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Abstract

In this paper, we study a tower {AG(d) : n > 1} of finite-dimensional
algebras; here, G represents an arbitrary finite group, d denotes a
complex parameter, and the algebra Ag (d) has a basis indexed by
‘G-stable equivalence relations’ on a set where G acts freely and has
n orbits.

We show that the algebra A% (d) is semi-simple for all but a finite
set of values of d, and determine the representation theory (or, equiv-
alently, the decomposition into simple summands) of this algebra in
the ‘generic case’. Finally we determine the Bratteli diagram of the
tower {A%(d) : n > 1} (in the generic case).

1 Introduction

Let R,, denote the set of equivalence relations on the set [n] = {1,2,--- n},
and let p, denote the cardinality of R,. By convention, n = 0,1,2,... and
po = 1. Easy counting arguments show that the first few values of the

sequence {p, : n > 0} are given by 1, 1, 2, 5, 15, 52, 203,..., and that the
sequence satisfies the recursion relation

Prs1 = Y <k> Pk, ¥n > 0. (1.1)

k=0



Given P, Q) € R,, we shall say that P < () if any two P-related indices are
necessarily Q-related - or equivalently, if every ()-equivalence class is a union
of P-equivalence classes. Clearly, if P,;, is the trivial relation all of whose
equivalence classes are singletons, and if P,,,, is the equivalence relation with
just one equivalence class, then P, < P < P, V P. It is not hard to
see that R, is a lattice with respect to this order structure. (For instance,
ifn=4, P={{1,2},{3,4}} and Q = {{1},{2,3,4}}, then PV Q = P
and P AQ = {{1},{2},{3,4}}. We shall, as above, sometimes equate an
equivalence relation with the set of its equivalence classes.)

Further, if P € R, we shall write ||P|| for the number of equivalence
classes in P. Before proceeding further, we record a simple fact as a lemma,
for convenience of future reference.

LemMmA 1 If P,Q € R, then,
(o) [[PV QI <||P];
(b) if 1PV Q| =|P|] and P # Q, then [|P|| <||Q]-

Proof: (a) follows from the fact that every P V Q-equivalence class is a
union of P-equivalence classes.

(b) The hypothesis is seen to imply that no two indices which are P-
inequivalent can be PV ()-equivalent; this implies that PV (Q = P. On the
other hand, every Q)-equivalence class is contained in a P-equivalence class,
and the assumption that P # @ says that at least one P-equivalence class
must be the union of two or more ()-equivalence classes, and the proof is
complete. O

We think of an element of Ry, as a diagram, thus: we think of the 2n
elements of [2n] listed in two rows of n elements each, with the j-th point
from the left on the top (resp., bottom) row indexed by j (resp., n+ j); and
connect every pair of indices which are equivalent under the relation. For
instance, the relation in R4, whose equivalence classes are {1,2,4} and {3}
is represented by the picture

1 2
([ ] I
3 4

We will be interested in the vector space with Rs, as basis, which will
be equipped with the structure of a C-algebra, with the definition of the



product of basis vectors involving a complex parameter d. Rather than giving
a precise and rigorous definition, we shall describe the prescription for an
example.

For instance, suppose n =5, P = {1,2,6},{3,7},{4,5},{8,9}, {10} } and
Q = {{1,6,7},{2},{3},{4},{5},{8},{9,10}}; according to our diagram-

matic notation, we have:

S
SN

In order to define the product PQ), first concatenate the pictures (with P on
top and @ at the bottom), and identify the intermediate levels of points as

indicated:
o—eo
V/G—@ ©
. o o o o
& e oo

then introduce a power of d equal to the number of ‘components’ in the grand

picture which are entirely contained in the two middle levels, and then forget
the two middle levels altogether, to finally obtain:

PQ:dQ-E *
[ J *—0

It is relatively painless to verify that this definition yields a finite-dimensional
associative C-algebra (of dimension 2n), which we denote by A,,(d). This al-
gebra has a multiplicative identity, namely the equivalence relation which
has n equivalence classes, namely {k,n + k},1 <k <n.

and



As a trivial example, A;(d) has a basis consisting of 2 elements - say
1={{1,2}} and P = {{1},{2}} - where 1 is the multiplicative identity, and
P? =dP.

