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Chapter 1
The Basics of C*-algebras

1.1 Banach algebras

Definition 1.1.1 A normed algebra is a complex algebra A which is a
normed space, and the norm satisfies

labl| < ||lal||||b]] for all a,b € A.

If A (with this norm) is complete, then A is called a Banach algebra.
Every closed subalgebra of a Banach algebra is itself a Banach algebra.

Example 1.1.2 Let C be the complex field. Then C is a Banach algebra.
Let X be a compact Hausdorff space and C'(X) the set of continuous func-
tions on X. C(X) is a complex algebra with pointwise operations. With
|| fIl = sup,cx | f(z)], C(X) is a Banach algebra.

Example 1.1.3 Let M, be the algebra of n x n complex matrices. By
identifying M,, with B(C"™), the set of all (bounded) linear maps from the
n-dimensional Hilbert space C" to C", with operator norm, i.e, ||z| =
Supgecn ¢ <1 |Z(§)[, we see that M, is a Banach algebra.

Example 1.1.4 The set of continuous functions A(D) on the closed unit
disk D in the plane which are analytic on the interior is a closed subalgebra
of C(D). Therefore, A(D) is a Banach algebra.

Example 1.1.5 Let X be a Banach space and B(X) be the set of all
bounded linear operators on X. If T, L € B(X), define TL = T o L. Then
B(X) is a complex algebra. With operator norm, B(X) is a Banach algebra.
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2 The Basics of C*-algebras

A commutative Banach algebra is a Banach algebra A with the property
that ab = ba for all a,b € A Examples 1.1.2 and 1.1.4 are of commutative
Banach algebras while Example 1.1.3 1.1.5 are not commutative.

Definition 1.1.6 In a unital algebra, an element a € A is called invertible
if there is an element b € A such that ab = ba = 1. In this case b is unique
and written a~!. The set

GL(A) ={a € A:a is invertible}

is a group under multiplication.
We define the spectrum of an element a to be the set

sp(a) = spa(a) ={A € C: A1l —a ¢ GL(A)}.

Whenever there is no confusion, we will write A1 simply as A.
The complement of the spectrum is called the resolvent and R(\) =
(A —a)~! is the resolvent function.

Example 1.1.7 Let A= C(X) be asin 1.1.2. Then sp(f) = f(X) for all
f € A. In other words, the spectrum of f is the range of f.

Let A = M,. If a = (a;j) € A, then the reader can check that sp(a) is
the set of eigenvalues of the matrix a.

Proposition 1.1.8 For any a and b in A,

sp(ab) \ {0} = sp(ba) \ {0}.
Proof. 1If X & sp(ab) and A # 0, then there is ¢ € A such that

c(A—ab) = (A —ab)c=1.
Thus c¢(ab) = Ac — 1 = (ab)e. So we compute that

(14+beca)(A—ba) = X—ba-+ Abca — beaba
= A—ba+b(A—ab)ca=A—ba+ba =M\,

which shows that A=1(1 + bca) is the inverse of A — ba. Hence \ ¢ sp(ba)
and sp(ba) \ {0} C sp(ab) \ {0}. O

Definition 1.1.9 A Banach algebra A is said to be unital if it admits a
unit 1 and ||1|| = 1. Banach algebras in 1.1.2, 1.1.3 and 1.1.4 are unital.
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Banach algebras 3

Lemma 1.1.10 Let A be a unital Banach algebra and a be an element of
A such that ||1 — a|| < 1. Then a € GL(A) and

o0
at= Z(l —a)".
n=0
Moreover, |la™ || < — and |1 —a | < 47 al

1-[1—al | all*

Proof. Since

11 —a)" < ||1—a\|"—7<007
Z Z 11— all)

the series Y~ (1 —a)™ is convergent. Let b be its limit in A. Then ||b]| <

1
a=an and

S 1 —al
T=bl<) l1—af"= :
2 il

One verifies

k k

aY}_(1-a))=01-1-a)} (1-a)")=1-1-a)

n=0 n=0

and that it converges to ab = ba = 1 as k — oco. Hence b is the inverse of a.
O

Definition 1.1.11 A function f from an open subset 2 C C to a Banach
algebra is said to be analytic, if for any Ay € ) there is an open neigh-
borhood O(Xg) such that f(A) = Y07 an(A — Ag)™ converges for every
A € O(Xg). To include the case that Ay = oo, we say f is analytic at infinity
if f(A) = .2y a,A~" for all X in a neighborhood of infinity.

Theorem 1.1.12 In any unital Banach algebra A, the spectrum of each
a € A is a non-empty compact subset, and the resolvent function is analytic

on C\ sp(a).
Proof. If |\ > |a|, then |A7"a™|| < (IT) So the series
oo an
pIpve
n=0 A"
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4 The Basics of C*-algebras

converges (in norm). Similarly to 1.1.10,
k+1
a
A-a Z L )\k+1)

which converges to 1. This shows that supyegp(q) [Al < [laf| and R(A) is
analytic in {\: [A| > ||a||}. Moreover,

A

hm R < hm ——F— =0. el.l
Jim LRV <t (1)
Similarly, if Ay — a is invertible and |A — A\g| < W, then
()\ - a)_l = Z(AQ — A)n((AQ - a)_l)"'H.
n=0

This also shows that the resolvent is open. Since sp(a) has been shown to be
bounded, sp(a) is compact. We have also shown that the resolvent function
is analytic on the complement of the spectrum.

In particular, f(R(\)) is a (scalar) analytic function for every bounded
linear functional f € A*. If sp(a) were empty, then f(R(\)) would be an
entire function for every f € A*. However, (el.1) shows that f(R(})) is
bounded on the plane. Thus Liouville’s theorem implies that f(R())) is a
constant. But (e 1.1) also implies that f(R(A)) = 0. So, by the Hahn-Banach
theorem, R(A) = 0. This is a contradiction. Hence sp(a) is not empty. O

Corollary 1.1.13 The only simple commutative unital Banach algebra
s C.

Proof. Suppose that A is a unital commutative Banach algebra and a €
A'is not a scalar. Let A € sp(a). Set I = (a — \)A. Then I is clearly a closed
ideal of A. No element of the form (a — A)b is invertible in the commutative
Banach algebra A. By 1.1.10,

(@ —=A)b—1[| > 1.

So 1 ¢ I and I is proper. Therefore, if A is simple, a must be a scalar,
whence A = C. O

Lemma 1.1.14 If p is a polynomial and a is an element of a unital
Banach algebra A, then

sp(p(a)) = p(sp(a)).
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Banach algebras 5

Proof. We may assume that p is not constant. If A € C, there are
¢, B1, ..., Bn € C such that

p(z) —A= CH(Z — Bi),

and therefore

pla) — A= cH(a - Bi).
i=1
It is clear that p(a)— A is invertible if and only if each a—g; is. It follows that
A € sp(p(a)) if and only if A = p(a) for some a € sp(a). Thus sp(p(a)) =
p(sp(a)). O

Definition 1.1.15 Let A be a unital Banach algebra. If a € A, its spectral
radius is defined to be

r(a) = sup [A].
A€sp(a)

Theorem 1.1.16 If a is an element in a unital Banach algebra A, then
— 1 n||l/n
r(a) = lim [la™(".
Proof. If A € sp(a), then A\ € sp(a™) by 1.1.14, so |\"| < ||a™||. There-
fore, r(a) < liminf, o [Ja™||'/™. Let Q be the open disk in C with center
0 and radius 1/r(a) (or oo if r(a) = 0). If A € Q, then 1 — Aa € GL(A). If
f € A*, then f((1— Xa)~!) is analytic. There are unique complex numbers
zn, such that

F((1=xa)~ Zzn)\" (A€ Q).
n=0
However, if |A| < 1/|la]] < 1/r(a), then ||Aa|| < 1, so (1 — Xa)™! =
>0 o A"a", and therefore, f((1— Xa)™') = > 72 A" f(a™). It follows that
zn, = f(a™) for all n > 0. Hence the sequence {A\" f(a™)} converges to zero
for each A € Q, and therefore is bounded. Since this is true for every f € A*,
by the principle of uniform boundedness, {\"a"} is a bounded sequence.
So we may assume that |\*|||a™|] < M for all n > 0 and for some positive
number M. Hence
1/n
A
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6 The Basics of C*-algebras

Consequently,

limsup [|a”||*/™ < 1/|.

n— oo

This implies that if r(a) < \1T|’ then limsup,,_,. [|a™[|*/" < 1/|A]. Tt fol-
lows that limsup,, ,. ||a”||'/® < r(a). From what we have shown at the
beginning of this proof, we obtain

limsup [|a”||*/™ < r(a) < liminf [|a™||*/".
n—o0 n—oo
This implies that 7(a) = lim, o ||a™|*/". O
12 1 0
Example 1.1.17 Let A=Mzanda=| 0 1/2 0 |.Then |al >
0 0 1/3

1 and sp(a) = {1/2,1/3}. So r(a) = 1/2. Tt follows that |a™|'/" — 1/2.
Let T € B(L*([0,1])) be a bounded linear operator defined by

1) = [ st

The reader can compute that ||77|| < . Hence r(T') = 0. Note that T # 0
(see Exercise 1.11.3).

We now establish the holomorphic functional calculus for elements in
Banach algebras (1.1.19). The first application appears in 1.2.9. Later, we
will establish continuous functional calculus for commutative C*-algebras
(1.3.5) and Borel functional calculus for normal elements in von Neumann
algebras (1.8.5).

Definition 1.1.18 Let = be a fixed element in a unital Banach algebra
A. Let f be a holomorphic function in an open neighborhood Oy of sp(z),
and C be a smooth simple closed curve in Oy enclosing sp(z). We assign
the positive orientation to C' as in complex analysis. For each ¢ € A*, we
consider a continuous function which maps A to f(A\)¢((A — z)~!) on the
curve C. Set

£(6) = 5= [ SO0l =)

The map ¢ — L(¢) is a linear functional on A* and

1L(¢)| < %Hqﬁll sup{[f(MII(A —2)7*] : A e C},
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Banach algebras 7

where [ is the length of the curve C. Hence there exists an F' € A** such
that F(¢) = L(9).
On the other hand, the function A — f(A)(A —x)~! is a continuous

function from C' into A. So the limit of

Zf()‘lx)‘l — $)71()\i — )\i+1> (as maxi|)\i - )\iJrl‘ — 0),

i=0
where {Ag, ..., An, Adnt1 = Ao} is a partition of the curve C, converges in
norm in A to y. By the continuity of ¢, we know that ¢(y) = L(¢) = F(¢)
for all ¢ € A*. Hence F' € A. By Cauchy’s theorem, F' does not depend on
the choice of the curve C, but only on the function f. Therefore we may
denote F by f(z) and write

).
271'2 / Ut

We denote by Hol(sp(z)) the algebra of all functions which are holo-
morphic in a neighborhood of sp(z).

