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Abstract

We show that certain numerical invariants associated naturally to a subfactor pla-
nar algebra constitute a complete family in the sense of determining the isomor-
phism class of the subfactor planar algebra.

In the course of the proof, we show also that planar algebra isomorphisms
of subfactor planar algebras can always be chosen to be *-preserving. This latter
statement generalises the fact that ‘Hopf algebra isomorphisms of finite-dimensional
Kac algebras can be chosen to be x-preserving’.
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1 Introduction

In [J1], Jones associated what he called a planar algebra to every extremal subfac-
tor of finite index, and used earlier work of Popa ([P02]) to show that all ‘subfactor
planar algebras’ (in the terminology we use here) arise in this fashion. A subfac-
tor is uniquely determined by its planar algebra only in the presence of additional
hypotheses such as strong amenability (by [Pol]); so our numerical invariants will
also determine only such subfactors.

We quickly recall the essential facts about a subfactor planar algebra P. (All
these facts are from [J1]; these facts are also covered in a more elaborate fashion
in [KLS].)

Facts:

e (1) There is a countable! family { P }re co of finite-dimensional Hilbert
spaces, where the elements of the indexing set C'ol will be thought of as
colours.

e (2) A planar tangle T consists of an exterior disc of colour ky and an or-
dered collection of b (> 0) internal discs of colours &y, - - -, k;, respectively
together with some additional data. We will also refer to (and draw) the
discs of a tangle as boxes.

e (3) To each planar tangle 7' is associated a linear map
Zr : @1 Py — Pi

(When we wish to draw attention to the planar algebra P, we shall write ZX
for what we called Z above.)

e (4) The assignment 1" — Zp satisfies various ‘natural’ properties (such as
being well-behaved with respect to ‘composition of tangles’ or ‘re-numbering
of the internal discs).

e (5) Each P is a C*-algebra, with the adjoint and multiplication related to
the planar algebra structure in a definite manner.

e (6) There are C'*-algebra inclusions P, C Py, which are induced by certain
‘inclusion tangles’.

!'Actually, this set is taken as {0,,0_,1,2,---} in [J1] and [KLS].



e (7) Py, is a unital one-dimensional algebra over C and is hence canonically
identified with C . Further, there exists a tangle ¢r; (which is also denoted,
at least when k£ # 0_, by E,S* in §4 of this paper) whose external disc has
colour 04 if £k > O or k = 04, and O_ if k£ = 0_, with the property that
if we let 7, : Py — C be the map obtained by composing § %7, and
the isomorphism of Py, with C (where 62 is the Jones index of the given
subfactor), then the family {7 : £ € Col} defines a consistent faithful trace
7 on the union U Py, and the inner product on Py is given by (z, y) = 7(y*z).

It will be convenient for us to think pictorially of the operator Z associated
to the tangle 7" as follows:

It is clear that we may ‘glue’ several such pictures together (provided the
colours of the arrows match) to obtain more complicated pictures. For instance,
suppose we have tangles 77 and 75 where 77 has two internal discs of colours
k1, kb, and external disc of colour kj, while 75 has three internal discs of colours
k!, kY, kY and external disc of colour k; suppose further that k| = k. Then we
can form a new tangle 7' (which would be denoted by 75 op, 7} in the notation
of [J1] and [KLS]) with four internal discs with colours ky = k{, ke = ki, ks =
ki, ky = k% respectively, and external disc of colour ky = k(. This is understood



most easily via the picture:

N,

E%T% =

~2)
k; / 7

In more explicit detail, we find that
Zr : Py @ Py @ Py ® Pry — Py
and is defined by the equation
Zr(Tpy @ Ty, @ Tpyy @ Tpyy) = 2y (Thy @ Zy (T, @ Tpyy) @ py)

One convention that we will follow, and which is illustrated above, is the fol-
lowing: when we draw such pictures, it will always be assumed that the order of
the inputs (resp., outputs) for a tangle (resp., the dagger of a tangle - see §3) will
be counter-clockwise (resp., clockwise) starting from just after its unique output
(resp., input).

We now come to the most important ‘picture’ from the point of view of this
paper.

DEFINITION 1 If S, T are two tangles of the same type - i.e., S and T have the
same number, say b, of internal discs, the i-th internal disc of each is of the same
colour, say k;, and both have their external discs of the same colour, say kg - then
the operator ZL(ZX)* is an endomorphism of Py, and so, the right sides of the
following equation makes sense:

Xor =Tr((27)28) =Tr(Z§(Z7)") (1.1)

where T'r denotes the usual trace of an endomorphism of a finite-dimensional
space. We shall think of x st as the following ‘closed picture’ - i.e., a picture with
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no ‘free’ inputs or outputs - and shall refer to x as the character of the planar
algebra.

(We shall later make precise what we mean by equality of ‘picture invariants’ and
what T in the above picture stands for.)

We are now in a position to state the main result of this paper.

THEOREM 2 Two subfactor planar algebras are isomorphic if and only if they
have the same character.

Or in more detail, subfactor planar algebras P and () are isomorphic if and
only ifng = Xngor every pair S, T of planar tangles of the ‘same type’.

In §2 we prove that isomorphisms of subfactor planar algebras may be chosen
to be x-preserving and use this to show that isomorphic planar algebras have the
same character. In §3 a general result of the invariant theory of unitary groups
is proved which is applied in §4 to the subfactor context to show the converse
implication.

Finally, we shall consistently use the sybmol [N] to denote the set {1,2,---, N}
whenever N € Z, (with the convention that [0] = ().