The process of ‘adding a single vertical line at the right extreme’ yields an
injective map from Ry, into Ra,2, which is easily seen to linearly extend to
a multiplicative (identity-preserving) homomorphism of A, (d) into A, 1(d);
further, since this map sends a basis injectively into a basis, it is necessarily
a monomorphism. We thus have a tower

Ai(d) C Ag(d) C -+ Ap(d) C ---
of finite-dimensional C-algebras.

REMARK 2 The tower {A,(d) : n > 0} has several interesting subtowers.

(a) The Temperley-Lieb algebra: Consider the subalgebra T,,(d) of An(d)
consisting of the linear span of those equivalence relations P which satisfy
two conditions: (i) each P-equivalence class contains precisely two elements;
and most importantly, (i) P admits a diagram - as in the above discussions -
which 1s planar, i.e., the diagram has no crossings and is a planar diagram
contained in the rectangle bounded by the 2n points. It is clear that the
inclusion of An(d) into A,y1(d) maps T,(d) into T,y1(d); and it is a fact
that T, (d) is generated as a unital algebra by the elements Py, Py, - -+, P, 1,
where, for 1 < k <n,

101

It is to be moted that P = dPy and that P PPy = Py; so, if we define
er, = d 1Py, then the e, ’s are idempotents which satisfy erepiier = d 2ey,.

(b) The group algebra CX,, of the symmetric group sits naturally as a
subalgebra of A, (d) as follows: given o € %, let P, denote the equivalence
relation, whose equivalence classes are {{o(k),k +n} : 1 < k < n}. It is
fairly easy to verify that this map is multiplicative, meaning that P,- P, = P,.,.
The following little observation, which we call (c) below for the sake of future
reference, is proved easily.

(¢) The following conditions on an element P € Ry, are equivalent:
(i) P is an invertible element of A,(d);



(ii) there ezists a (necessarily unique) permutation o € X, such that
P =PF,, as in (b) above;
(7ii) P has precisely n ‘through classes’ in the sense of definition 3 below.

DEFINITION 3 If P € Ry, a through class of P is an equivalence class A
of P such that AN{1,2,--- . n}#B and AN{n+1,n+2---,2n} #0. We
write t(P) for the number of through classes of P.

For instance, in the preceding example illustrating the definition of the
product, we have t(P) = 2 and t(Q) = t(d~%- PQ) = 1. This is an instance of
a general fact which has consequences for much of the following discussion.

LEMMA 4 Suppose P,QQ € Ry,, and P-Q = d" - S, for some r and some
S € Ry,. Then,

H(S) < min{t(P),HQ)} |
Proof: (i) This follows easily from the definitions. O

COROLLARY 5 For 0 < k < n, define I} to be the set of those equivalence
relations with exactly k through classes; and let Iy, be the linear subspace
spanned by U,<i I} ; then

{0} =1,ClLhC - CL Sl S C 1, = Au(d) (1.2)
is a filtration of A, (d) by two-sided ideals.
Proof: Obvious. a

Before concluding this introduction, we shall briefly dwell on the manner
in which we would like to think of elements of R,,, viz., as consisting of three
pieces of information: (a) the ‘top’, (b) the data on how the top is connected
to the bottom, and (c) the ‘bottom’.

Thus, suppose P € Ry, and t(P) = k. Focus attention first on the top
set of n points in the diagram representing P; we can naturally associate an
element P* € R,, together with an unordered collection {C; : 1 < j < k} of
‘distinguished’ PT-equivalence classes - these corresponding precisely to the
intersections of through-classes of P and the top line. This is the motivation
for the following definition.



DEFINITION 6 In the sequel, the symbol S} will denote the set of symbols of
the form R = (R;{C;(R) : 1 < j < k}), where R € R,, and {C;(R) : 1 <
J <k} is an unordered collection of k distinct ‘distinguished’ R-equivalence
classes. (Note, in particular, that if R € S, then ||R|| > k.)