Theorem 1.1.19 Fiz an element x in a unital Banach algebra A. The
map f — f(z) from Hol(sp(x)) into A is a homomorphism which sends
the constant function 1 to the identity of A and the identity function on
C to the element x. If f(z) = > ", cnz™ in a neighborhood of sp(z), then

f(z) =307 g cna™
Proof. Linearity is clear. Let f and g be functions holomorphic in neigh-
borhoods Oy and Oy of sp(z), respectively. Set O = Oy N O,y and let

C;,1 = 1,2 be smooth simple closed curves in O enclosing sp(z) such that
C1 lies completely inside the curve Cs. Then

fla)g(z) = (2m L T x)ld)‘)(%m/(hg(z)(z—w)ldz)
- 4; (S0 -0 = ) s
T T /01 o, TN [(Z_x)_;:(;_x)_l]dzdx
= om0 -0 g [
o ng(z)(z—xw(; IO j)a:
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8 The Basics of C*-algebras

_ ! [ 1900 )= (7 ) @),

27

The second to last equality holds because 5 sz 9(2) vdz = g(\) (by the

Cauchy formula) and because % is holomorphlc 1ns1de the curve Cy if

M€ Oy (so that [, £22dx=0).
To complete the proof, pick a circle C' with center at 0 and large radius.
We note that

oo

)\nfl( — A .CI? — A"~ 1 Z .’Ek)\ k Z.’Ek)\nikil,

k=0

where the convergence is in norm and is uniform on C. Therefore

/ gEAnE gy = (/ AR LdN)zh =028 =0 (e1.2)
c c
unless k£ = n, in which case the integral is 2wi¢x™. This implies that
g N\ — ) taA. (e1.3)
27('2 e}

Now suppose that f(z) = > .2 ¢,2" in a neighborhood of sp(z). Then
it converges in an open disk with center 0. Let C be a circle with center at
0 contained in the open disk. Then the series converges uniformly on C, so
from (e1.3),

D)= 5m; [ FEE=a) = 3 el [ e ) - ZCn

Proposition 1.1.20 If I is a closed ideal in a Banach algebra, then A/I
is a Banach algebra with the quotient norm

all = lla+Il| = inf fla +b].
el
Proof. 1t is well known that A/I, as a normed space is complete. It

remains to show that A/I is a normed algebra. Let ¢ > 0 and a, b € A.
Then, there are i,j € I such that

la+i| <lla+I]|+¢e and ||b+j|| < ||b+I| +e.
Hence, for c=ib+aj+ij €1,

llab+ ¢l < lla+illllo+ Il < (la+ Il +&)(l[b+ ]| +¢)-
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C*-algebras 9

Thus,
llab+I|| < (lla+ T[]l + ) (b + I]| + €).
Letting € — 0, we obtain
llab+ Il < [la+ I]|{|b+ 1.

In other words, A/I is a normed algebra. O

1.2 (C*-algebras

Definition 1.2.1 An algebra A is called a *-algebra if it is a complex
algebra with a conjugate linear involution * which is an anti-isomorphism,
i.e., for any a,b € A and a € C,

(a+b)*=a"+b", (aa)" =aa*,a"™ =a and (ab)* =b*a™.

If a € A, then a* is called the adjoint of a. Let A be a x-algebra which is
also a normed algebra. A norm on A that satisfies

la*all = [lalf?

for all @ € A is called a C*-norm. If, with this norm, A is complete, then A
is called a C*-algebra.

Since ||z*z|| < ||z*||||z|| we have ||z|| < ||z*| for all z € A. Thus ||z*|| =
]

A closed x-subalgebra of a C*-algebra is also a C*-algebra. Such a *-
subalgebra will be called a C*-subalgebra.

Example 1.2.2 (a) Let A be as in 1.1.3 and let a = (a;;) € A. Define
a* = (a;;). Then A is a C*-algebra.

(b) Let X be a locally compact Hausdorff space and Cy(X) be the
set of all continuous functions vanishing at infinity. Define f*(t) = m
(for t € X). Then Cy(X) becomes a x-algebra. With || f| = sup,cx |f(t)],

Co(X) is a C*-algebra. Cy(X) is unital if and only if X is compact.

Example 1.2.3 Let X be a compact Hausdorff space and B(X) be the
set of all bounded Borel functions on X. With [|f|| = sup,cx |f(z)| and

f*(x) = f(z), B(X) becomes a C*-algebra. For any complex Borel measure
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10 The Basics of C*-algebras

pon X, there is a bounded linear functional F,, € C'(X)* such that F,(f) =
Jx fdp. Tt is clear that (by considering point-evaluation)

sup |F,(f)] = || £]
llul <1

for any f € B(X). On the other hand, if ||u| <1,

IF(f)] < /X Fldll < 111l

Thus the C*-algebra B(X) is the same Banach space when we regard it as
a subspace of the second dual of C(X) as described above.

Definition 1.2.4 Let A be a C*-algebra. An element x € A is normal
if xz* = z*x and is self-adjoint if x = x*. The self-adjoint part of A is
denoted by A,. For each x € A, the element %(:v + z*) is in A, and is
called the real part of z, and the element — 4 (z —2*) is in A,, and is called
the imaginary part of x. It follows that A, is a closed real subspace of A
and each element x € A has a unique decomposition as = y + iz with
Y, 2 € Asq. An element p € A, is called a projection if p* = p.

When A admits a unit, we denote the unit (or identity) by 14, or 1
when there is no confusion. If A has a unit, then A # 0. Since 1% = 14,
[1all = [|1a]|* and ||14]| = 1. Thus a C*-algebra with unit is a unital
Banach algebra. We will call it a unital C*-algebra.

An element u in a unital C*-algebra is unitary if v*u = uu* = 1. Since
1* =1, |jul| = 1.

One can always unitize a C*-algebra.

Proposition 1.2.5  For each C*-algebra A there is a C*-algebra A with
unit containing A as a closed ideal. If A has no unit, AJA = C.

Proof. Let B(A) be the set of all bounded linear operators on A. Consider
the map 7 : A — B(A) defined by 7(a)b = ab for all a,b € A. (This map
is often called the left regular representation of A.) It is clear that 7 is a
homomorphism. Since ||7(a)b|| < ||a||||bl], [|7(a)] < |la|. Also

lall* = llaa*[| = |7 (a)a|| < [m(a)llla*[| = [[7(a)ll]all.

Hence 7 is an isometry. Let 1 denote the identity operator on A and let A
be the algebra of operators on A of the form m(a) + A -1 with a € A and
A € C. Since 7(A) is complete and A/m(A) = C, A is also complete. Define
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C*-algebras 11

an involution on A by defining (r(a) + A1)* = 7(a*) + A1. For each € > 0,
there is b € A with [|b|| = 1 such that

(@) + AL? < e+\|<a+x>bn2—s+nb*<a + )+ N

< e+ @ +M(a+Mp| < e+ [(w(a”) + N)(m(a) + A

So A becomes a C*-algebra. O

Definition 1.2.6 For a non-unital C*-algebra A, the spectrum of x € A,
denoted by sp(z), is defined to be the spectrum of z in A.

Lemma 1.2.7 If A is a C*-algebra and x € A is a normal element, then
]| = r(z).

Proof. 1If z € Ag,, then ||2?|| = ||z||? implies that

on H1/2n

r(e) = lim [V = |l
If in general, = is normal, we obtain
r@? < el = a*al = lim ||@"2)"]M"
< lim (@) 2" )Y < ().
Hence r(z) = ||z]|. O

Corollary 1.2.8 There is at most one norm on a *-algebra making it a
C*-algebra.

Proof. If ||-|l1 and | - ||2 are two norms on a *-algebra A making it a
C*-algebra, then

lall? = lla*all; = r(a*a) = sup{|A| : A € sp(a*a)}
(¢ =1,2). Thus ||a]|1 = ||a]2. O

Lemma 1.2.9 Let A be a C*-algebra and a € As,. Then sp(a) C R. If
u € A is a unitary, then sp(u) is a subset of the unit circle.

Proof. Let u be a unitary in a unital C*-algebra A and A € sp(u).

Since [|ul|? = |[u*u| = ||1]| = 1, |A\] < 1. However, A~! € sp(u~!). Since

u~! = u* is also a unitary, we conclude that |[A\| = 1. For a € Ay, by

considering A if necessary, we may assume that A is unital. The function
exp(iz) = Y oo (iz)"/n! is an entire function. By applying 1.1.19, we see
AN INTRODUCTION TO THE CLASSIFICATION OF AMENABLE C*-ALGEBRAS
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12 The Basics of C*-algebras

that u = exp(ia) is a unitary (with u* = exp(—ia)). If A € sp(a) and
b=>"" (i)"(a — \)""1/nl, then by 1.1.19,

n=1

exp(ia) — e = (exp(i(a — \)) — 1)e** = (a — \)be™.

Since b commutes with a (by 1.1.19), and a— )\ is not invertible, exp(ia) —e**
is not invertible. Hence |e**| = 1, and therefore A € R. In other words,
sp(a) C R. O

1.3 Commutative C*-algebras

The C*-algebra Cp(X) in 1.2.2 (b) is a commutative C*-algebra. In this
section, we will show that every commutative C*-algebra has this form.

Definition 1.3.1 A multiplicative linear functional on a Banach algebra
A is a nonzero homomorphism of A into C. The set of all multiplicative
linear functionals on A is called the mazimal ideal space of A and will be
denoted by Q(A).

If A is a unital algebra, and I is a proper ideal of A, then an application
of Zorn’s lemma shows that there is an ideal M D I such that A/M is
simple and nonzero. Such ideals are called maximal ideal. We leave this to
the reader as an exercise.

Theorem 1.3.2 Let A be a unital commutative Banach algebra.

(1) If & € Q(A), then 6] = 1.

(2) The space QA) is non-empty, and the map ¢ +— kerd defines a
bijection from Q(A) onto the set of all mazimal ideals of A.

Proof. Suppose that ¢ € Q(A) and a € A such that ||a|| < 1= ¢(a). Let
b=> .2 ,a" Then a+ ab="b and

$(b) = ¢(a) + d(a)p(b) = 1+ ¢(b).

This is not possible. So ||@|| < 1. Since ¢(1) = 1, we proved that ||¢| = 1.
For part (2), let ¢ € Q(A). It follows that M = ker¢ is a closed ideal
of codimension 1 in A, and thus is maximal. If ¢, ¢2 € Q(A) and ker¢y =
kergs, then for each a € A, a — ¢3(a) € ker¢;. This implies that ¢1(a —
¢2(a)) =0 or ¢1(a) = ¢2(a). This shows the map is one-to -one.
Conversely, if M is a maximal ideal, then dist(M,1) > 1 because the

open unit ball with center at 1 consists of only invertible elements (by
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exp(ia) — e = (exp(i(a — \)) — 1)e** = (a — \)be™.

Since b commutes with a (by 1.1.19), and a— )\ is not invertible, exp(ia) —e**
is not invertible. Hence |e**| = 1, and therefore A € R. In other words,
sp(a) C R. O

1.3 Commutative C*-algebras

The C*-algebra Cp(X) in 1.2.2 (b) is a commutative C*-algebra. In this
section, we will show that every commutative C*-algebra has this form.

Definition 1.3.1 A multiplicative linear functional on a Banach algebra
A is a nonzero homomorphism of A into C. The set of all multiplicative
linear functionals on A is called the mazimal ideal space of A and will be
denoted by Q(A).

