Solutions to Home-work 9
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- 01 3 -1
00 1 1
1 00 3 —4
- 01 3 -1 1
0 0 1 1 -3
1 00 3 —4
- 010 —4 10
0 0 1 1 -3
and hence, we see that
1127\ " 3 -4 1
1 2 5 = -4 10 -3
2 5 14 1 -3 1

(a) We start by row-reducing the augmented matrix

10 2030
112 2 3 3
1112 2 2
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thus:

1 02030 : 4 1 02030
112233 :5| = 1010260 3
11122 2 : 6 1112 2 2
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Hence the initial system of equations

T1+ 213+ 315 =
1 + 22 + 223 + 224 + 35 + 326
1+ 2o+ a3+ 204+ 2205+ 224 = 6

are satisfied if only if the following system of equations is
satisfied:

r1+x5—2x4 = 6
To + 224 + 32 =
r3+x5+xg = —1

i.e., if and only if



ry = 6—$5—2l’6 (01)
To = 1—2x4— 3x¢

T3 = —1—x5— x6

So the answer to 2(a) is ‘yes; in fact there are infinitely
many distinct solutions (for varying choices of z5)’, as is
seen from (b) below.

(b) It follows from the reasoning of (a) above and equations
(0.1)-(0.3) that the most general solution is given by ar-
bitrarily specifying

T4 =a,r5 =b,xg =c
and then requiring that

r1=6—-b—2c,x0o=1—2a—3c,z3=—-1—-b—c.

3. (a) Row-reduce thus:

1121 1121
1223 010 2
—
120 3 1203
1305 1305
(11 2 1] 101 2 1]
01 0 2 01 0 2
— —
01 -2 2 01 —2 2
13 0 5 0 2 -2 4]
(11 2 1] 101 2 1]
01 0 2 01 0 2
— —
00 —2 0 00 —2 0
02 —2 4| 00 -2 0
(11 2 1] 1121
01 0 2 010 2
— —
00 1 0 0010
00 —2 0 000 0
(10 2 —1] 100 —1
010 2 010 2
— —
001 0 001 0
L 000 0 | 000 0




(b) It follows from (a) above that there exists a 4 x 4 matrix E

which is (a product of elementary, and hence) invertible,
such that B = EF'A. The fact that F is 1-1 implies that

Ar=0= Bxr =0
Thus,

Tl + 29+ 23+ 234 =
1+ 2z9 4+ 223 + 324
T1 + 220 + 324

1+ 3x9 +4x3+ 5y =

o o o O

if and only if

rn—24 =

T2 + 224

if and only if 1 = a,z9 = —2a,z3 = 0,24 = a for some
a€R

It is seen by reading the steps of the row-reduction in (a)
above, but in reverse order, that

100 —1 10 -2 0 10 2
010 2 _ |01 0 0] 01 0
001 0 “ oo 1 0 00 1
000 0 00 0 1] |00 =2
10 2 -1 1 -1 007 [10 2
01 0 2 _ (o1 00| 01 0
00 1 0 o 0 10 00 1
00 -2 0 | 000 01] [0 0 —2
Thus, we have

1 20 1 =100

01 0 0 0 1 0 0
By = |y 1ol ¥ B =10 0 10

00 —0 1 0 0 0 1
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Similarly, we find that

10 -2 0 1 -1 00
01 0 0 0 1 00
Bo= 100 1 o0 Bs = 19 0 10
00 0 1 0 0 01
1000 10 0 0
0100 01 0 0
Er="1001 0 Bs =100 5o
00 2 1 00 0 1

1 0 0 0] 1 0 0 0

0 1 00 0 1 00

B =10 0 10 Fao= 109 211 0
0 —2 0 1 | 0 0 01

(1 0 0 0] 1 0 0 0

0 100 0 100

By = 0 010 Br= 11010
| -1 0 0 1| 0 00 1

1 00 0

110 0

b B o= 0 01 0

0 00 1

(d) The E that we seek is seen to be given (after some matrix
multiplication) by

E = (Ey---E))™!
_ E;l E;l
11 2 0
1220
- 1 2 00
1 3 01
0
Since clearly 8 ¢ ran B, and since E is 1-1, it follows
1
0 0
0 0
that 0 =F 0 ¢ ran A.
1 1

(Note: since the row-reduced achelon form a square ma-
triz is the identity matriz if and only if it is invertible,




this argument shows that a square matriz is invertible if
and only if it is expressible as a product of elementary
matrices!)