2 Isomorphism vs. x-isomorphism

We recall, for the reader’s sake, that planar algebras P = {P;, : k € Col} and
Q = {Qx : k € Col} are said to be isomorphic if there exist linear isomorphisms
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7 © Pr — @ which are compatible with the action of planar tangles in the sense
that if 7' is any planar tangle with b internal discs of colours &1, - - -, k;, respectively
and the external disc of colour kg, then

Tko © Z,}D = Zj? o (®i-’:17rki) .

We begin this section by proving that subfactor planar algebras are isomorphic
as planar algebras if and only if they are isomorphic as subfactor planar algebras. 2
More precisely, we shall prove the following technical fact.

THEOREM 3 Suppose P and () are subfactor planar algebras. Suppose there
exist linear maps 1y, : Py, — Qy such that the family m = {m, : k € Col}
implements a planar algebra isomorphism of P onto () (in the sense of being
compatible with the actions of the planar operad of coloured tangles, as described
in the first paragraph of this section). Then there exists another planar algebra
isomorphism w = {wy, : k € Col} of P onto Q) with the additional property that
each wy, is a x-isomorphism (of finite-dimensional C*-algebras).

Proof: The idea of the proof is as follows. To start with, fix a £ € Col, and
consider the polar decomposition 7, = wyay of m, regarded as a linear operator
between the Hilbert spaces P, and (). (equipped with the ‘Hilbert-Schmidt’ norm
induced by the trace). So wy : P, — Q (resp. «ay : P, — Pi) is a unitary
operator (resp., is a positive operator). We shall show that w = {wy, : k € Col}
(and hence also o = {ay, : k € Col}) implements a planar algebra isomorphism
of P onto () (of P onto P, respectively). Finally, we shall show that each wy, is a
x-isomorphism.

In order to prove that the family w = {wy : & € Col} implements a planar
algebra isomorphism, let us look at

1, = {T eT: Wro(T) © ZII“D = ZIQ © <®?g)wki(ﬂ>} )

(where, as in [KLS], we have used the notation 7 for the collection of all tangles,
b(T') for the number of internal discs (or ‘boxes’) of T', and k;(T") for the colour
of the ¢-th internal disc of T').

It is easy to see that 7, is ‘closed under composition’ in the sense that if (i)
T,S € 7,, and (ii) if the colour of the external disc of .S agrees with that of the
i-th internal disc of 7', then also the ‘composite tangle’ T'op. S € 7,,.

2This should be compared with the fact that normal operators are similar if and only if they are
unitarily equivalent. Both results essentially say that there is enough algebraic structure around to
ensure that ‘the *-structure is unique, if it exists’.
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Since we need to show that 7, = 7, it suffices, in view of Theorem 3.3 of
[KS]?, to show that

lo,, 1o, € T, (2.2)

Vk>2, R, € T, (2.3)

Vk e Col, Ef |, ;™ € T, (2.4)
andVk € Col , M, € 1. (2.5)

For (2.2), note that P, and (), are unital 1-dimensional algebras and hence
canonically identified with C; consequently the algebra isomorphisms 7y, get
identified with idc; since this operator is unitary, we find that both wy, and ay,
also get identified with idc, and we see that indeed 1o, , 1o_ € 7.

Suppose next that 7" is an ‘annular tangle’- i.e., b(7') = 1 - and that k, (T) = ky
and ko(T) = ko. It then follows that 7' - see Remark 9 - may also be viewed as an
(annular) tangle, and that k;(T") = ko and ko(T") = k;. Hence, by assumption,
we see that 7y, 0 ZF, = Z% 0 Ty, and that 7, 0 ZF = Z% oy, . Since Zry = Zr,
we deduce by taking adjoints that Z]' o 7 = Tho © ZIQ , and then conclude that

ZEoal, = ZEom,om,
= 0 280m,
WZD O Mk, © Z;

O, 0 27

Next, choose a a one-variable polynomial p without constant term, such that
p(t) = V/t whenever ¢ is an eigenvalue of either aﬁo or aﬁl; then it follows that
plaj.) = ao; fori = 0,1, and hence

Zfoay = Zfoplal)
2 P
= ]9(0%0) o Zp
= O, © Zjlf .
Since the ay, are invertible, we may finally conclude that
Who © ZYI? = Ty © 041;01 © Z’I]?
= 7Tk0 [e) Zje o al;l
= Zj? O T, O O‘i;ll

= Z:,Qowkl.

3This theorem says that the tangles displayed in equations (2.2), (2.3), (2.4) and (2.5) ‘generate’
the class of all tangles with respect to ‘composition of tangles’ defined as above.
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In other words, we have shown that 7' € 7, for every annular tangle 7'; in
particular, this establishes (2.3) and (2.4).

In order to complete the proof of the theorem, it remains only to prove that (a)
in addition to (2.2), (2.3) and (2.4), the statement ((2.5) is also valid, so that w (as
well as o) implements an isomorphism of planar algebras; and (b) each wy, is a
*x-homomorphism. Both these statements will follow from the lemma below, and
the proof of the theorem and the next lemma would be simultaneously complete.
O

LEMMA 4 Suppose m : A — B is an algebra isomorphism between two finite-
dimensional C*-algebras. Suppose o and T are faithful traces on A and B, re-
spectively, such that 0 = 7 o w. Consider the polar decomposition m = wa of
7 regarded as an operator between the Hilbert spaces A and B (where ||a|| =
(o(a*a)) and [[b]| = (v(b°b))%).

Then (the unitary operator) w defines a x-isomorphism of the C*-algebra A
onto the C*-algebra B (and hence also « defines an algebra automorphism of A).