If A is a unital algebra, and I is a proper ideal of A, then an application
of Zorn’s lemma shows that there is an ideal M D I such that A/M is
simple and nonzero. Such ideals are called maximal ideal. We leave this to
the reader as an exercise.

Theorem 1.3.2 Let A be a unital commutative Banach algebra.

(1) If & € Q(A), then 6] = 1.

(2) The space QA) is non-empty, and the map ¢ +— kerd defines a
bijection from Q(A) onto the set of all mazimal ideals of A.

Proof. Suppose that ¢ € Q(A) and a € A such that ||a|| < 1= ¢(a). Let
b=> .2 ,a" Then a+ ab="b and

$(b) = ¢(a) + d(a)p(b) = 1+ ¢(b).

This is not possible. So ||@|| < 1. Since ¢(1) = 1, we proved that ||¢| = 1.
For part (2), let ¢ € Q(A). It follows that M = ker¢ is a closed ideal
of codimension 1 in A, and thus is maximal. If ¢, ¢2 € Q(A) and ker¢y =
kergs, then for each a € A, a — ¢3(a) € ker¢;. This implies that ¢1(a —
¢2(a)) =0 or ¢1(a) = ¢2(a). This shows the map is one-to -one.
Conversely, if M is a maximal ideal, then dist(M,1) > 1 because the

open unit ball with center at 1 consists of only invertible elements (by
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Commutative C*-algebras 13

1.1.10). It follows that the closure of M still does not contain 1. It is easy
to see that the closure is an ideal. So it is a proper ideal. We conclude that
M itself is closed. So the quotient A/M is a simple commutative Banach
algebra. By Lemma 1.1.13 A/M = C. So this quotient map ¢ gives a
continuous homomorphism from A — C with ker¢p = M. The map is
therefore bijective.

To see that (A) is non-empty, we may assume that A # C, otherwise
the identification of A with C gives a nonzero homomorphism. So A is not
simple (by 1.1.13). Let I be a proper ideal of A. Since A has an identity,
there is a maximal proper ideal of A containing I (see 1.3.1). (]

If A is a unital commutative Banach algebra, it follows from 1.3.2 that
Q(A) is a subset of the (closed) unit ball of A*. So Q(A) with the relative
weak *-topology becomes a topological space.

Theorem 1.3.3 If A is a unital commutative Banach algebra, then Q(A)
is a compact Hausdorff space.

Proof. Tt is easy to check that Q(A) is weak* closed in the closed unit
ball of A*. Since the unit ball of A* is weak* compact (Banach-Alaoglu
theorem), 2(A) is weak* compact. O

Definition 1.3.4 Suppose that A is a unital commutative Banach alge-
bra and Q(A) is its maximal ideal space. If a € A, we define a function a
by

a(t) =t(a) (teQ(A)).

The set {¢p € Q(A) : |#(a)] > a} is weak* closed (for every a > 0) in the
closed unit ball of A*. Thus it is weak™ compact by the Banach-Alaoglu
theorem. Hence a € C(Q(A)). Thus we define a map I' : ¢ — a from A into
C(Q(A)). This map is called the Gelfand transform. It is clear that I' is a
homomorphism.

Assume A is a non-unital C*-algebra and A is its unitization. If ¢ :
A — C is a nonzero homomorphism, then ¢(a + \) = ¢(a) + A (a € A
and X € C) is a homomorphism from A into C. Thus Q(A) is a subset of
Q(A). In fact Q(A) = Q(A) U {r}, where 7 is determined by 4/A = C,
i.e., kerr = A. Since Q(A) is a compact Hausdorff space, we conclude that
Q(A) is a locally compact Hausdorff space. The restriction of the Gelfand
transform of A on A maps A into Co(Q(A)).
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14 The Basics of C*-algebras

The following is the Gelfand theorem for commutative C*-algebras. Note
that if A is unital, Q(A) is compact and Co(Q(A)) = C(Q(A)).

Theorem 1.3.5 Suppose that A is a commutative C*-algebra. Then the
Gelfand transform a — a is a x-preserving isometry from A onto Cy(Q(A)).

Proof. Suppose first that A is unital. Let ¢ € Q(A) and a € A then
t(a) —a € kert. Since kert is a maximal ideal, t(a) € sp(a). Therefore, if a €
Agq, then t(a) € R by 1.2.9. By writing a = (1/2)(a+a*)+14[(1/2i)(a—a*)],
we conclude that t(a*) = t(a) for each a € A. This shows that I'(a) = @ is
a #-preserving homomorphism from A into C(2).

If a is invertible, then I'(a™!) = I'(a)™?, since I is a homomorphism.
Conversely, if a is not invertible, then the ideal I = aA is proper and thus
is contained in a maximal ideal M (we still assume that A is unital). If
¢ € Q(A) and ker¢p = M, then ¢(a) = 0. Thus & is not invertible in C(Q(A)).
This implies that @ and a have the same spectrum and this coincides with
the range of @ (see 1.1.7). Since the norm in C'(2(A)) is the supremum norm
and the range of a is sp(a), we conclude that ||G||cc = r(a) = ||al|, since a is
normal (see 1.2.7). This says that I is a #-preserving isometry from A into
C(Q(A)). Since points in Q(A) are multiplicative linear functionals which
can be only distinguished by elements in A, {a : a € A} separates points in
Q(A). It follows from the Stone-Weierstrass Theorem that I' is surjective.

For the non-unital case, from the above, I : A — C(Q(A)) is a surjective
s-preserving isometry. Since A/A = C, T'(A) is a maximal ideal. Note as
in 1.3.4, we may write Q(4A) = Q(A) U {r}, where 7 is determined by
the quotient map A — A/A = C. Then Cy(Q(A)) is the (maximal) ideal
(of C(Q(A))) of continuous functions vanishing at m, which is identified
naturally with Co(Q(A)). O

Let S be a subset of a C*-algebra A. Then the C*-subalgebra of A
generated by S, denoted by C*(S), is the smallest C*-subalgebra of A
containing S.

Corollary 1.3.6 Ifa is a normal element in a unital C*-algebra A, then
there is an isometric x-isomorphism from C*(a) to Cy(sp(a) \ {0}) which
sends a to the identity function on sp(a).

Proof. Since a is normal, C*(a) is commutative. Note that ¢ € Q(C*(a))

is determined by ¢(a) = A. Thus the map from Q(C*(a)) into C taking ¢

to ¢(a) is a homeomorphism onto @(2(A4)). From the Gelfand transform,

a(Q(A)) = sp(a). This map identifies @ with the identity function z on sp(a)
AN INTRODUCTION TO THE CLASSIFICATION OF AMENABLE C*-ALGEBRAS
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as desired. It follows from 1.3.5 that this map is an isometric *-isomorphism
O

Definition 1.3.7 If a is a normal element of A and f € Cy(sp(a) \ {0})
we denote by f(a) the element of A corresponding to f via the isomorphism
given in 1.3.6. Corollary 1.3.6 is known as the continuous functional calculus
for normal elements.

The following corollary is often called the spectral mapping theorem.

Corollary 1.3.8 Let a be a normal element in a unital C*-algebra A
and f € C(sp(a)). Then

f(sp(a)) = sp(f(a)).

Proof. This follows immediately from the above corollary. O

Theorem 1.3.9 Let A = C(X) and B = C(Y), where X and Y are
two compact Hausdorff spaces. Then A = B if and only if X and Y are
homeomorphic.

Proof. Let ¢ : A — B be an isomorphism. Define 7 : ¥ — X by
T(y)(f) = y(é(f)). Here we identify X with the maximal ideal space (mul-
tiplicative states) of A and Y with the maximal ideal space of B. The
continuity of ¢ implies that 7 is continuous. Since ¢ is onto, there is f € A
such that 7(y1) # 7(y2) if y1 # ya2. Thus 7 is injective. Since Y is a compact
Hausdorff space, F' = 7(Y") is a closed subset of X. Let

I={feCX): flr=0}.

Then ker¢p D I. Thus F' = X. In other words 7 is onto, whence 7 is a
homeomorphism.

Conversely if 7 : Y — X is a homeomorphism, define ¢(f)(y) = f(7(y)).
To verify that ¢ is an isomorphism one can simply reverse the above argu-
ment, and we leave this to the reader. O

Remark 1.3.10 The Gelfand representation theorem for commutative
C*-algebras is fundamentally important. Even in a non-commutative C*-
algebra A, we often obtain useful information of A via the study of certain
commutative C*-subalgebras of A. So Theorem 1.3.5 certainly plays an
important role in studying non-commutative C*-algebras as well. Theorem
1.3.9 shows that to study commutative C*-algebras, it is equivalent to study

their maximal ideal spaces. Therefore the commutative C'*-algebra theory is
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16 The Basics of C*-algebras

the theory of topology. Much of general C*-algebra theory can be described
as non-commutative topology.

1.4 Positive cones

Example 1.4.1 Let H be a Hilbert space and let B(H) be the space of all
bounded operators from H to H. If Ty,T» € B(H), we define (T173)(v) =
T1(Tz(v)) for v € H. With the operator norm [|T'|| = supy,=1 [[T(v)[,
B(H) is a Banach algebra. If T € B(H), define T* by (Tx,y) = (z,T*y)
(x,y € H), where (-,-) is the inner product on H. Then one easily checks

IT*T|| = sup [(T*Tz,y)|= sup [(Tx,Ty)|=|T|*
lzll=1=]1y]l lzll=1=]1yll
Thus B(H) is a C*-algebra.
Every closed x-subalgebra of B(H) is a C*-algebra. Later in this chapter
we will show that every C*-algebra is a closed *-subalgebra of B(H) for
some Hilbert space.

Example 1.4.2 Let H be a Hilbert space. An operator T € B(H) is said
to be compact if it maps bounded sets to precompact subsets. If the range
of T is finite dimensional, then T is compact. Denote by K(H) the set of
all compact operators in B(H). C(H) is clearly a closed subspace of B(H).
IfT e K(H),L e B(H), then TL, LT € K(H). Therefore IC(H) is a closed
ideal of B(H). Moreover if T' € C(H), then T* € K(H). Therefore K is a
C*-subalgebra of B(H). When H is separable infinite dimensional Hilbert
space, we will use K for C(H). K is a very important example of a (simple)
C*-algebra.

Example 1.4.3 To show that any C*-algebra is a C*-subalgebra of
B(H) for some Hilbert space H, we need to study the order structure of C*-
algebras. Recall that an operator T' € B(H) is called positive if (T'v,v) >0
for all v € H. In the case that H is finite dimensional, T is positive if and
only if it is self-adjoint and all eigenvalues are nonnegative.

If A=C(X), an element f € A is positive if f(¢) > 0 for all t € X.

We now introduce the following definition.

Definition 1.4.4 An element a in a C*-algebra A is positive if a € Ag,
and sp(a) C R;. We write a > 0 if a is positive. The set of all positive
elements in A will be denoted by A.
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A projection p is always positive, since p? = p and p € A,, implies that
sp(p) = {0,1}, by 1.3.6.

