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Recall : the group of symplectomorphisms

o Last time we showed : Let (M, w) be a compact symplectic manifold.
The tangent space T1q Symp(M, w) is linearly isomorphic to
{a € QY (M) : da = 0}.
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Recall : the group of symplectomorphisms

o Last time we showed : Let (M, w) be a compact symplectic manifold.

The tangent space T1q Symp(M, w) is linearly isomorphic to
{a € QY (M) : da = 0}.

e A vector field v € Vect(M) is a symplectic vector field if d(i,w) is
closed.
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Recall : the group of symplectomorphisms

o Last time we showed : Let (M, w) be a compact symplectic manifold.

The tangent space T1q Symp(M, w) is linearly isomorphic to
{a € QY (M) : da = 0}.

e A vector field v € Vect(M) is a symplectic vector field if d(i,w) is
closed. The flow of a time-dependent family v, of symplectic vector
fields is a symplectomorphism in Symp, (M, w).
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Hamiltonian diffeomorphisms

@ Let M be a symplectic manifold. A Hamiltonian vector field is a vector
field v € Vect(M) such that i,w is exact.

@ A Hamiltonian vector field v is generated by a Hamiltonian function
H : M — R by the condition dH = i,w.
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Hamiltonian diffeomorphisms

@ Let M be a symplectic manifold. A Hamiltonian vector field is a vector
field v € Vect(M) such that i,w is exact.

@ A Hamiltonian vector field v is generated by a Hamiltonian function
H : M — R by the condition dH = i,w.

@ The flow ¢ : M — M of a time-dependent Hamiltonian vector field v, is
called a Hamiltonian diffeomorphism.
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Hamiltonian diffeomorphisms

@ Let M be a symplectic manifold. A Hamiltonian vector field is a vector
field v € Vect(M) such that i,w is exact.

@ A Hamiltonian vector field v is generated by a Hamiltonian function
H : M — R by the condition dH = i,w.

@ The flow ¢ : M — M of a time-dependent Hamiltonian vector field v, is
called a Hamiltonian diffeomorphism.

@ Thus a Hamiltonian diffeomorphism is given by a time-dependent
Hamiltonian function H, : M — R, 7 € [0, 1], and the generating vector
field is

iy,w = dH;.
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Hamiltonian diffeomorphisms

@ Let M be a symplectic manifold. A Hamiltonian vector field is a vector
field v € Vect(M) such that i,w is exact.

@ A Hamiltonian vector field v is generated by a Hamiltonian function
H : M — R by the condition dH = i,w.

@ The flow ¢ : M — M of a time-dependent Hamiltonian vector field v, is
called a Hamiltonian diffeomorphism.

@ Thus a Hamiltonian diffeomorphism is given by a time-dependent
Hamiltonian function H, : M — R, 7 € [0, 1], and the generating vector
field is

iy,w = dH;.

e If M is simply connected, Symp,(M,w) = Ham(M, w),
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Hamiltonian diffeomorphisms

@ Let M be a symplectic manifold. A Hamiltonian vector field is a vector
field v € Vect(M) such that i,w is exact.

@ A Hamiltonian vector field v is generated by a Hamiltonian function
H : M — R by the condition dH = i,w.

@ The flow ¢ : M — M of a time-dependent Hamiltonian vector field v, is
called a Hamiltonian diffeomorphism.

@ Thus a Hamiltonian diffeomorphism is given by a time-dependent
Hamiltonian function H, : M — R, 7 € [0, 1], and the generating vector
field is

iy,w = dH;.

e If M is simply connected, Sympy(M,w) = Ham(M, w), otherwise they
are different.
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Arnold’s conjecture

Conjecture

Let (M,w) be a compact symplectic manifold, and let
H:M—R, teR/Z M= Mot |

al|
be a time-dependent Hamiltonian function. Assume that the. fixed point of the
time one flow ¢ : M — M are non-degenerate. Then,

dim(M)

#Fix(¢) > ) rank(H'(M)).
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Arnold’s conjecture

Conjecture
Let (M,w) be a compact symplectic manifold, and let

H:M—R, teR/Z

be a time-dependent Hamiltonian function. Assume that the fixed point of the
time one flow ¢ : M — M are non-degenerate. Then,

dim(M)

#Fix(¢) > ) rank(H'(M)).
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Remarks about Arnold’s conjecture

@ The result does not hold if ‘Hamiltonian diffeomorphism’ is replaced by
a ‘symplectomorphism isotopic to the identity’.
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Remarks about Arnold’s conjecture

@ The result does not hold if ‘Hamiltonian diffeomorphism’ is replaced by
a ‘symplectomorphism isotopic to the identity’.