Proof: Case 1: A= B ~ M,(C)

In this case, 7 is an algebra automorphism of A and the Skolem-Noether the-
orem guarantees the existence of an invertible element z € A such that 7(a) =
raz~! Va € A. Also o and 7 must be multiples of the normal trace on the ma-
trix algebra, and the comptibility condition 0 = 7 o 7 forces them to be equal.
Now, if x = wu|x| is the polar decomposition of x, with u unitary and |z| > 0,
it is fairly easy to see, using the faithfulness of the trace, that 7*(b) = z*bx*~1,
w(a) = uau™" and a(a) = |z|alz|™' Va € A; and the desired conclusions follow.

Case 2: A ~ M,(C).

In this case, Z(A) = Cl 4, and it follows that also Z(B) = n(Z(A)) = Clp.
So B is a finite factor of dimension n? and hence there exists a *-isomorphism -
say 7 - of B onto A; and in view of the uniqueness, up to scaling, of the trace on
a finite factor, we see that -y is also ‘trace-preserving’, and consequently ‘unitary’
when viewed as an operator between Hilbert spaces. Note then that v o 7 =
(7ow) o« is the polar decomposition of the algebra isomorphism v o 7 of A onto
itself. It follows from Case 1 that v o w is a x-automorphism of A, and hence also
w = "1 o (yow)is a*-isomorphism (being a composite of such maps).

Case 3: A arbitrary (but still finite-dimensional)
Notice first that if C' is any finite-dimensional C*-algebra, and if p € Z(C),
then p = p? if and only if p = p*> = p*. Hence, e is a minimal central projection



of A if and only if f = m(e) is a minimal central projection of B. Therefore if
{e; : 1 <i < n}is the set of all minimal projections of A, then {f; = m(e;) : 1 <
i < n} is the set of all minimal projections of B. Then notice that A = @ Ae; and
B = @& Bf; while 7 restricts to a trace-preserving (algebra-)isomorphism - call it
m; - of the factor Ae; onto B f;. Since the e; are central and o is a trace, we see that
A = @ Ae; is an orthogonal decomposition of the Hilbert space A; and similarly,
B = ®Bf; is also an orthogonal decomposition. Hence the polar decomposition
also factors as a direct sum

wa =T = BT = Diw;oy

so that

W= Diw; , = Dy ;
and since we may deduce from Case 2 that each w; is a *-isomorphism, we con-
clude finally that w = ®;w; 1s a *-isomorphism. O

COROLLARY 5 If two subfactor planar algebras P and () are isomorphic, then
XIS,D, T = ngT for every pair S, T of planar tangles of the ‘same type’.

Proof: Suppose that the linear maps 7y, : P, — @y for & € Col implement
a planar algebra isomorphism of P onto (). Choose, by Theorem 3, maps wy, :
P, — Q) that are unitary and implement a planar algebra isomorphism.

Fix any pair S and T of tangles each of which has an external disc of colour
ko and b internal discs of colours £y, - - -, k. Since the wy’s implement a planar
algebra isomorphism, we have that for X € {S,T'},

Wi © Z)}? = Z}Q( © (®?=1wki) :
But now the unitarity of the wy, is easily seen to imply that
Xér = Tr(ZS(Z7)") = Triwn 2§ (Z7) wi,) = Tr(Z§(Z1)") = X5z »

and thus P and () have the same character. O

3 The relevant orbit space

We shall assume, throughout this section, that we have been given the following
data:



a countable set C'ol of ‘colours’;

a collection { P, : k € Col} of finite-dimensional Hilbert spaces;
a countable set 7 ; and*

an assignment

T>T— (bo(T),bu(T), 7", s", D(T), R(T)) ,

where

bo(T),b1(T) € Z,.;

s [bo(T)] — Coland r™ : [by(T)] — Col; and we write s] , ] rather than
ST(D? TT(j);

D(T) = @2 Py and R(T) = @71 P,r.

j=1 T;

We shall be concerned with the space

X =[] Home(D(T), R(T)) , (3.6)

TeT

the (visibly compact) group

G=[] v, 3.7)

ke Col

- where of course U(H ) denotes the unitary group of the Hilbert space H - and
the action of G on X by®
(g-2)r = (®§;(f)g,.;) o ap o (®§-’i(1T ’g;ﬁ) (3.8)
The definition of the product topology and the assumed countability of 7" and
finite-dimensionality of the P}’s show that the G-action on X is continuous and
that X is a metrisable space. We shall write C'(X) to denote the vector space of
all continuous complex-valued functions on X. (Note that X is not compact, so
this is NOT naturally a normed space.)

LEMMA 6 The fixed point algebra C(X)¢ = {f € C(X): f(g-z) = f(x)Vg €
G,z € X} separates distinct G-orbits in X.

“In the set-up we shall describe in this section, the symbol 7 could be thought of as the (count-
able) set of all coloured planar tangles, and it might help to think of the letters s, r, D, R as being
suggestive of the words ‘source’, ‘range’, ‘domain’ and ‘range’ respectively. In the special case of
a tangle, we would have b; = 1; but we could conceivably even have more complicated situations
where neither b; is 1, and there is no reason to rule this out.

>We denote typical elements of G and X by g = (g) and x = (x7), respectively.
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Proof: If x € X, letus write [z] = {g- 2 : g € G} to denote its G-orbit. Sim-
ilarly, if f € C'(X), let us write [ f] for its ‘average over G, given by integrating
with respect to (normalised) Haar measure on the compact group, thus:

() = /G flg - 2)dg.