Lemma 1.4.5 Let A be a C*-algebra and let a € A. Then the following
are equivalent:

(i) a >0
(i) a = b2 for some b € Agq;
(iii) a = a* and ||t — al| < t for any t > ||a|;

(iv) a =a* and ||t — a|| <t for somet > |a].
Proof. (i) = (ii): In C*(a), by 1.3.6, we set b = a'/2.

(ii) = (i): Consider the C*-subalgebra C*(b). Then a € C*(b) and, by
1.3.6, C*(b) = Co(sp(b)). We see that a = a* since b € As,.

(i) = (iii): Since ¢t — a is normal, from 1.3.5 we have (with t > ||al|),

|t —a| = sup{|t — A\| : A € sp(a)} < t.
(iii) = (iv) is immediate.
(iv) = (i): If A € sp(a) then t — X € sp(t — a). Thus
t=Al <[t—a| <t
Therefore A > 0 since A <t. g

Definition 1.4.6 Let a € Ay,. Then a®> € A,. Set |a| = (a®)'/? (by
1.3.6). Then ay = (1/2)(|a| + a) and a_ = (1/2)(|a| — a). By the Gelfand
transform, |a|, a4 and a_ are positive. Moreover, by 1.3.6, a;a_ = 0 and
a=ay—a_.

Corollary 1.4.7 If A is a unital C*-algebra, then A is the linear span of
unitaries.

Proof. Letae€ Ay, and |al| < 1. Then 1 —a? € Ay. Put
u=a+i(1—a*)? and v=a—i(1 —a?)2

Then v* = v and u*u = vu* = 1. So u and v are unitaries. On the other
hand, we have a = (1/2)(u + v). O

Theorem 1.4.8 The set Ay is a closed cone (a+b € Ay, if a,be Ay
and Ay NA_ ={0} ) and a € Ay if and only if a = z*x for some z € A.

Proof. It follows from (iii) of 1.4.5 that A is closed and, if a € A, then
Aa € A, for any A € R,. To see that A, is a cone, take ¢ and bin A,. By
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18 The Basics of C*-algebras

(iii) of 1.4.5,
[(lall +{|5]]) = (a + b)]

I(lall = a) + (o]l = )l
Hlall = all + [[lI6l] = bl < {lall + b

IN

Since ||al| + ||b]] > ||a + b]|, from the above and (iv) of 1.4.5,a +b € A;.
Now suppose that a = z*z for some z € A. Then a* = a.Seta = ay—a_
as in 1.4.6. We have

—(:wl_/2)*(a:a1_/2) = —a'?r*za'? = —a1_/2(a+ - a_)a1_/2 =a? € A,
Put xal_/2 =b+ic with b, c € A,,. Then
(za?)(za?)* = 2(b2 + 2) + [~ (za/?)* (za/?)] € A,

since A, is a cone. It follows from 1.1.8 that sp(a?) C Ry NR_ = {0}.
Therefore a_ = 0 and a > 0. O

Definition 1.4.9 1In A,,, we write b < aifa—b > 0. Since As, = AL —A4
and Ay N(—A4) = {0}, A,q becomes a partially ordered real vector space.

Theorem 1.4.10 Let A be a C*-algebra.

(1) Ay ={a*a:a € A}

(2) If a, b € Asq and c € A, then a < b implies that c*ac < c*be.

(3) If0<a<b, |a <[b].

(4) If A is unital and a,b € Ay are invertible, then a < b implies that
0<bt<al

Proof. Condition (1) follows from 1.4.8 and the fact that positive ele-
ments have positive square roots. To see (2), we note that ¢*bc — c*ac =
c*(b—a)c. So (2) follows from (1). For (3), we may assume that A is unital.
The inequality b < ||b]| - 1 follows from 1.3.5 by considering C*(b,1). Hence
a < ||b]| - 1. We then apply 1.3.5 to C*(a, 1) to obtain ||al| < ||b].

To see (4), we note that if b > 0 and invertible, then b=! > 0 (by 1.3.6). It
follows from (2) that b=/2ab=1/2 < b=1/2bb=1/2 = 1. Hence ||a'/?b=1/2|| <
1 (by (3)). Thus [la'/2b=a'/?|| < 1 which implies that a'/2b~'a!/? < 1. By
(2), we have

b71 — <a71/2)<a1/2b71a1/2)<a71/2> < <a71/2)1<a71/2) _ ail. -
Theorem 1.4.11 Let A be a C*-algebra. If a, b € Ay such that a < b,
then a® < b for any 0 < a < 1.
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Proof. By considering A, we may assume that A is unital. Fix 0 < a < b
in Ay. Let C = {a € Ry : a® < b*}. Then 0, 1 € C. Since the function
fn(t) =t — t* if @, = « for ay, > 0 uniformly on [0, K] for any K > 0,
" — z* for any positive element x € A, if a,, — a (and «, > 0). Since
AL is closed, if a,, € C and a,, — «, then b* —a® € A, . This shows that
C is closed. To prove the theorem, it suffices to show that C' is convex. We
first consider the case that both a and b are invertible. Let a;, 8 € C. Then

b=/2q2p=2/2 <1 and b P/2aPpP/2 < 1.

Hence, by 1.4.10, [|b=*/2a®b=*/?|| < 1 and ||b=%/2a%b=P/2|| < 1. So

la®/2b=2/2||2 < 1 and ||a®/?b=P/2||> < 1. Therefore (using the fact that

sp(zy) = sp(yz))

L= 6720 @ )| = (o el 2o

r(bP/2[a(0FP) /2= /2]y = p(qo+P)/2p=(atB)/2)

= r([aletP /2= (@48 Ap=(atB)/2) — p(p=(atB)/4g(a+B)/2p—(atB)/4)
|p~(atB) /g atB)/2p=(atB)/4)

AVARLY,

Therefore we have b~ (a+P)/4g(a+B)/2p—(a+8)/4 < 1. Hence aloth)/2 <
b(@+8)/2 Therefore C contains (1/2)(a + 3). Consequently, C O [0,1]. In
general, for any € > 0, we have

b+e)*—(a+e)*>0 (0<a<l).
Since A, is closed, letting € — 0, we obtain a® < b“. (]

Example 1.4.12 It is not true that 0 < a < b implies a? < b? in general
non-commutative C*-algebras. For example, let A = M, and let

1 0 1 1
p:(o O> andq:l/2<1 1).

Then both p and g are projections and p < p+¢q. But p? =p £ (p+¢q)? =
p+q + pq + gp, since

3 2
q+pq+qp=1/2<2 1)

is not positive.
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1.5 Approximate identities, hereditary C*-subalgebras and
quotients

To deal with non-unital C*-algebras, and avoid the troubles caused by the
absence of unit, one can often embed A into A. However, more often, one
has to work in the original non-unital C*-algebra. Therefore the notion of
approximate identity is essential.

Example 1.5.1 Let H be a Hilbert space with an orthonormal basis
{vn}22 ;. The C*-algebra K, the set of all compact operators on H, is a non-
unital C*-algebra. Let p,, be the projection (from H) onto span{vy, ...., v, }.
Then {p,} is an increasing sequence of projections in K. The reader easily
checks that, for any x € K,

lpnx — || = 0 and ||z — xps| = 0 as n — oo.

The sequence {p,} plays a role which is similar to that of identity in a
unital C*-algebra.

Let X be a non-compact but o-compact and locally compact Hausdorff
space X. Then Cy(X) = A is non-unital. Moreover, X = U2, X,,, where
each X, is compact and X,,;1 contains a neighborhood of X,,. It is easy to
produce an increasing sequence of positive functions f,, € Cy(X) such that
0< fn<1, fo(t) =1o0n X, and f,(t) =0if ¢t € X,,11. One checks that,
for any g € Co(X),

lgfn—9gll =0 as n— co.

Definition 1.5.2 An approzimate identity for a C*-algebra A is an in-
creasing net {ey}xea of positive elements in the closed unit ball of A such
that

a = limae,.
X

Equivalently, a = lim) eya for all a € A.

Lemma 1.5.3 Let A be a C*-algebra and denote by A the set of all
elements a € Ay with ||a|| < 1. Then A is upwards-directed; i.e., ifa, b € A,
then there exists some ¢ € A such that a,b < c.

Proof. Suppose that a € A;. Then 1 +a € GL(A), and a(1 +a)~* =
1—(1+4a)~!. We claim that

a,bc€ Ay and a<b—a(l+a) t <b(1+b)"n (e5.4)
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In fact, if a < b, then 1+a < 1+b which implies that (1+b)~! < (1+a)7!
by 1.4.10 (4). Consequently 1 —(1+a)~! <1 —(1+b)~!. This is the same
as

a(l4+a) <A +b)7t

So the claim is proved.
We note also (by 1.3.6) that if a € A, then a(l + a)~! € A. Now
suppose that a, b € A. Put

r=a(l—a),y=0b1-b)""and c=(z+y)1+2z+y) "

Since z+y € A4, c € A. We note that (1+z)"! =1-aand z(1+2)! = a.
So, by 5.4, a = z(1 +2)~! < ¢, since * < x + y. Similarly, b < c. This
proves the lemma. O

The following positive continuous functions will be used throughout this
book.

Definition 1.5.4 Let

1 ife <t
fe(t) =< linear ife/2<t<ce (e5.5)
0 if0<t<e/2

so that f. € Co((0,K]) for any K > 0, and 0 < f. < 1. Note that if
o> (>0, then fz > f,. Alsof f1 —fl.
Let a € A;. Then it follows from 1.3.6 that fe(a)a » aife — 0.

Theorem 1.5.5 FEvery C*-algebra A admits an approrimate identity.
Indeed, if A is the upwards-directed set of all a € Ay with ||a|| < 1 and
ex = A for all X € A, then {ex}ren forms an approzimate identity for A.

Proof. From 1.5.3 {es} is an increasing net in the closed unit ball of A.
We need to show that limy ae) = a for all a € A. Since A spans A, it suffices
to assume that a € A;. Since {||a(1 — ex)al|} is decreasing, it suffices to
show that there are u, € {ex} such that ||a(l — u,)al| — 0 (as n — 0).
Note that w,, = (1 — l)f (a) € A. We have t(1 — (1 — %) f1(t))t — 0 as
n — oo uniformly on [0, 1] It follows from 1.3.6 that !

la(l —up)all =0 as n — oo.
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Corollary 1.5.6 If A is separable, then A admits a countable approxi-
mate identity.

Proof. Fix a dense sequence {z,} of A. Let {ey} be an approximate
identity for A. Choose ey, € {ex} such that

lwier — x| < 1/k (1 <i<k)

and exy1 > ex, k =1,2,...,. Thus {ex} forms an approximate identity for
A. O

Definition 1.5.7 A C*-algebra is said to be o-unital if A admits a count-
able approximate identity.

The above corollary (1.5.6) shows that every separable C*-algebra is
o-unital.

Definition 1.5.8 A C*-subalgebra B of A is said to be hereditary if for
any a € A, and b € B the inequality a < b implies that a € B. Obviously,
0 and A are hereditary C*-subalgebras of A. Any intersection of hereditary
C*-subalgebras is hereditary. Let S C A. The hereditary C*-subalgebra
generated by S is the smallest hereditary C*-subalgebra of A containing S.
Such a hereditary C*-subalgebra is denoted by Her(SS).