@ The result is easy to see if the Hamiltonian function is required to be
time-independent, i.e. H; = H.
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Result: Let M = R x S! be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C:= {0} x S'.
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Ham(Ma CU) 7& SymPO(Ma CU)

@ Result: Let M = R x S' be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S!'. Then the signed area between C and ¢(C) is zero.
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Result: Let M = R x S! be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S!'. Then the signed area between C and ¢(C) is zero.
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Result: Let M = R x S! be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S!'. Then the signed area between C and ¢(C) is zero.

@ Proof : Suppose ¢ is generated by the time-dependent Hamiltonian
H :M— R, tel0,1].
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Result: Let M = R x S! be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S!'. Then the signed area between C and ¢(C) is zero.

@ Proof : Suppose ¢ is generated by the time-dependent Hamiltonian
H;,:M — R, 1 € [0, 1]. Let ¢, be the flow generated by H,, and so,

o1 = ¢.
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ Result: Let M = R x S! be the cylinder with the standard symplectic
form dt A df. Let ¢ : M — M be a Hamiltonian diffeomorphism. Let
C := {0} x S!'. Then the signed area between C and ¢(C) is zero.

@ Proof : Suppose ¢ is generated by the time-dependent Hamiltonian
H;,:M — R, 1 € [0, 1]. Let ¢, be the flow generated by H,, and so,
¢1 = 9.

@ We may replace H; by H, such that

Qu supB(ﬁ,) is compact,
© and if ¢, is the Hamiltonian flow generated by H,, then,

¢t(C) - ¢t(C)'
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We may replace H, by H; such that Q
i R

© U;supp(H,) is compact, <R R
@ and if ¢, is the Hamiltonian flow generated by H,, then,
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Proof continued

Whe artomt Usupp(Hy) 1S Gopet

cfo}
@ Choose a loop C' = {§ ><£S H lying outside supp(H).
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Proof continued

@ Choose a loop C' = {t} x S! lying outside supp(H). So ¢(C') = C'.
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Proof continued

@ Choose a loop C' = {t} x S! lying outside supp(H). So ¢(C') = C'.
@ A Hamiltonian diffeomorphism preserves w-area. So, the area between
C’" and ¢(C) is equal to the area between C’ and C.

T dcl=¢’
C
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Proof continued

@ Choose a loop C' = {t} x S! lying outside supp(H). So ¢(C') = C'.
@ A Hamiltonian diffeomorphism preserves w-area. So, the area between

C’ and ¢(C) is equal to the area between C’ and C. This finishes the
proof.
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Proof continued

@ Choose a loop C' = {t} x S! lying outside supp(H). So ¢(C') = C'.
@ A Hamiltonian diffeomorphism preserves w-area. So, the area between

C’ and ¢(C) is equal to the area between C’ and C. This finishes the
proof.
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ We have proved the following : Let M = R x S' be the cylinder with the
standard symplectic form dt A df. Let ¢ : M — M be a Hamiltonian
diffeomorphism. Let C := {0} x S'. Then the signed area between C
and ¢(C) is zero.
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Ham(Ma CU) 7£ SymPO(M7 CU)

@ We have proved the following : Let M = R x S' be the cylinder with the
standard symplectic form dt A df. Let ¢ : M — M be a Hamiltonian
diffeomorphism. Let C := {0} x S'. Then the signed area between C
and ¢(C) is zero.

@ There exists ¢ € Symp,(M) such that the signed area between C and
¢(C) is non-zero.
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Complex structures on symplectic vector spaces

@ A complex structure on a real vector space V is a linear map

J:V =V, satisfying J?=-1Id.
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Complex structures on symplectic vector spaces

@ A complex structure on a real vector space V is a linear map

J:V =V, satisfying J?=-1Id.

o Example : If we view (C as R the standard complex structure on it is

Jsa = 1. \v \R —) lk )LH ).9_

g\ -3y
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Complex structures on symplectic vector spaces

@ A complex structure on a real vector space V is a linear map

J:V =V, satisfying J?=-1Id.

e Example : If we view C as R?, the standard complex structure on it is
Jsta = 1.

e A complex structure on a symplectic vector space (V,w) is typically
required to be tame

(Tameness) w(v,Jv) >0 Vv e V\{0}.
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Complex structures on symplectic vector spaces

@ A complex structure on a real vector space V is a linear map

J:V =V, satisfying J?=-1Id.

e Example : If we view C as R?, the standard complex structure on it is
Jsta = 1.

e A complex structure on a symplectic vector space (V,w) is typically
required to be tame

(Tameness) w(v,Jv) >0 Vv e V\{0}.
o Additionally, a tame complex structure is compatible if

(Compatible) w(v,w) =w(Jv,Jw) Yv,we V.
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner prodlgct

(v, w) = w(v,Jw). = & (T TW
T Wmpabilhy

Varomers D L\l',\l") > 0 \é, \]-4 0)
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
(v,w) = w(v,Jw).