Clearly [f] € C(X)°.
Suppose x1, x5 € X and [z1] # [z2]. Then the [x;] are disjoint compact sets in
the metrisable space X, so we can find an f € C'(X) such that

1 if e lx]

f(m):{ 2 if x € [z

It is then clear that [f] is an element of C'(X)“ which takes the value i on [x;],
thereby proving the lemma. O

Note that X is a product of C™’s, and so it makes sense to talk of ‘polynomial
functions on X’; we give a name to these functions in the following definition.

DEFINITION 7 (a) For fixed T' € T, € D(T),n € R(T), define the obviously
continuous function Xr¢, on X by

Xrgq(r) = (2r&,m) .

(b) Let A be the unital *-subalgebra of C(X) generated by {Xr¢, : T €
T.£€D(T),ne R(T)}

Note that A consists of precisely those functions of the form p o 7w, where
7 is the projection of X onto some finite set of factors, and p is a ‘polynomial
function’ on that finite-dimensional quotient of X. Anticipating a definition to
come later, we will denote the adjoint of the element X7, by X¢1, .. Hence

XTtn,{(fL‘) = XT,S,??(J:) = <$T§a77> = <$?F777§>

LEMMA 8 (a) A is stable under the G-action on C'(X);
(b) f e A= [f] € A; and
(c) AY = AN C(X)Y separates distinct G-orbits in X.
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Proof: Note, to start with, that forany 7' € 7, & € D(T),n € R(T'), we have

Xrenlg™-2) = ((g7" - x)r&,n)
= <(®§:@g;rl> o x7 0 <® g )f )
= (zr(g-§),(9-n),

where we write g - £ = ((X)Z (1 gsT> andg-n = <®]0(1 )gr > n. Clearly, g - £ €

D(T), g-n € R(T), so this shows that our set of generators of A is stable under
the (G-action, and establishes (a). Also,

(Xreql(z) = /G Xren(g™' - x)dg
= /(xT(g-é),(g-n»dg
- /G S+ €), &) ms (9 - ) wré, mhdg

k,l

= 3 ([ o980 ) g (o),

k.l

where {¢;}x and {7}, are orthonormal bases for D(T") and R(T) respectively,
and of course we use the notation f — [f], as in the proof of Lemma 6, for the
process of averaging a function over GG. We have thus shown that [ X7, ,] € A.
A similar proof shows that also ‘averages of monomials of degree more than one’
are ‘polynomials’ and establishes (b).

(c) First observe that A separates points of X. (If z # y, pick T € 7 such
that zp # yr; then there must exist £ € D(T),n € R(T) such that Xy, (z) #
Xren(y).) Now, suppose 2, 2! € X and [2°] # [z']. Then the set K = [2°] U
[z'] is a compact metrisable space, and the function f = 1[;1) is a continuous
function on K. On the other hand, the collection Ax = {p|x : p € A} is a
unital *-subalgebra of C'( K') which separates points and, by the Stone-Weierstrass
theorem, is consequently uniformly dense in C'(K). In particular, we may find a
p € Asuch that |p(z) — f(z)| < 5 forall z € K; and we find that, for i = 0, 1,
we have

Pl — il = |l - fa)
< / p(g - o) — f(g-2)\dg



<
so that )
[Pla?) < 5 < pl(=")
In particular, we have found the element [p] of A which separates the orbits [z]
and [x1]. O

REMARK 9 The reader cannot but notice an inherent asymmetry in the notion of a
planar tangle; any number of ‘inputs’ is permitted, but there is only one ‘output’.
We shall partially redress this state of affairs by introducing the ‘dagger’ of a
tangle via the following prescription:

k

k
5 I
T

Thus, if the number b of internal discs of a tangle T is greater than 1, then T is
not a tangle, but merely a convenient device which admits one input and several
outputs; thus, in the above notation, we have

Zpt = 75 Py — @0 Py,

Although our subequent work with planar algebras will only need the case
where 7 is precisely the class of all planar tangles, we continue to work in the
more general situation of an abstract 7 in this section. We make precise the
notion of the ‘dagger of a member of 7" (in our possibly more general setting).

DEFINITION 10 Define aset T' = {T": T € T}, and define

7 (2

bo(TH) = bi(T), bi(TT) = bo(T), #T = 5T, sT' =rT, D(TY) = R(T), R(T") = D(T).

J

We will now proceed by formalising the notion of a closed picture and that of
its associated picture invariant.
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DEFINITION 11 By a closed picture we shall mean a finite directed graph where:

(a) each vertex v is labelled by an element S(v) € T U T and each edge ¢ by a
colour k(e);

(b) each vertex labelled by an S € T U T comes equipped with a labelling of
its in-arrows (resp., out-arrows) by [bo(S)] (resp., [b1(S)]); we write e, (i) (resp.,
f+(7)) to denote the i™ in-arrow (resp., the j'* out-arrow) at the vertex v; and

(c) the two labellings are compatible, meaning: at each vertex v, k(e,(i)) = ss(v)

and k(f,(j)) = r>.

J

We wish to associate to a closed picture an element of the algebra A, This is
done by a state sum approach as follows. Fix once and for all an orthonormal basis
By, for each P, k € Col. By a state  of a closed picture we mean an assignment
of a basis vector x(e) € By to each edge e.

A state  of a closed picture P determines an element of A, denoted Z»(x),
thus: for each vertex v, define &,(k) = ®?i(1s(v)) (ey(1)) € D(S(v)) and 1, (k) =

St (fo(m)) € R(S(v)); and set Tp(5) = T, Xs0) 06000

Fmally, given a closed picture P we define its associated picture invariant,

denoted Zp, by the equation:

Ip =Y Ip(x) (3.9)

where the sum ranges over all states of P.
A reformulation of this definition of picture invariants will turn out to be use-
ful; we will need a couple of definitions.