Lemma 1.5.9 Let A be a C*-algebra and a € Ay. Then aAa is the
hereditary C*-subalgebra generated by a.

Proof. Let B = aAa. It is easy to see that aAa is a *-subalgebra. It
follows that B is a C'*-subalgebra.

Claim (1): If ¢ € By then cAc C B. In fact, if ar,a — c, then, for any
y € A, axnayazr,a — cyc. Therefore cAc C B. This proves the claim.

Claim (2): Let e, = fi/n(a). Then {e,} forms an approximate identity
for B. In fact by 1.5.4, ||e,a—al| — 0 as n — co. Suppose & = aba for some
b € A. Then we have |e,z — z|| — 0 and ||ze,, — z|| — 0 as n — oo. Since
aAa is dense in B, we conclude that {e,} is an approximate identity for B.

Since ae,a — a?, a®> € B. Hence a € B and C*(a) C B. In particular,
from Claim (1), fi/n(a)Afi/(a) C B.

Now suppose that 0 < ¢ < b with b € B... We will show that ¢ € B. By
1.4.11, ¢'/2 < /2. Thus

(1 = en)e(l —en)l| < (1= en)b(L —en)|| < [I(1 — en)d]| = 0.
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Therefore ||(1—e,)c'/?|| — 0, or e,ct/? — /2. Hence e, ce, — c. By Claim
(1), ence, € B. Therefore ¢ € B. So B is hereditary. We have shown that
a € aAa. It follows that Her(a) = aAa. O

Theorem 1.5.10 A C*-algebra A is o-unital if and only if there is a €
Ay such that Her(a) = A.

Proof. We have shown (from Claim (2) in the proof of 1.5.9) that A is
o-unital if A = Her(a) for some a € A.

For the converse, let {e,} be an approximate identity for A. Put a =
>0 1(1/2™)e,, and B = Her(a). Since e,, < 2"a, by 1.5.9, e,, € B for all n.
As in the proof of 1.5.9, e,be,, € B for any b € A, . Since e,b'/? — b'/2,
enbe, — b. Therefore b € B. It follows that A = B. O

Corollary 1.5.11 If A is a o-unital C*-algebra, then A admits a count-
able approximate identity {e,} satisfying

€nent+l =€n =e€ntien N =12 ..

Proof. Let A = aAa for some a € A;. Set e, = f/2n(a). Then {e,} is
an approximate identity. By 1.5.4, f1/2n f1 /2(m+1) = f1/2n for all n. (]

Theorem 1.5.12 IfI is an ideal in a C*-algebra A, then I is a hereditary
C*-subalgebra of A. If {ex} is an approzimate identity for I, then for each
a€A,

al| = inf b|| =1 — =1 _ )
lall = inf la + bl = lim [la — exal| = lim [la — acx]

Proof. Let B=I*NI. Then B is a C*-subalgebra of A. Let {e)} be an
approximate identity for B. Note that ey € BC I. If a € I,
limy a*a(1 — ey) = 0. Hence

li}I\n lla —aex||* = liin (1 —ex)a*a(l —ey)] < liin la*a(l —ey)| = 0.

Therefore a = limy aey. Hence a* = lim) eya*. Since eya™ € I, we conclude
that a* € I. Therefore I is C*-subalgebra.

To see it is hereditary, let 0 < ¢ < a, where ¢ € A} and a € I;. By
1.5.9 ¢ € Her(a) = aAa. But aAa C I. Hence I is hereditary.

Now suppose that {e)} is an approximate identity for I.

By definition, ||a|| = infper|ja + 0| for all @ € A. Fix a € A. Put

a = infyerfja + b|| and G = limy |Ja(l — ex)a*|| (it exists since the net is

AN INTRODUCTION TO THE CLASSIFICATION OF AMENABLE C*-ALGEBRAS
© World Scientific Publishing Co. Pte. Ltd
http://www.worldscibooks.com/mathematics/4751.html



24 The Basics of C*-algebras

decreasing). We have
a? < Jla(l —ex)|* = lla(l — ex)*a”|| < [la(l — ex)a™]| — B.

Hence o? < B. Thus it suffices to show that a® > 3. To do this, let € > 0
and take b € I such that o+ > ||a + b||. Then

(@ +e)* > [la+bll]1—exlllla” + 0% > [[(a+b)(1 —ex)(a” +b%)|| = 5
since both [|b(1 — ey)|| and ||b*(1 — ey)|| tend to zero. Thus we have
(a+e)?>p
for every € > 0. Hence o2 > §3. O

Corollary 1.5.13 If I is a closed ideal of A, then A/I equipped with its
natural operation is a C*-algebra. (In particular, T5 = z*.)

Proof. 1t follows from 1.1.20 that it suffices to show that ||Z*Z| = ||Z]|?.
Let {ex} be an approximate identity for I. Then,

lz*zl} = lim[z"2(1 —ex)] = lm[[(1 - ex)z"z(1 —e)]|

lim [[2(1 — ex)|* = |12

A O
Definition 1.5.14 From now on, an ideal of a C*-algebra is always
closed, and a homomorphism from a C*-algebra to another is always a
*-homomorphism.

Theorem 1.5.15 Fach homomorphism h : A — B is norm decreasing,
and h(A) is always a C*-subalgebra of B. If h is injective, then it is an
isometry.

Proof. If a € Asq,, then sp(h(a))\ {0} Csp(a)\ {0}. Since ||a|]| = r(a) by
1.2.7, we conclude that for each a € A,

Ih(a)]* = [|h(a*a)|| < [la*all = [lall*.

Thus h is norm decreasing.

Now assume that h is injective. To show that h is an isometry, we need
to show that ||h(a)||® = ||la||?, i.e., ||h(a*a)|| = ||la*al|. Thus it suffices to
show that ||h(z)|| = ||z| for all z € A, . Fix such an « and by restricting
to C*(x), we may assume that A is commutative. Also, by considering A

and extending h to h : A — B if necessary, we may assume that A and B
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are unital. Thus, by 1.3.5, we may assume that A = C(S), where S is a
compact Hausdorff space. Since h(A) is commutative, by taking its closure,
we may also assume that B = C(T) for some compact Hausdorff space
T. Define h* : T — S by h*(t) = to h. As in 1.3.9, since h is injective,
h*(T) = S. Therefore, for each g € C(5),

loll = supla(s)| = suplo(h ()] = [h(o)].

Thus h is an isometry.

To complete the proof, we note the I = kerh is an ideal of A (closed). So
h induces an isomorphism from A/I into B. Therefore A/I is isometrically
*-isomorphic to h(A). It follows that h(A) is a C*-subalgebra. O

Definition 1.5.16 From now on, an isomorphism h from a C*-algebra
A to another C*-algebra B is always a *-isomorphism. Furthermore, it is
an isometric *-isomorphism. If A is isomorphic to B, we write A & B.

Corollary 1.5.17 Let I be a closed ideal of a C*-algebra A and let B
be a C*-subalgebra of A. Then B + I is a C*-subalgebra of A. Moreover,
B/(BNI)=(B+1)/I.

Proof. Clearly B + I is a x-subalgebra of A containing I and B. Let
m : A — A/I be the quotient map. By 1.5.15, n(B) is closed in A/I,
whence the preimage of m(B) is closed, i.e., B + I is closed.

Note that the map b+ BNI +— b+1 is a x-isomorphism from B/(BNI)
to (B + I)/I. Thus, by 1.5.15, it is a C*-isomorphism. O

1.6 Positive linear functionals and a Gelfand-Naimark
theorem

Definition 1.6.1 A linear map ¢ : A — B between C*-algebras is said
to be self-adjoint if ¢(Asq) C Bsa, and positive if p(AL) C By. It follows
that if ¢ is positive then ¢ is self-adjoint.

Every homomorphism h: A — B is positive.

If B = C, then a positive linear map ¢ : A — C is called a positive
linear functional. If, in addition, ¢ is bounded and ||¢|| = 1, then ¢ is called

a state on A. If ¢ is a linear functional, we write ¢ > 0 if it is positive.
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T. Define h* : T — S by h*(t) = to h. As in 1.3.9, since h is injective,
h*(T) = S. Therefore, for each g € C(5),
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Thus h is an isometry.

To complete the proof, we note the I = kerh is an ideal of A (closed). So
h induces an isomorphism from A/I into B. Therefore A/I is isometrically
*-isomorphic to h(A). It follows that h(A) is a C*-subalgebra. O

Definition 1.5.16 From now on, an isomorphism h from a C*-algebra
A to another C*-algebra B is always a *-isomorphism. Furthermore, it is
an isometric *-isomorphism. If A is isomorphic to B, we write A & B.

Corollary 1.5.17 Let I be a closed ideal of a C*-algebra A and let B
be a C*-subalgebra of A. Then B + I is a C*-subalgebra of A. Moreover,
B/(BNI)=(B+1)/I.

Proof. Clearly B + I is a x-subalgebra of A containing I and B. Let
m : A — A/I be the quotient map. By 1.5.15, n(B) is closed in A/I,
whence the preimage of m(B) is closed, i.e., B + I is closed.

Note that the map b+ BNI +— b+1 is a x-isomorphism from B/(BNI)
to (B + I)/I. Thus, by 1.5.15, it is a C*-isomorphism. O

1.6 Positive linear functionals and a Gelfand-Naimark
theorem

Definition 1.6.1 A linear map ¢ : A — B between C*-algebras is said
to be self-adjoint if ¢(Asq) C Bsa, and positive if p(AL) C By. It follows
that if ¢ is positive then ¢ is self-adjoint.

Every homomorphism h: A — B is positive.

If B = C, then a positive linear map ¢ : A — C is called a positive
linear functional. If, in addition, ¢ is bounded and ||¢|| = 1, then ¢ is called

a state on A. If ¢ is a linear functional, we write ¢ > 0 if it is positive.
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26 The Basics of C*-algebras

A positive linear functional 7 : A — C is called a trace if p(u*au) = ¢(a)
for all a € A and all unitaries u € A. A trace which is also a state is called
a tracial state.

Example 1.6.2 Let A = C(X), where X is a compact Hausdorff space,
and let u be a positive Borel finite measure. Then the linear functional 7

defined by
- / fdu

is positive. Since A is commutative, 7 is also a trace.

Example 1.6.3 Let A = M,,. Define a linear functional Tr on A by

az] E A -

This is a trace. It is called the standard trace on M,,. The normalized trace
tr on A is defined to be tr = (1/n)Tr. It is a tracial state.

Example 1.6.4 Let A be a C*-subalgebra of B(H ), where H is a Hilbert
space. Let v € H be a nonzero vector. Define f(a) = (a(v),v) for a € A.
Then f is positive. To see this, note that for a > 0, there is x € A such
that @ = z*z. Thus f(a) = (z*z(v),v) = (z(v),z(v)) = ||z(v)| > 0. This
functional is, in general, not a trace.

Lemma 1.6.5 Fuvery positive linear functional on a C*-algebra A is
bounded.