@ A tame complex structure gives a positive inner product
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
(v,w) = w(v,Jw).

@ A tame complex structure gives a positive inner product
(v, w) =5 5 (w(v, Jw) + o)
AW, )
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
(v,w) = w(v,Jw).

@ A tame complex structure gives a positive inner product
(v, w) = % (w(v, Jw) + wadw).
@ On a manifold M a fiberwise complex structure on the tangent space
Jo: TM = TM, J?>=-1d

X

is called an almost complex structure.
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
(v,w) = w(v,Jw).

@ A tame complex structure gives a positive inner product
(v, w) = (v, Jw) + w(v, Jw).

@ On a manifold M a fiberwise complex structure on the tangent space

Jo: TM = TM, J?>=-1d

X

is called an almost complex structure.

@ On a symplectic manifold (M, w) tame and compatible almost
complex structures are defined in the obvious way.
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Complex structures on symplectic vector spaces

@ A compatible complex structure gives a positive inner product
(v,w) = w(v,Jw).

@ A tame complex structure gives a positive inner product
(v, w) = (v, Jw) + w(v, Jw).

@ On a manifold M a fiberwise complex structure on the tangent space

Jo: TM = TM, J?>=-1d

X

is called an almost complex structure.

@ On a symplectic manifold (M, w) tame and compatible almost
complex structures are defined in the obvious way.

@ We will show later : on symplectic manifolds tame and compatible
almost complex structures exist.
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Contractiblity of the space of complex structures

e Let (V,w) be a symplectic vector space, and let 7 (V,w) be the space of
w-compatible almost complex structures.

(/.(_6\23 /}(V,u) Ve '\a.w\‘ew\rl—\}.
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Contractiblity of the space of complex structures

e Let (V,w) be a symplectic vector space, and let 7 (V,w) be the space of
w-compatible almost complex structures.

@ Result: J(V,w) is contractible.
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Contractiblity of the space of complex structures

@ Proof technique : Let M (V) be the space of metrics on V.
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Contractiblity of the space of complex structures

@ Proof technique : Let M (V) be the space of metrics on V.

@ There is an inclusion ?3 LV,W').': co(V,'T \9
v J(V,w) = M(V), _J_r—> P(J) =gy = w(,J).
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Contractiblity of the space of complex structures

@ Proof technique : Let M (V) be the space of metrics on V.

@ There is an inclusion
w : j(va) — M<V)7 J = w(']) =8 = W(,J)

e M(V) is convex,
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Contractiblity of the space of complex structures

@ Proof technique : Let M (V) be the space of metrics on V.

o There is an inclusion
b TWVow) = MV), T 9d) = gy = w( )
e M(V) is convex, hence contractible.
T %o
M) x (o] — M)
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Contractiblity of the space of complex structures

@ Proof, Step 1 : There exists a continuous map
r:Met(V) = J(V,w).
such that r(g;) = Jforall J € J(V,w).
( T{«}«Kiwz a} T 43
A5 Oun  \wedmiion
4y, WS M(V)
% P
H,J,.-— h ‘l«rS [/ \ hbbildhy
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Contractiblity of the space of complex structures

@ Proof, Step 1 : There exists a continuous map
r:Met(V) = J(V,w).

such that r(g;) = J forall J € J(V,w).
e Step2: FixaJy € J(V,w). Forany J € J(V,w), the path

[O’ 1] >t HI((I - t)gf + tgf()) j"_.a 3,3.
lies in J(V,w) and connects J to Jy. 3r — N

@9//(
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Contractiblity of the space of complex structures

@ Proof, Step 1 : There exists a continuous map
r:Met(V) = J(V,w).

such that r(g;) = J forall J € J(V,w).
e Step2: FixaJy € J(V,w). Forany J € J(V,w), the path

[0,1] 3t r((1 —1t)gs + tgs,)

lies in J(V,w) and connects J to Jy. The path varies continuously with
J, t. Therefore, J(V,w) deformation retracts to a point.
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Contractiblity of the space of complex structures

@ Proof, Step 1 : There exists a continuous map
r:Met(V) = J(V,w).

such that r(g;) = J forall J € J(V,w).
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Contractiblity of the space of complex structures

@ Proof, Step 1 : There exists a continuous map ‘J =37
r: Met(V) — J(V,w). Y )
such that r(g;) = J for auje In 3""‘-{"1_
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Contractiblity of the space of complex structures

@ Proof, Step 1 : There exists a continuous map
r:Met(V) = J(V,w).
such that r(g;) = J forall J € J(V,w).
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