DEFINITION 12 Let F denote the set of all functions [ : [N;] — T UT', where
Ny is some positive integer depending on f. For each f € F, we define Hilbert
spaces D(f) and R(f)

D(f) = &% &P P o, R() = o enID Py

finally, for every x € X, we define Z;, : D(f) — R(f) by Zs, = ®Z]»ifle(i) -
where x+ is understood to mean x7.
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DEFINITION 13 Suppose that f € F and suppose there exists a bijection

o H({i} X [bo(f(@)]) — H({j} x [br(f())])

- where we use the symbol [ | to signify disjoint union - which is ‘colour-preserving’
in the sense that . ‘
o(i,l) = (jom) = s/ =r}.

Then let V, : D(f) — R(f) be the (obviously unitary) operator defined by

N b 7 N b j
Vs (®i:f1 ®lf:({( ) 5(1',10) = ®j:f1 ®7$(£(f)) §o-1(jm;) -

J

Such a pair ( f, o) can be used to construct a closed picture as follows. Take V¢
vertices vy, - - -, vy, and label v; by S(v;) = f(i). Foreach (i,1) € ]_[f\;fl ({i} x [bo(f(2))])
put in an edge from v; to v; where o (i,1) = (j, m) and number this as the I'" in-
arrow of v; and as the m'™ out-arrow of v;. Colour this edge 3{ @ — U This
gives a closed picture which we denote by P(f, o). It should be fairly clear that
by renumbering the vertices, we can get different (f, 0)’s representing the same
closed picture, and that further, this renumbering is the only ambiguity in describ-

ing a closed picture by an (f, o).

REMARK 14 [In order to demystify the surfeit of symbols in the discussion above,
and to explicitly explain how the pair (f,c) indeed leads to a closed picture, an
example might help. So suppose the element f is given by requiring that Ny = 5

and that f(1) = S, f(2) =TT, f(3) =TT, f(4) = S, f(5) = S, with the colours

14



of the various inputs and outputs of these tangles given thus:

a\
/ S —¢; e — T’+%d,

b

f T a, c— S — e
&b /
b d

We have used our convention for numbering the inputs of a tangle and the outputs
of the dagger of a tangle: thus, for example, in our notation, we would have

S_ S _poS_ Tt e T
s =a,s5 =br] =c,r; =f=s], etc.

For f as above, let o be the ‘colour-preserving’ bijection from the set of inputs of
S; T, Tt S': S respectively, - labelled by the set

(17 1)7 (17 2); (27 1); (3’ 1>; (47 1)7 (47 2)7 (47 3); <5a 1)’ (5’ 2) -
to the set of their outputs - labelled by
(17 1); (27 1); <3a 1)’ (3’ 2)? (37 3)7 (37 4)7 (37 5); (4’ 1); (5’ 1) -

given by the following table:

(i) | (1,1)|(L2)|(21)|(31)]|(41)]|(42)|(43)|(51)](52)
o(i,l) | (3,2) | (34) | (41) | (3,1) | (1,1) | (51) | (2,1) | (3,3) | (3,5)

To see that things are indeed as stated, one only needs to look at the following
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‘picture’:

- where the five tangles and their daggers are drawn in a vertical row, and the l-th
input of the i-th tangle (or dagger of a tangle) is connected to the m-th output of
the j-th tangle (or dagger of a tangle) if o (i, 1) = (j, m).

The relation between the two descriptions of closed pictures is clarified in our
next proposition.

PROPOSITION 15 Suppose that the pair (f, o) is as in Definition 13. Then for
any v € X, we have Ip ;o\ (x) = Tr (Vi Z; ).

Proof: By definition, the set B(f) = {£ = ®Z]-V:fl ®?9:({(i))§(i,li) 2y € By}
k3 Sli

is an orthonormal basis for D( f). The equation
Ke(€v, (1) = G (3.10)
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is seen, once it has been unravelled, to define a bijection { < k¢ between B(f)
and the set of states of P( f, o). This bijection is also seen to satisfy the equation

Ke(fo; (M) = Eom1(Gmy)- (3.11)

Now note that

Tr(ViZia) = . (Z12(6),Va(©))
¢eB(f)

b
- Z H 0 ®l —1 5(” )) niz(il o1 zm1)>

£eB(f

= Z Hl’fz) YD ke (e0s (1)), @D ke (fo, (ma)

EeB(f

= Z H X5(0) &0 ()10 () (T)
= Y T () ()

= Ipgo(z),

as desired. O

Using the representations 77]’? and ﬂf of G on D(f) and R(f) defined, for each
feF, by

) (e etV e,) = oY e _(1‘ (gslf@ &)
N b j

we can now see - in the following Lemma, whose proof is a consequence of the
definitions - that our picture invariants are indeed invariant.

LEMMA 16 If f € F and if o is related to [ as in Definition 13, then, with the
notation as above and as in Definition 12, we have, for all x € X, and g € G,
(a)ﬂ— ( )toa: - nga:oﬂf (g)
(b)wf( )oV, = VyonP(g); and
(c) Ip (f,0) € AC.
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DEFINITION 17 Define the additive unital semigroup
AN={\N:TUT" — Z, : \is finitely supported} ,

and for each A € A, define A, to be the subspace of A spanned by monomials of
‘weight” A\ by which we mean a monomial of the form

A(T)
II (IIXren |-

TeTuTt \ i=1
where &€ D(T),nt € R(T).