Proof. Let ¢ be a positive linear functional on A. If ¢ is not bounded,
then there is a sequence {z,} C A with ||zg| < 1 such that |¢p(zx)] — .
Since ¢(As,) C R, by considering the real part and imaginary part of z,
without loss of generality, we may assume that x; € As,. By considering
xr = (zx)+ — (xr)—, we may further assume that = € A, . By passing to
a subsequence if necessary, we may assume that ¢(zx) > 25 k =1,2,...,.

Set & =Y ;| $&. Then x € A, . For any n,
n < Z 2- qﬁ Zr) Z 2_k ) < o(z
k=1
This is impossible. Thus ¢ must be bounded. O
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The following is the Cauchy-Schwarz inequality.

Lemma 1.6.6 If ¢ is a positive linear functional on a C*-algebra A, then
foralla,be A

[6(b"a)* < $(b"b)p(a"a). (€6.6)
Proof. For each complex number X\, we have ¢((Aa + b)*(Aa + b)) > 0.
We may assume that ¢(b*a) # 0. With A = tld)((a* b))‘ and t € R, this gives
t*¢(a*a) + 2t|¢(b"a)| + ¢(b*b) > 0
(p(b*a) = p(a*b)). If p(a*a) = 0, the above becomes
2t|¢(b%a)| + ¢(b*b) > 0

for all t € R. By taking negative ¢ with large |¢|, we conclude that ¢(b*a) =
0. The inequality (e6.6) holds in this case.

If ¢(a*a) # 0, choose t = ‘i((s Zgl We obtain

e a)? (" a)|”
¢(a*a) ¢(a*a)

Thus (e6.6) follows. O

+ B(b*b) > 0

Theorem 1.6.7  An element ¢ in A* is positive if and only if limy ¢(ey) =
lloll for some approzimate identity {ex} in A.

Proof. 1If ¢ is a positive linear functional on A and {e,} is any approx-
imate identity for A, then ¢(ey) is increasing. Hence it has a limit, say .
Then | < ||¢||. For each a € A with ||al| < 1, by 1.6.6,

|p(exa)l” < ¢(eX)p(a™a) < glex)l < UlIll-

Since ¢ is continuous (1.6.5), we obtain |¢(a)|? < 1]|¢||, whence ||¢|* < 1]|¢]|
and I = [|¢].

To prove the converse, suppose that {¢(ex)} converges to ||¢||. We first
show that ¢(As,) C R. Let a € Ay, with |Ja]| < 1 and write ¢(a) = o+ i8
with a, 8 € R. By multiplying by —1 if necessary, we may assume that
B > 0. Choose ey so that |lexa — aey|| < 1/n. Then

= 112 2 2 . 2
lnex —ial|® = ||n“ex + a® — in(aex — exa)|| < n” + 2.
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On the other hand
lim [ g(nex — ia)l* = (n]}g] + B)* + o
Combining these two inequalities, we obtain

(nlloll +8)* + a® < (n® +2) [ 4]

for all n. Thus
2n[|¢[|3 + 5% + o < 2|¢|>.

for all n. Hence 8 = 0. So ¢(4s,) C R.
Now if a € Ay with |ja|| < 1, then ey —a € A5, and ey —a < ey < 1.
Therefore

plex —a) < |lg]-

Taking the limit, we obtain ||¢|| — ¢(a) < ||@]|. It follows that ¢(a) >
which implies that ¢ > 0. (]

Remark 1.6.8 We actually proved that limy ¢(ey) = ||¢|| for any ap-
proximate identity {ex} of A. If A is unital then Theorem 1.6.7 also implies
that ¢ > 0 if and only if ¢(1) = ||¢].

Lemma 1.6.9 Let A be the C*-algebra obtained by adjoining a unit to
the C*- algebm A. For each positive linear functzonal ¢ on A deﬁne an
extension ¢ on A by setting ¢(1) = ||¢||. Then ¢ is positive on A and

1]l = NIl

Proof. Let {ex} be an approximate identity for A. For each a € A and
a € C, by 1.4.10 (3),

limsup ||aex 4+ al|> = limsup |||af?e? + aexa + aa*ey + a*al|
A A

IN

limsup |||af*1 + aexa + aa*ey + a*al| = [Jal + a|*.
A
It follows from 1.6.7 that

|$(a+a)| = lim |¢(aer +a)| < [lal + alll|¢]|

Hence ||¢]| = ||¢]|. Since ¢(1) = ||¢]|, by 1.6.7, ¢ > 0. O
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Proposition 1.6.10 Let B be a C*-subalgebra of a C*-algebra A. For
each positive linear functional ¢ on B there is a positive linear functional
¢ on A such that §|g = ¢ and ||p|| = ||¢||. If furthermore B is hereditary,
then the extension is unique.

Proof. We may assume that A has a unit by replacing A by A if necessary.
Extend ¢ to C*(B,14) = B by setting ¢(1) = ||¢|. It follows from 1.6.9
that so extended ¢ is positive and preserves the norm. Therefore, without
loss of generality, we may assume that A has a unit 1 and 1 € B .

By the Hahn-Banach theorem, there is a linear functional ¢ such that
¢l = ¢ and [|¢[| = [|¢[|. Since ¢(1) = |[¢]|, by 1.6.7, ¢ > 0.

To prove the second part, assume that B is hereditary and let {ex} be
an approximate identity for B. Suppose that v is a positive linear functional
on A with ¢|p = ¢ and ||¢|| = ||#]|- Then [[¢| = limy ¢(ex) by 1.6.7. So
limy (14 — ex) = 0. It follows that ((14 —ex)?) < ¥(14 —ex) — 0. By
1.6.6, for any ¢ € A,

(1 = ex)ac)|* < ¢((1a — ex)*)y(c*a*ac) — 0.
Therefore
¥(a) = limy(exaes).
Since eyAey C B, we have
W(a) = limw(exaes) = lim ¢(exae,)

for every a € A. Thus ¢ = ¢. O

Corollary 1.6.11 Let a € A be a normal element. Then there is a state
¢ on A such that |¢(a)| = ||al|.

Proof. Let B = C*(a). Since r(a) = ||al|, by 1.2.7, there is A\ € sp(a)
such that |A| = ||a||. Identify B with Cy(sp(a)), by 1.3.6, we define a state
¢1 on B by ¢1(g9) = g() for g € Co(sp(a)). In particular, |¢1(a)| = |laf.
By 1.6.10, there is a state ¢ on A such that ¢|p = ¢1. O

Definition 1.6.12 Let A be a C*-algebra and f € A*. Define f*(a) =
f(a*). Denote by fs, and fi, the self-adjoint linear functionals (1/2)(f+ f*)
and (1/2¢)(f — f*), respectively. We also use Ref for the real part of f, i.e.,

Ref(a) = (1/2)[f(a) + f(a)] (for a € A). Ref is a real linear functional on
A (regard A as a real Banach space). One should note that f,, and Ref
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are different. It is standard that ||f|| = [|Ref]|. This is usually used in the
proof of the Hahn-Banach theorem (to pass from the real version to the
complex version). It will be used later in these notes.

We have the following non-commutative Jordan decomposition theorem.

Proposition 1.6.13 Let A be a C*-algebra and f € A*. Then f is a
linear combination of states. More precisely, we have the following decom-
position:

f = foa+ifim: fsa = (fsa)+ - (fsa)— and fim = (fim)+ — (fim)—,
where || fsall < [IfIl; | fimll < NI, (fsa)+s (fsa)—s (fim)+ and (fim)— are

positive and

[ fsall = [[(fsa)+ Il + [1(fsa) [l and || fim || = [|(fim )+ ]| + [[(fim) -1

Proof. 1t is clear that fs, and fi, are self-adjoint and || fsall, || fimll <
|I7|l are obvious. For the rest of the proof, we may assume that f is self-
adjoint. Let Q be the set of all positive linear functionals g with ||g|| < 1.
With the weak*-topology, 2 is compact. View A as a closed subspace of
C(€Q). Note that A, C C(2). Let f € A*. Then f can be extended to a
bounded linear functional f on C(Q) with the same norm. Therefore there
is a complex Radon measure y on €2 such that

fa) = /Q vy (¢ € C(R).

Let ¢ = 11 + ive, where 11 and v, are signed measures. So v; (j = 1,2)
gives self-adjoint bounded linear functionals on A which will be denoted by
fi (7 =1,2). Since f is self-adjoint, (f2)|a = 0. So fi extends f (necessarily
they have the same norm). Therefore we may assume that f is self-adjoint.
So we may assume that p is a signed measure. Then by Jordan decom-
position, we have positive measures p; (j = 1,2) such that g = p1 — po
and ||p|| = ||pa]l + llp2]l. Each p; gives a positive linear functional f; on A
(j = 1,2). We have the following

£ = Ll < NG Lal + 1 all < WA+ 1F2l = 1A= 1171
Thus |[f]] = [I(f1)lall + [I(f2)]all- U

Definition 1.6.14 A representation of a C*-algebra A is a pair (H, ),
where H is a Hilbert space and 7 : A — B(H) is a homomorphism. We say
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(H,m) is faithful if 7 is injective. A cyclic representation is a representation
(H,7) with a vector v € H such that m(A)v is dense in H; and the vector
v is called cyclic.

Theorem 1.6.15 For each positive linear functional ¢ on a C*-algebra
A there is a cyclic representation (Hy,my) of A with a cyclic vector vy such
that (my(a)vg, ve) = ¢d(a) for all a € A.

Proof. Define the left kernel of ¢ as the set
Ny={ac A:¢(a"a) =0}.

Since ¢ is continuous, Ny is a closed subspace. It follows from the Cauchy-
Schwarz inequality (1.6.6) that N, is a closed left ideal. On A/N, define

(@,b) = ¢(b*a). (€6.7)

It is easy to see that the above is well defined on A/Nyg x A/N4. By the
Cauchy-Schwarz inequality (1.6.6) again, A/N, becomes an inner product
space. Let Hyg be the completion. Define m4(a)(Z) = @z for all a, z € A. It
is well-defined. In fact, if y € A such that § = Z, then a(y — z) € Ny, since
N, is a left ideal. Thus 7y (a) is a linear map on A/N,. Furthermore,

Img(a)z]|* = l[az]* = ¢(a"a*az) < |al*p(a*z) = ||a]?|Z]?

(the inequality holds because a*a < ||al|? and ¢ is positive). Thus 7, can
be uniquely extended to an operator (still denoted by 74(a)) on Hy such
that [|me(a)]] < |lal|. Also,

(my(a)(2),9) = Ply"ax) = (Z,74(a")(9))

which shows that my(a)* = 7wy (a*). So 7y : A — B(Hy) gives a representa-
tion.

To complete the proof, let {ex} be an approximate identity for A. Then
for A < p,

18, — &l = ¢((e — ex)?) < @le — ex)-

Since ¢(ex) — ||@||, the net {€x} is convergent with a limit vy € Hyg. For
each a € A we have

g (a)(vg) = limmy(a)(€r) = limaey = a,
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since a — @ is continuous. Hence vy is cyclic. Moreover, since

(mg(a*a)(vg), vg) = (@,a) = ¢(a”a),

we have (mg(a)(ve),vs) = ¢(a) for all a € Ay (by 1.4.8) and by linearity
for all a € A. d

Definition 1.6.16 Let (H),m))rca be a family of representations. Let
H = @®)H) be the Hilbert space direct sum. Define 7(a)({vr})
{mx(a)(vx)}. One verifies that 7 : A — B(H) gives a representation of
A. This representation is called the direct sum of {my}.

