 8! and U(n) — 52"~ is a principal
U(n — 1)-bundle.
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What is 71 (Sp(2n, R))?

e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — $?*~!is an SU(n — 1)-principal bundle.
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e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — §?*~!is an SU(n — 1)-principal bundle.

e SU(2) ~ §3, and we have 7 (SU(2)) = {0}.

@ Result : If in a fibration F — E — B, both the base B and the fiber F are
simply connected, then the total space is simply connected.

@ (As an aside, can we say the following : Let P — B be a fiber bundle
with fiber F. If B is simply connected, then 7 (F) ~ 7 (P)?)

e By induction, SU(n) is simply connected.
e Topologically U(n) ~ SU(n) x S' (Homework).
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What is 71 (Sp(2n, R))?

e In a similar way, we have SU(n)/SU(n — 1) = §*"~!, and
SU(n) — §?*~!is an SU(n — 1)-principal bundle.

e SU(2) ~ §3, and we have 7 (SU(2)) = {0}.

@ Result : If in a fibration F — E — B, both the base B and the fiber F are
simply connected, then the total space is simply connected.

@ (As an aside, can we say the following : Let P — B be a fiber bundle
with fiber F. If B is simply connected, then 7 (F) ~ 7 (P)?)

e By induction, SU(n) is simply connected.

e Topologically U(n) ~ SU(n) x S' (Homework). Therefore,
m(U(n)) = Z.
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