LEMMA 18 With the foregoing notation, we have:
(a) the algebra A is A-graded (by the A)’s);
(b) the G-action on A leaves each A, invariant;

Proof: (a) It follows from the definition that if f (resp., g) is one of the ‘gener-
ating monomials’ for A, (resp., A,), then fg is one of the generating monomials
for Ay ,; the desired conclusions follows from the fact that the ‘generating mono-
mials’ linearly span the A,’s.

(b) is clear. O

LEMMA 19 IfV is a finite-dimensional Hilbert space, then

. AU) 0 if k1
® *® _ .
(vrove) T = {w(czk) ifhk=1 "

where we have made the identifications
Ve @V — (V@ V2" = (Endc(V))®" = Endc(VE"),

and 7 is the obvious permutation representation of the group algebra of the sym-
metric group Y, on Ve, Explicitly, the vector Zih_.ﬂ-k(eg(il) R ® esiy)) ®
(" ®---®e'™) corresponds under this isomorphism to w(c ), where {e; }; is an(y)
orthonormal basis for V, and {e'}; denotes the dual (orthonormal) basis for V*.

Proof: This result must be well-known, and documented somewhere in the lit-
erature. (It can also be deduced ([P]) from the Zariski density of U (V') in GL(V').)
We provide a direct proof here, for the sake of completeness.

18



To start with, note that if ¢ = w € T is a complex scalar of unit modulus,
then ¢ acts as w*~! on <V®k ® V*®l> and consequently the assertion regarding

the case k # [ is seen to follow.

So assume £ = [. In view of the identifications spelt out explicitly in the
statement of the lemma, we need to show that if C' : GL(V) — End(V®") is the
representation defined by C(g)(T) = (®@*g)T(®*g)~1, then

Cg)(T)=TvgeU(V)=Ten(Cs) .
In view of the Schur-Weyl theorem, it suffices to show that
Cg)(T)=Tvg e U(V) = C(g)(T)=1TVg € GL(V),

and this is what we shall do. For this, we only need to show that if 7" is an
operator on (V®k> which commutes with operators of the form ®*U for arbitrary

U € U(V), then T necessarily also commutes with operators of the form ®*S for
all S € GL(V). Indeed, suppose

T(®k€itA) — (®k6itA)T
for every self-adjoint operator A on V. Differentiation yields
T D(A)= DA)T, (3.12)

where D(A) = A®idy - Qidy +- - - +idy @ - - - ®idy ® A. Since the mapping
D : End(V) — EndV®" is C-linear, since the self-adjoint operator A was ar-
bitrary, and since any operator is a C-linear combination of self-adjoint operators,
we find that equation (3.12) holds for every A € End(V'). Exponentiating once
again, we find that

TePW = PAT VA

and the lemma is proved. (The final statement of the lemma is verified by chasing
through the string of identifications referred to.) a

PROPOSITION 20 The space AS is linearly spanned by the set of all those picture
invariants Lp(s,» for which f € F satisfies \(-) = |f~'(-)| (and of course o is
related to f as in Definition 13).
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Proof: We prove the easier implication first. Fix an f € F and a o related to f
as in Definition 13. By definition A(7") is the number of vertices in P = P(f,0)
which are labelled 7" while A\(77) is the number of vertices labelled T'f. It now
follows from equation (3.9) and the definition of Zp (k) that Zp € A,. Now
Lemma 18(b) and Lemma 16(c) show that Zp € Af.

To prove the other implication, take any A and fix any one f € F with the
property that lf~HT)| = NT) for all T € T U7TT'. Consider the map from

V() = (@ @Y Pro) @ (@50 @ 17 Py, ) to Ay defined by

Ny
b b S}
(©:2 &Y &) © (@30 @ o) = T X w65+ G13)

=1

where {}( ®?°_({( )f(i,li)) and njc(i) = ®b1_({(1))n(, my)- It is not hard to see that
this is an epimorphism of G-modules, where the G-action on V' ( f) is the natural
one (factoring through appropriate U (FPy)’s).

For k € Col, write Vi (f) for the ‘sub-product’ of V(f) obtained by taking
only those (i, ;) for which sl{(i) = k and those (j, m;) for which rf;(f) = k. Then
clearly V(f) & ®ke caVi(f). (Since f is a finitely supported function, this is
actually a finite tensor product.) Further, from the product-nature of the action, it
is seen that V()% =2 ®iec caVi(f)Y*). On the other hand, Lemma 19 implies
that a spanning set of V,(f)V"%) is determined by the set of bijections between
the sets {(i,[;) : slfi(i) = k} and {(j,m;) : rﬂ;(f) = k}; and hence a spanning set
for V(f)¢ is given by the set of colour-preserving bijections

Ny

H({Z} [bo(f())]) — H({j} X b (FGDD)

=1

i.e., the set of ¢’s as in Definition 13. Unravelling the definitions and notations,
it is not too hard to see that the invariant of V'(f) corresponding to such a o gets
mapped under the map © - see equation (3.13) - to our picture invariant Zp s ). O

4 The application to subfactor planar algebras

In this section, the symbol 7 will be reserved for elements of the ‘coloured op-
erad’ of planar tangles - see [J1],[J2],[J3]. Given a ‘subfactor planar algebra’
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P = {Py}recor, We can associate linear operators Zﬁ to tangles 7" as described
in the ‘Facts’ of the Introduction.

Suppose @ = {Qx }reco is another subfactor planar algebra, which is isomor-
phic, as a planar algebra, to P. Then we may assume without loss of generality
that () = Fj, as a Hilbert space, for each £ € Col; and if the space X and
the group G are as in the last section, then we may associate the point ¢ € X
defined by (z9)r = Zj? . Theorem 3 shows that the planar algebras P and ()
are isomorphic precisely when the points 27 and z9 lie in the same G-orbit.
Hence it follows from Proposition 20 that P and () are isomorphic if and only
if Zp(10)(2") = Ip(s,)(x?) for all picture invariants Zpy,).