Let S be the state space of A. By 1.6.15, for each ¢t € S, there is a
representation 7, of A. The direct sum 7y of {m }+es is called the universal
representation of A.

Theorem 1.6.17 (Gelfand-Naimark) If A is a C*-algebra, then it has
a faithful representation. In other words, every C*-algebra is isometrically
x-isomorphic to a C*-subalgebra of B(H) for some Hilbert space H.

Proof. We will show that the universal representation 7y is faithful. Let
a € A be nonzero with ||a|| < 1. It follows from 1.6.11 that there is 7 € S
such that |7((a*a)?)| = ||(a*a)?|| = ||la||*. Then

lro(@)* > |l (a)]? > |l (a)((a*a)t/2))?
7((a*a)'*(a*a)(a*a)"/?) = 7((a*a)?) = |la]*.

Thus 7y is injective. O

1.7 Von Neumann algebras

Definition 1.7.1 Let H be a Hilbert space and B(H) be the C*-algebra
of all bounded operators on H. The strong (operator) topology on B(H) is
the locally convex space topology associated with the family of semi-norms
of the form = — ||z(§)||, = € B(H) and £ € H. In other words, a net {x»}
converges strongly to z and only if {x)(£)} converges to x(€) for all £ € H.

The weak (operator) topology on B(H ) is the locally convex space topol-
ogy associated with the family of semi-norms of the form = — |(z(£),n)|,
x € B(H) and &,n € H. In other words, a net {z)} converges weakly to
x € B(H) if and only if ((xx — z)(§),n) — 0 for all &,y € H.
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Example 1.7.2 Let H be an infinite dimensional Hilbert space with an
orthonormal basis {e,, }22 ;. Define a,,(§) = ({,ep)er1 foré € H (n=1,2,...).
Then a,, € B(H). We have
limy, o0 [|an (8] = limp—oo [{€,en)| = 0. Thus a, strongly converges to
zero. However, |la,|| = 1 since ||a,(e,)|| = 1 for all n. Thus the strong
topology is weaker than the norm topology.

Define b,,(§) = (§,e1)en (n =1,...). Then, for any &, n € H,
[{(bn(€),m)| = |(&, e1){en, )| — 0, as n — oo. So b, converges weakly to
zero. However, ||by(e1)]| = |len]] = 1. So b, does not converge to zero in the
strong topology.

The reader may want to take a look at exercises (1.11.18-1.11.22) for
some additional information about the weak and strong (operator) topolo-
gies.

Proposition 1.7.3  Let {ax} be an increasing net of positive operators
in B(H) which is also bounded above. Then {ax} converges strongly to a
positive operator a € B(H).

Proof. Suppose that there is M > 0 such that ||ay|| < M. For any ¢ € H,
{{ax(£),&)} is a bounded increasing sequence. So it is convergent. Using the
polarization identity

3
(ax(€),m) = (1/4) > i*(ar (& +i*n), &+ i*n),
k=0

we see that {(ax)(&),n)} is convergent for all £,n € H. Denote by L(£,n) the
limit. The map (£,n) — L(&,n) is linear in the first variable and conjugate
linear in the second. We also have

L& m)| = Lim [{ax(€), m| < M{E[[[n]

for all £, n € H. By the Riesz representation theorem, there is a € B(H)
such that (a(&),n) = L(&,n) for all £, € H. Clearly |la|]| < M and ay < a.
Moreover,

la(€) — ax(©)]” (@ — ax)'?(a — ax)*(©))*

la = axllll(a — ax)"*(€)]1* < 2M((a — ax)(€), £),

IN

and ((a — ax)(€),&) — 0, so a(§) = limy ax(&). Thus ay converges strongly
to a. O
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34 The Basics of C*-algebras

Definition 1.7.4 If H is a Hilbert space, we write H(") for the orthogonal
sum of n copies of H. If a € M,,(B(H)), we define ¢(a) € B(H™) by setting

o(a)(z1, ...y xn) = Zalﬂ zj), Zam xj))

for all (z1,...,z,) € H™,
It is easy to verify that the map

¢ : Myu(B(H)) = B(H™),a ¢(a),

is a x-isomorphism. We call ¢ the canonical *-isomorphism of M, (B(H))
onto B(H ™), and use it to identify these two algebras. We define a norm on
M, (B(H)) making it a C*-algebra by setting ||a|| = ||¢(a)||. The following
inequalities for a € M,,(B(H)) are easily verified:

laggll < lal < Y llawll (i, =1, ...,n) (e7.8)

k=1

For each i < n let P; be the projection of H(™ onto the ith copy
of H. Each element z € B(H(™) has a representation (a;;)1<; j<n With
a;j € B(H). We define an amplification p (of multiplicity n) from B(H) —
B(H™) by setting p(a) = diag(a, ..., a) (where a repeats n times).

Lemma 1.7.5 Let ¢ be a linear functional on B(H). Then the following
are equivalent:

(i) ¢la) = > r_(a(&),mk) for some &1, .os&n, iy oosin € H and for all
a € B(H);

(i) ¢ is weakly continuous;

(iil) ¢ is strongly continuous.

Proof. It is obvious that (i) = (ii) = (iii). To prove (iii) = (i), suppose
that ¢ is strongly continuous. Therefore, there exist vectors &1, ...,&, and
0 > 0 such that |¢(a)| < 1, whenever maxy{||a(&)||} < 0 for all a € B(H).

— da
For any a € B(H), put b= TR Then |¢(b)| < 1. Thus

n
(@)l < (1/8)(Y_ llagul|*)*/. (e7.9)
k=1
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Von Neumann algebras 35

for all a € B(H). With notation as in 1.7.4, we define £ =& @ --- B &, in
H®™). On the vector subspace V = {p(a)¢ : a € B(H)}, define

From the definition (in 1.7.4), ¢ is a linear functional (on the span) and
[Y(p(a)€)] < (1/6)|lp(a)]l. So it is a bounded linear functional. It extends
to a bounded linear functional on Hy, the closure of V. By the Riesz rep-
resentation theorem, there is a vector n =, @ --- ®n,, € Hy C H™ such
that

¢<a) = Z aflcﬂ?k
k=1 0

Corollary 1.7.6 Each strongly closed convex set in B(H) is weakly
closed.

We leave this to the reader for an exercise (1.11.23).

Definition 1.7.7 For each subset M C B(H), let M’ denote the com-
mutant of M, i.e.,

M'={a€ B(H):ab=ba for all be M}.

It is easy to verify that M’ is weakly closed. If M is self-adjoint, then M’
is a C*-algebra. We will write M" for (M')'.

The following is von Neumann’s double commutant theorem.

Theorem 1.7.8 Let M be a C*-subalgebra of B(H) containing the iden-
tity. The following are equivalent:

(i) M = M".

(i) M is weakly closed.

(ii) M is strongly closed.

Proof. The implication (i) = (ii) < (iii) follows from 1.7.7 and 1.7.6.
We will show (iii) = (i). Fix £ € H let P be the projection on the closure
of {a€ : a € M}. Note that P¢ = £ since 1 € M. Since PaP = aP for all
a € M, Pa* = Pa*P for all a € M. Therefore P € M’. Let x € M". Then
Pz = zP. Hence € € PH. Thus for any € > 0 there is an a € M with
[(z —a)¢]| <e.
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36 The Basics of C*-algebras

To show that x is in the strong closure of M, take finitely many vectors
€1, b €EH. Set E=6,®--- @&, € H™. Tt is easily checked that

p(M) ={a e BH™):a; € M'}.

Therefore p(z) € p(M)"”. From what we have proved in the first part of the
proof, we obtain a € M such that

n

Dl = a)ée]l? = Nl (p(z) — pla))]® < €.

k=1

It follows that « is in the strong closure of M. Thus « € M. In other words,
M" c M. Since clearly M c M", M = M". O

Definition 1.7.9 A weakly closed C*-subalgebra M C B(H) is called a
von Neumann algebra. In other words, a C*-subalgebra M C B(H) is a
von Neumann algebra if M = M"” and 1 € M.

Definition 1.7.10 Let A be a C*-algebra and ny : A — B(Hy) be
the universal representation. Then (7 (A))” is called the enveloping von
Neumann algebra (or universal weak closure) of A and will be denoted
by A”. A representation m : A — B(H) is said to be non-degenerate if
{m(a)H : a € A} is dense in H.

Proposition 1.7.11  Every non-degenerate representation is a direct sum
of cyclic representations

The proof is an exercise (see 1.11.14).

Lemma 1.7.12 Let f € A* be self-adjoint. Then there are vectors £,m €
Hy with [|€]]?, [Inl|* < [|f]| such that f(a) = (mu(a)(§),n) for all a € A.

Proof. To save notation, we may assume that || f|| = 1. By 1.6.13, there
are positive linear functionals f;, j = 1,2, such that f = f; — f> and
IfIl = [If1ll + || f2]]. Each f; is a positive scalar multiple of a state on A.
Therefore there are mutually orthogonal vectors &; € Hy (j = 1,2) such
that [|&;[1* = || f;ll and f;(a) = (mu(a)(&),&;), 7 = 1,2. Set & = & ® & and
n ==& & (—&). Then f(a) = (ry(a)é,n) for all a € A. Furthermore,

Inll* = lIlI* = lléal® + ll€2l® < I £1-
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Theorem 1.7.13 The enveloping von Neumann algebra A” of a C*-
algebra A is isometrically isomorphic, as a Banach space, to the second
dual A** of A which is the identity map on A.

Proof. Let j: A — A** be the usual embedding. Let (Hy,ny) be the
universal representation of A. For each f € A*, by 1.6.13, there are {y,ny €
Hy such that f(a) = (my(a)és,ns). Define J : A" — A* by J(z)(f) =
(x(&f),ny) for each state f. It follows from 1.7.12 that J(x) defines an
element in A**. In fact (using 1.7.12), we have

[J(@)|[|= sup [f(z)| < sup [(@(§),n)| <4zl
IfI<1Feas el limll<2

On the other hand, if ||z|| < 1, and £ € Hy with [[£|| < 1, (ry(a)€, z(§)) for
a € A defines a linear functional ¢¢ ,¢) on A with ||de o)l < [[2(€)]]- So

I (2)(0e,a(6))| = [(2(6), 2(E))] = [[=(E)l|lz(E)]]-

Hence ||J(x)|| > ||z(§)]| for all £ € Hy with ||€]] < 1. This implies that
17 ()] = (|-

Suppose that x € A”, and {ax} C A such that 7wy (ay) converges to x
weakly in A”. By replacing ax by (1/2)(ax+a}) (see Exercise (1.11.18)), we
may assume that ay are self-adjoint. This implies that, for any self-adjoint
¢ € A*, J(z)(¢) is real. Fix f € A* with || f]| <1, z € AY,, and assume
that |f(z)| = € f(z). Define F = e f. Note that 1 > ||F| = |ReF||. We
have

|[f(2)| = F(z) = ReF(z) = Fua(z) = [(2(£),n)]

for some &, € Hy with ||€]|, ||n]| <1 (by 1.7.12). Thus

[f (@) = [(2(), m] <[]

This implies that ||J(z)| = |lz|| for all x € AZ,.

