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Abstract. This is a note - set in the background of some historic comments - discussing the relationship

between measurability and Hamel bases forR overQ. We explicitly note that such a basis must necessarily

fail to be Borel measurable (or even ‘analytic’ in the sense of descriptive set theory). We also discuss some

constructions in the literature which yield Hamel bases which even fail to be Lebesgue measurable, and discuss

an elementary construction of a Hamel basis which is Lebesgue measurable.

It is customary in a course on measure theory, after

the construction of Lebesgue measure, to show that

not all sets are Lebesgue measurable by giving

Vitali’s example of non-measurable set. One way of

describing this set is as follows: consider the dense

subgroupD = {m + √
2n : m, n ∈ Z} of the addi-

tive groupR of real numbers and ‘pick one point

from each coset’ to form a setV . Performing the

directions within quotes requires the use of ‘axiom

of choice’. Now∪d∈D(V + d) = R, and the sets

{V + d : d ∈ D}, are pairwise disjoint.

Assertion: The setV is not Lebesgue measurable.

(Reason:If V were Lebesgue measurable, then

eachV +d would also be Lebesgue measurable; and

{V + d : d ∈ D} is would be a countable partition

of R into Lebesgue measurable sets. Then at least

oneV + d, and henceV itself, would have positive

Lebesgue measure (by translation invariance of the

Lebesgue measure.) Since the ‘difference set’ of a

set with positive Lebesgue measure contains an open

interval around the origin (see J. C. Oxtoby [2], The-

orem 4.8), the set{x −y : x, y ∈ V } = V −V must

contain an open interval. This would imply,sinceD

is dense inR, that there arex, y in V such that

x − y 6= 0 andx − y ∈ D, i.e., x, y are distinct
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and belong to the same coset ofD contrary to the

way V was defined. SoV is indeed not Lebesgue

measurable and the assertion is proved.

Note: Zermelo’s axiom of choice is used to con-

struct the setV , sothere is no concrete description of

V .

Around the same time that Vitali obtained his

example, independently, Paul L´evy told Lebesgue

his discovery of a similar example. Moreover L´evy

was able to enlarge the class of sets to which

Lebesgue measure can be extended in a translation

invariant manner. Lebesgue, who was not interested

in arguments depending on Zermelo’s axiom of

choice, led Lévy away from further study of these

sets. (Lévy also later came to know of Vitali’s con-

struction (Paul L´evy [1]).)

Lévy returned to these ideas nearly forty years

later, equipped with the knowledge of Hamel bases

and some results of H. Cartan and G. Choquet (Paul

Lévy [1]). Recall that every vector spaceV over

a field k, possesses aHamel basis: i.e., there is a

setB ⊂ V such that any element ofV is uniquely

expressible as a finite linear combination of ele-

ments fromB. The proof of this statement, in its full

generality, requires the axiom of choice (or one of

its manifold equivalent forms).

In particular, letH be a Hamel basis forR over

Q, which may be chosen to contain the number 1.
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Clearly, the setH cannot be countable, sinceR is not.

Let us index elements ofH asων, ν ∈ [0, 1], ω0 =
1. Lévy’s description of a non-Lebesgue measur-

able set using Hamel basis (Paul L´evy [1]) goes

thus:

For x ∈ R, let aν(x) be the co-efficient ofων in

the expansion ofx as a finite rational combination

of elements fromH . For a rationalr write

Ar = {x : a0(x) = r}.
Note thatω0 = 1, anda0(x) is the co-efficient of

ω0 in the expansion ofx. It is trivial to verify that

(1) Ar = A0 + r, (2) Ar ∩ As = ∅ if r 6=
s, (3) ∪r∈QAr = R. It follows as in Vitali’s exam-

ple that all theAr ’s are not Lebesgue measurable

sets.

What should be noted is that once the existence of

Hamel basis is granted, the description ofAr does

not use the axiom of choice. Indeed, given the set

H , the description ofA0 is even quite ‘concrete’, so

one might wonder how ‘good’ the setH could be.

The next proposition asserts thatH cannot be very

‘good’.

Before stating the proposition, we would like to

recall that a subset ofR is said to be an analytic set

(in the sense of descriptive set theory) if it is the

continuous image of a Borel measurable set. It is a

fact that analytic sets are Lebesgue measurable - see

J. C. Oxtoby [2], p 22 - and of course Borel sets are

analytic.

PROPOSITION 0..1. No Hamel basis ofR overQ

is Borel measurable or even analytic.

Proof: Let H be any Hamel basis ofR over

Q. Without loss of generality we may assume that

1 ∈ H . Let K = H \ {1}, Kn the n-fold Carte-

sian product ofK with itself. For a positive inte-

gern and ann-tuple r = (r1, r2, · · · , rn) of ratio-

nal numbers, define a functionfr : Kn → R

by

fr (k1, k2, · · · , kn) =
n∑

i=1

riki .

SupposeH is Borel measurable or analytic; then

so areK andKn. Sincefr is continuous, we see

that the imagefr (K
n) is analytic. The assumption

thatH is a Hamel basis forR overQ, and the fact

that K = H \ {1}, imply that the set we called

A0 earlier is nothing but the (countable) union of

the analytic setsfr (K
n), and consequently also ana-

lytic. Since analytic sets are Lebesgue measurable,

we see thatA0, hence eachAr , should also be

Lebesgue measurable. The contradiction shows that

H could not have been analytic, thereby proving the

proposition.

2

We conclude with an assorted collection of

remarks regarding Hamel bases and their measura-

bility properties or otherwise:

(1) The question of whether a Hamel basis can

be the complement of an analytic set (a so

called coanalytic set) or a continuous image

of one cannot be settled by the above method;

indeed this question seems to be tied to deep

set theory, since a result of G¨odel says that the

statement ‘there is a non-Lebesgue-measurable

continuous image of a co-analytic set’ is consis-

tent with axioms of Zermelo-Frankel set theory,

provided these axioms are consistent among

themselves. (J. C. Oxtoby [2], p 22)

(2) A Hamel basisH can not contain a subset of

positive Lebesgue measure. For if it did, the

difference setH − H would contain an open

interval. Every real number can then be written

asr(x−y) with r rational andx, y ∈ H , which

is not possible.

(3) H. Cartan and G. Choquet show, - using the

‘well-ordering theorem’(which is another vari-

ant of the axiom of choice), that a Hamel basis

can be chosen to intersect every perfect subset

of R. They further show, as a consequence, that

the additive group of real numbers can be writ-

ten as a direct sum of countable number of sub-

groupsRn, n = 1, 2, 3 . . . such that eachRn
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has outer measureb −a in each interval(a, b).

(Paul Lévy [1]).

(4) A Hamel basis can be Lebesgue measurable. In

order to see this, it will suffice for us to show

that the usual Cantor ternary setC contains a

Hamel basis - since every set contained in a set

of Lebesgue measure zero is Lebesgue measur-

able. It is not hard to see that

C + C (= {x + y : x, y ∈ C} ) = [0, 2],

soC spansR as a vector space overQ, and

henceC must contain a Hamel basis (which

(is nothing but a minimal spanning set of

R).

References
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