Before proceeding further, we should first mention that henceforth,

Col ={0,,0_,1,2,3,..} .

It will help if we recall the definition of some tangles that we will be using in the
following analysis; for the precise definition of a tangle, see [J1]. (We shall find it
convenient to use the notation of [KLS].)

+©

xMm

The above pictures are for £ > 0 (and have 2k strings impinging on the internal
boxes); the multiplication tangles M, are defined as the M} above, except that
they do not have any internal strings, and the region between the external box and
the two internal boxes is shaded white, resp., black.

Further, given a tangle, say 7', we shall write T to denote the tangle obtained
by rotating the * of every (external, as well as internal) disc anticlockwise to the
next marked point (and reversing the checkerboard shading). Hence for instance,
we have M, . = My, while R, = R, for k > 1. Here, the symbol R}, denotes

the important rotation k-tangle, which is known - see [J1] - to satisfy R,(f) = I¥

(where we write Rék) for the ‘k-fold iteration of Ry’ and I} for the identity tangle
with one external and one internal disc both of colour k).
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LEMMA 21 In the pictorial notation of the earlier sections, we have (in any sub-

factor planar algebra) the following identities:

(a) VE>1,
k k —+
Mk Mk k
et
e k k . ~o,)
A = E+ E (4.14)
K
+
+ —
(b)
1 1t 1
M M
P
1 1
2 1 _ .2 1 I1 1 E % E0++
5. —= =3 1 = =5 ¢1 (4.15)
\La+ 0
0, CM0+ Moo
(c)
0, . 0, 40,
0, 0, 0 0, %, F’_‘
— = I t = \l/ t_ . (4‘16)
04 0, Mo M@ 0,
t *

(In (a) and (b) above, we write the expression ‘constant . picture’ to mean the
obvious thing - viz., the appropriate constant multiple of the operator represented

by the picture.)
Proof: (a) To start with, it must be noted - see the explanation in [DKS], for

instance - that the picture
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L
J

which has one input coloured £ and no outputs, is to be interpreted as the linear
functional given by ‘trace in the left-regular representation’ of the algebra P.

Consequently, the picture

denotes the linear functional P, > © — (5% ) € C, where 7, denotes the trace
on P} described in Fact (7) of the introduction. Thus, the following picture

k o 9
M
| ’ @
-+

Pk®Pk 9x®y—>5k7k(xy) eC
LetT : P, ® P, — C denote the map given by the picture

— k ~0 0_
M
K Ek+ Mo
0—

23

\/

denotes the map
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Notice that the adjoint operator 7™ is given by the ‘dagger’ of this picture (i.e.,
the picture obtained by reversing all the arrows, and replacing all vertex labels by
their daggers). Clearly, we have

T()=(T(1)

We shall imitate the ‘Sweedler notation of Hopf algebras’ and write

T (1) =) z1 @,
(2)

Notice now that both sides of the identity to be proved (i.e., equation 4.14)
represent endomorphisms of P;. Since the left side represents 62* times the unitary
operator Zp, , and since 7, is a non-degenerate trace, it will suffice to prove that if
the the operator represented by the right side of equation 4.14 is B, then

T(B(Zk, (2))w) = 0 (zw) Y z,w € P

However, the earlier analysis shows that

T(B(Zp (2))w) = 7 | Y 6 (21 Zp, (2))zaw
()

= oF Z (2125, (2))Tr(2W)

(z)

= 5k(2):<$17 (ZR, (2))") (2, w")
= ") (a1, Zr, (2)) (w2, w")

— 5k(§:x1®:p2,ZRk(z*)®w*>
= 51{3(:’(12)(1)» Zp, (2") @ w7)

= T (Zg,(z*) @w*),

where we have used (a) the fact that the inner product in P, and 7, are related by
(u,v) = 7% (uv), in the third line above, and (b) the ‘planar algebras’ requirement
relating the adjunction in Py and the action of tangles in the fourth line above,
which implies that

(Zr(x))" = Zr(") -
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Now let S denote the tangle defined by
S=E o(Myop, Ry) ;

notice that 7y : Py — C is the canonical identification of F, with C; and
conclude from the definitions of S and T that T'(Zg, (2*) @ w*) = 79 (Zs(2* ®
w*)); and hence

T(Zg,(2*) @w*) = 71o_(Zs(z* @ w*))
= 10_((Zs(z* @ w*))")
To_ (Zs-(z @ w))) ,

where the tangle S* is obtained from the tangle S according to a specific procedure
(see [KS]); in the case at hand, we find, after staring at a few pictures, and invoking
the sphericality present in subfactor planar algebras, that

n_((Zs-(z@w))) = " n(2w)

thereby completing the proof of (a).

The proof of (b) and the case of 0, in (c) are a verbatim repetition of the
above proof of (a), if one adopts the convention that Ry = [ ,’j for k < 1. The only
modification one needs for £ = 0_ is that every occurrence of E,S* should also be
replaced by IF. O

REMARK 22 Since R,(Ck) - i.e., the result of iterating Ry, k times - is the same as
the identity tangle, we may, from Lemma 21(a), deduce an identity for I} - which
will be thought of as a counterpart for k > 1 of the identities Lemma 21 (b),(c);
we illustrate the case of k = 2 below.