In general, note that My(A”) = (Ma(A))”. Let Jo : (Ma(4))" —
M>(A)** be as above. Fix f € A* and « € A”. There are {s,ny € Hy
such that J(z)(f) = {z(€7), 7).

In H? set ¢ =0@® &y and i’ = 0y @ 0. Define a linear functional ¢ on
Q, where

Q= {(aij) S MQ(A) 111 = Qg2 = O},
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by ¢(z) = (2(&),n') for z € Q. So ||¢|| = || f]|. Extend ¢ further to Ma(A)
such that [|¢|| = ||f]]. By 1.6.13 and 1.7.12, there are &,m € Hy such
that Jo(2)(¢) = (2(&1),m) for all z € My(A)”. Suppose that z = (z;) €

(M3(A))" such that z17 = z22 = 0. Since z is in the weak (operator) closure

of 7(Q), T:)(@) = (€)= S Puto = (¢ ) Then v €

M3(A”)sq. Therefore, from what we have shown, ||J2(b)|| = ||b]| = ||=||. So
7 () ()] = T2(b) ()] < [lolllloll = lIz[l[[f]]-

This implies that ||J(z)|| < ||z||. Therefore J is an isometry. Since A is
weakly dense in A”, J(A) is dense in J(A"”) in the weak*-topology as a
subset of (A*)*. However, j(A) is dense in (A*)* in the weak*-topology.
Therefore, since J(a) = j(a) for a € A, J(A") = (A*)* = A**. O

The following corollary follows from the above theorem and the uniform
boundedness theorem.

Corollary 1.7.14 Let {ar} be a net in a C*-algebra A”. If {ar} con-
verges in the weak operator topology in A", then {||ax||} is bounded.

Remark 1.7.15 The weak operator topology for A as a subalgebra of A”
acting on Hy is called the o-weak topology. So the weak operator topology
for A” is sometimes called o-weak topology.

1.8 Enveloping von Neumann algebras and the spectral
theorem

Lemma 1.8.1 Let (71, Hy) and (ma, H) be two cyclic representations of
a C*-algebra A with cyclic vectors & and & (||&1]| = ||&2]])- Then there
exists an isometry v : Hy — Hy such that m = u*mou with u(&1) = & if
and only if (m1(a)é1, &) = (m2(a)ée, &2) for all a € A.

Proof. 1If u& = & then
(m1(a)é1, &) = (ume(a)uéy, &1) = (ma(a)é2, &2)

for all a € A.
Conversely, define a linear map wu from m(A4)§; onto m2(A)¢2 by
u(m(a)é1) = ma(a)és. Since

u(mi(a)6r)]|* = (r2(a*a)és, &) = (mi(aa)ér, &) = [Im(a)é]?,
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we see that u extends to an isometry from the closure of m1(A)¢; onto the

closure of ma(A)&s. Since &; and & are cyclic vectors, u is an isometry from
H; onto Hs. We have

umy(a)my(b)&1 = ma(ab)és = ma(a)um(b)é1

for all a, b € A. Thus um(a) = m2(a)u since {m1(b)& : b € A} is dense in
H;i. The lemma follows. O

Theorem 1.8.2 Let A be a C*-algebra and m : A — B(H) be a non-
degenerate representation. Then there is a unique ©' : A" — w(A)"
that |4 = 7 and it is (0-) weak-weak continuous, i.e., if {x)\} is a weak
convergent net in the von Neumann algebra A" then {r"(z))} is a weak
convergent net in B(H).

such

Proof. First assume that (7, H) is cyclic with cyclic vector &; and ||&]] =
1. Then ¢(a) = (m1(a)é1,&1) is a state. It follows from 1.8.1 that we may
assume that (7, H) = (mg, Hs). Let py be the projection of Hy onto Hy.
Then pgmy(a) = my(a)py = me(a) for all @ € A. Thus py € A'. It is clear
that = — pgx is weak-weak continuous from A” into 7(A)” which extends
7 (from A to m(A)).

By 1.7.11, in general, m = @,my, where each 7y is a cyclic representa-
tion. Therefore, there are states ¢ of A and an isometry U : H — @ Hgy,
such that U*nU = @ mg,. So we may assume that m = 7y, . Let p be
the projection from Hy onto @)Hgy,. Then the map x — px is weak-weak
continuous and extends 7. (]

Definition 1.8.3 Let X be a compact Hausdorff space. Let B(X) be the
set of all bounded Borel functions on X. B(X) is a C*-algebra containing
C(X) as a C*-subalgebra. It follows from 1.2.3 that B(X) is a subspace
in C(X)**. By 1.7.13, C(X)" = C(X)**. So B(X) is a C*-subalgebra of
C(X)". We say {fr} converges weakly to f in B(X), if they do so as ele-
ments of the von Neumann algebra C'(X)”. If { fo} is bounded and converges
pointwise everywhere on X, then, by Lebesgue’s Dominated Convergence
Theorem, {f\} converges weakly.

Corollary 1.8.4 Let ¢ : C(X) — B(H) be a unital homomorphism. Then
there is a unique homomorphism ¢ : B(X) — B(H) such that gz~5|C(X) =¢
and {fr} converges weakly to f in B(X) implies that {p(fr)} converges
weakly to (f) in B(H).
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Definition 1.8.5 Let a € B(H) be a normal element. Then A = C*(1,a)
is a C*-subalgebra. Denote by j : A — B(H) the embedding. Then by
1.8.4, let j : B(X) — B(H) be the extension, where X = sp(a). We will use
f(a) for j(f), f € B(X). Thus the following is called the Borel functional
calculus.

Corollary 1.8.6 Let M be a von Neumann algebra and a € M a nor-
mal element. Then there is a weak-weak continuous homomorphism from
B(sp(a)) = M which maps z — a.

Definition 1.8.7 Let X be a compact Hausdorff space and H be a
Hilbert space. A spectral measure E relative to (X, H) is a map from the
Borel sets of X to the set of projections in B(H) such that

(1) E@) =0, E(X)=1;

(2) E(S1NS2) = E(S1)E(S?) for all Borel sets S1,.S2 of X;

(3) for all ¢, € H, the function E¢ ,, : S — (E(S)¢, n) is a regular Borel
complex measure.

For any simple function g = Y _, axxs,,

/ dE,\ ZakE S/c
X

is an operator in B(H) (Sy are Borel sets). Let f € B(X). There is a
sequence {gn} of simple functions such that ||g, — f|| — 0 as n — oo.
Since p(S) = (E(S)E,n) defines a regular Borel complex measure, [ gndEx
converges weakly to an element (in B(H)). Denote by [, fdE the weak
limit. Clearly this limit does not depend on the choice of g,.

We have the following corollary otherwise known as the spectral theorem.

Corollary 1.8.8 Let a be a normal operator on a Hilbert space H. Then
there is a unique spectral measure E relative to (sp(a), H) such that

a = / )\dE)\ .
sp(a)

Proof. By the Borel functional calculus, the embedding j : C*(1,a) —
B(H) extends to a weak-weak continuous homomorphism j : B(X) —
B(H). For each Borel subset of sp(a), j(xs) = E(S) is a projection. It
is easy to verify that {E(S) : S Borel} forms a spectral measure. Since

the identity function on sp(a) is Borel, it follows from the Borel functional
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calculus that

a = / )\dE)\ .
sp(a)

We leave it to the reader to check the uniqueness of E. O

Recall the range projection p of an operator a € B(H) is the projection
on the closure of {a(¢) : £ € H}.

Proposition 1.8.9 If M is a von Neumann algebra, then it contains the
range projection of every element in M.

Proof. Let a € M. It is clear that we may assume that ||a|| < 1. Since
(aa*)'/? and a have the same range projection, we may assume that a > 0.
Note that {a'/"} is increasing and bounded. It follows from 1.7.3 that
{al/"} converges strongly to a positive element, say ¢ € M. Let f = x(o,a|-
Then, by 1.8.6, a'/™ converges weakly to f(a), which is a projection. There-

fore ¢ = f(a). Since a'/® € C*(a) and the polynomials are dense in
C(sp(a)), ¢(H) C a(H). One the other hand, ga = f(a)a = a. Hence
a(H) C q(H). Therefore q is the range projection of a. O

Definition 1.8.10 An operator v on H is called a partial isometry if u*u
is a projection. Since

(uu*)? = u(uu) (v u)u* = (uu*)?.
sp(uu*) = {0,1} by the spectral mapping theorem. Therefore, uu* is also
a projection.

Proposition 1.8.11 Fach element x in a von Neumann algebra M has
a polar decomposition: there is a unique partial isometry uw € M such that
u*u is the range projection of |z| and x = u|z|.

Proof. Set u, = z((1/n) + |z|)~! and denote by p the range projection
of |z|. Since x = zp, we have u,, = u,p. We compute that

(un_um)* (un_um>
= 2+ e = (ol Dlael( + o) (- + fel) )

= 1G4 el ™ G+ Ja) Pl (e8.10)
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This converges weakly to zero (as n,m — o0) by the Borel functional
calculus. So, for any & € H,

[ (wn — UM)<§)||2 = [((un = um)" (Un — um)(€),§)] = 0

as n,m — oo. This implies that {u,} converges strongly to an element
u € M with up = u. As in (e8.10),

(tnl] — o) (unl] — wmlal) = [+ o)™ = (- + o) )Pl

By the continuous functional calculus (see 1.3.6), the above converges in
norm (as n,m — 00). On the other hand, by the Borel functional calculus,
((1/n)+|z|)~!|x| converges weakly to p. Thus {uy,|z|} converges in norm to
x. Hence & = u|z|. Since pu*up = (u*)(u) = v*u, p(u*u) = (v*u)p = v*u.
On the other hand, x*z = |z|u*u|z|. For any £,n € H,

((wu = p)(||(€)); [=[n) = {[=[(w"u = p)(|2|(§)),n) = 0.

Regarding u*u — p as an operator on p(H), the above implies that u*u = p.

To see the decomposition is unique, let z = v|z| and v*v = p. Then
v|z| = ulz|, or (v — u)|z| = 0. Therefore, (v — u)p = 0. This implies that
v = U. O

1.9 Examples of C*-algebras

In this section we give some examples of C'*-algebras. More will be presented
later.

We first give more information about the C*-algebras K and B(H). If
H is a Hilbert space, an operator x € B(H) is said to have finite-rank, if
the range of x is a finite dimensional subspace. Denote by F(H) the set of
finite-rank operators on H. It is easy to check that F'(H) is a x-subalgebra
of B(H) and is an ideal (not necessary closed) of B(H).

Clearly every operator in F(H) is compact. It is also easy to see that
F(H) is a linear span of rank-one projections.

Lemma 1.9.1 If H is a Hilbert space and K (H) is the C*-algebra of all
compact operators on H, then F(H) is dense in K(H).

Proof. Since F(H) and K(H) are both self-adjoint, it suffices to show
that every self-adjoint element z € K(H) is in F'(H). We may even further
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