2 2 2 2
— = R, R,
2 2 __*t 2 2 _*t 4
M, i, M, i,
2\1/ 1\2 2\1/ 7\2
5" 0 Zo," 0 o, (4.17)
= + + .
E* E, E* E,
\L 0, 0_1\ \L 0, g_/r
o,( M M’ M M
0, 0_ 0, 0_
0_
o_ o,



The point of the foregoing exercise is the following conclusion, which will be a
crucial one for us:

If in a closed picture, say P, every arrow of colour k is ‘substituted’ by the
analogue of the above picture with k in place of 2 (resp., the picture given by
Lemma 21(b) or (c)) if k > 1 (resp., k = 1 or 0), then the result would be
a constant multiple of another picture invariant, say Py, which would have the
crucial property that it contains no directed closed path, and still agrees at all
subfactor planar algebras with index 6.

PROPOSITION 23 For any picture invariant Ip ;) there exist a pair S,T' of tan-
gles of the same type, and an integer n (depending only on the picture) such that
for any subfactor planar algebra P of modulus 6, we have Ip; 5 (2F) = 5”)(§T.

Proof: Begin with any picture invariant Zp () and use Remark 22 and Lemma
21 (b) and (c) (for £k > 1, k = 1 and k£ = 04 respectively) to replace each arrow
of colour £ in its picture by subpictures that are given by the right hand sides of
equations (4.17), (4.15) and (4.16). The resulting picture clearly specifies another
picture invariant whose value, at any subfactor planar algebra, agrees - see Remark
22 - with that of Zp ;) at that planar algebra, up to a multiplicative factor of a
power of 9.

The new picture is seen to satisfy the following properties:

(a) it contains no directed closed paths except for self loops at M, and Wé .»and
(b) no arrow in it goes from an S to a 7' for any two tangles 7 and S.

Consider the connected components of the picture obtained from this one by
cutting each arrow that goes from a 7' to an S, i.e., by replacing each such arrow
by

" =S

It follows from (b) above that every such connected component is of one of two
types: either (i) all the vertices are labelled by elements of 7, or (ii) all the vertices
are labelled by elements of 7. Fix a component of the former type. It is easy to
see, since the only arrows that remain are ones we have introduced through our
substituting ‘subpictures’ for the original arrows, that this component is necces-
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sarily of one of the following two forms for some £ > 1:

\ k k k k
: X M, M,
/ k k
0 0
Ek"' Ek"' (4.18)
0, 0,

or of one of the following two forms:

\ o:l: o:l: ot o:l:

X——— M <— M
4 0, 0, |
t¢ t¢ (4.19)
0 M 0 M
+ o_t + oi

where X is some tangle.
Thus in each case, there is a O,-tangle S so that this connected component
specifies the same function on any planar algebra as does:

. S—= MO
)/% *<\uj> (4.20)
oi

In case of the first of the two forms for £ > 1, we take S to be E,S* o (Mj op, X).
Similarly, any connected component having only elements of 7' can be re-
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placed by a picture of the following form:

/7
/|7+ —7" (4.21)
D\

for some 0. tangle 7" to get a picture whose associated picture invariant takes the
same value on all subfactor planar algebras as the original one.

So if there are k£ connected components that involve only S’s and / connected
components that involve only 7'’s then there are tangles 77, ---,7yand S, - - -, Sy,
such that Zp(;,) agrees with a power of ¢ times the invariant specified by the
following picture:

A
M, N S M,
N
01: / \ ot
M;% T;\ / S,——= Mot
_ o
t | | U
O¢ : o 0,
N N
M —=T, 3
0 \ S ———=M,
+ | \ *
04 f / U
l [ ot

,,,,,,,,,,,,

take the same value at any subfactor planar algebra. Here o represents a permuta-
tion that specifies the way that the outputs of T;r’s correspond to the inputs of the
S;’s. (This comes about when we ‘splice’ back the edges that we cut.)
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It remains to construct S and 7. Suppose that Sy, - - -, .S, are 0, tangles while
Sust, -+, Sk are 0_ tangles. Consider the 0, tangle W in the figure below which

has u internal 0, boxes and k£ — u internal 0_ boxes (enclosed in a loop). Set
S = W op,,py,,0y) (S1,52,+-+,Sk) - which is, by definition, the tangle ob-
tained by substituting the 0 -tangles 51, - -, .S, into the first © boxes of W and
the 0_-tangles Sy+1, - - -, Sk into the last k — u boxes of 1. An entirely analogous
procedure applied to 77, - - -, T} yields a tangle 7", say. The fact that the picture
is closed implies that there exists a ‘colour-preserving bijection’ between the sets
of inoputs of 7" and of S. Let T be the tangle obtained from 7" by appropriately
renumbering its internal boxes using the permutation o so that the i*" output of T'f
corresponds to the ! input of S. This T is a tangle of the same type as S.

Suppose now that P is a subfactor planar algebra with modulus §; and let
xp € X denote the corresponding point. The fact that there exists an integer n
- depending only on P(f, o) - such that 0"x§; = Zp(s,0)(z") follows from the
following observations:

(a) the two pictures below represent the natural isomorphisms of P, onto C
and C onto P, respectively

", MO; T (4.22)
z ) 7%

P _
) Zjy(arlo,, -, aulo,, @usilo , - axlo.) = 0 ajaz---aglo, for any
complex numbers ay, as, - - -, ax, and

(c) for any two 0 -tangles .S, T of the same type, Z&'(Z1)* (1o, ) = x§ 1o, -
([

Proof of Theorem 2: That the X(s) 'S are invariants of isomorphism classes of
subfactor planar algebras is the content of Corollary 5. The completeness of this
family of numerical invariants follows from Proposition 20 and Proposition 23. O
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