We shall want to encode an element P of Ry,, for which ¢(P) = k, as a
triple (P, p, P~), where P£ € S?, and p is a permutation, in such a way that

(i) the P-equivalence classes which are entirely contained in {1,2,---,n} are
the same as the P*-equivalence classes other than C;(P*), 1 < j < k; (ii) the
P-equivalence classes which are entirely contained in {n+1,n+2,--- , n+t}

are the same as the sets (n + C) = {n +m : m € C} where C' is a P~-
equivalence class other than the C;(P~), 1 < j < k; and (iii) the & through-
classes of P are given by C; = Cy;(PT)} U (n + C;(P2)), V1 < j < k.
(In order to make precise sense of the permutation p, we should first choose
some ‘canonical ordering’ of the collection of distinguished classes for each
element of S}'; we will say no more on this here, since we will elaborate on it
later.)

We record a lemma (which is a consequence of the definitions) for later
reference; we omit the simple proof.

LEMMA 7 Suppose Py - Py = d'Q, with P;,Q € Ry, andl € Z,.
(a) Assume that t(P) = t(Q). Then, Pi" = Q7.
(b) Dually, if t(P) = t(Q), then Py = Q.

After this paper was written up, the authors discovered that the algebras
A, (d) have been extensively studied by Paul Martin - see [M1], [M2]; he calls
them partition algebras and even discusses their representation theory in the
‘non-generic case’. We, on the other hand, discuss only the case of ‘generic
d’ when the algebras are semisimple, but we consider the ‘equivariant case’.
Specifically, for any finite group G, we consider an algebra A%(d) - which
has a basis of ‘G-stable equivalence relations’ - and show (Theorem 21)
that these algebras are ‘generically semisimple’ and obtain (Theorem 33) the
Bratteli diagram for the tower {A%(d):n > 1}.

2 G-relations

We shall now consider an ‘equivariant version’ of the above analysis. (We
should perhaps mention that one of the reasons for our study of these algebras
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is the hope that we might be able to tie them up with the theory of ‘planar
algebras” developed by Jones (see [J1]); this will be discussed elsewhere.)

We begin with some notation. For a set X, we shall write R(X) for the
set of all equivalence relations on X - so that R([n]) is what was denoted by
R, in the last section. Suppose now that a group G acts on the set X; clearly
then, we have a natural action of G on R(X) - given by g- R={(g-z,g-y) :
(x,y) € R} whenever R € R(X) and g € G. Call a relation G-stable if it
is fixed by every element of G, and let R“(X) denote the set of all G-stable
equivalence relations.

We shall only consider the case when G acts freely on X; when G and X
are finite, the case we shall be concerned with, this amounts to assuming that
that X = Gx{1,2,---,n} and that the action is defined by g-(x,i) = (g-x,1).
We shall denote this set by X,, in the sequel.

First consider the case n = 1. In the following lemma and elsewhere in
this paper, the symbol ][] always denotes ‘disjoint union’.

LEMMA 8 (a) If H is a subgroup of G, then the partition G = 11 g;H of G
into distinct left H-cosets yields a G-relation on X;.

(b) Every G-relation on Xy arises as in (a) above. (Thus, there is a
natural bijection between RY(X,) and the set of subgroups of G.)

Proof: (a) is clear; as for (b), let H denote the equivalence class of 1
(the identity of GG) with respect to a G-stable relation. Suppose hy, hy € H;
then, 1 ~ h; = hy' ~ hflhl =1, and h1hy ~ hy ~ 1; so H is a subgroup. O

DEFINITION 9 LetC = C(G) denote a collection of subgroups of G containing
exactly one subgroup from each conjugacy class of subgroups; for each H € C,
let N(H) be the normaliser in G of H, and suppose

G = [[ NH)o! | (2.3)

where we always assume that {c2 : 1 < k < [G : N(H)]} contains the
identity element G. (Thus, we have chosen fized coset-representatives for
N(H)\G, choosing the identity as the representative of the coset N(H).)

REMARK 10 (a) Suppose P € R¢(X,,). Then the equation

R" ={(i,j) : 1<i,j <n, 3 g,h € G such that ((g,1), (h,j)) € P}
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defines an element of R([n]); it follows from the definition that [(g,7)]p is a
through-class of P if and only if [i|gr is a through-class of RY (provided n is
even, so that this makes sense). (As above, we shall always use the notation
[i|r to denote the R-equivalence class of the point i.)

(b) For each i € [n], it follows from Lemma 8 that there exists a unique
subgroup, say K;(P), such that ((g,i), (h,i)) € P < g € hK;(P).

(c) If ((g,1), (h,7)) € P are as in (a), then gK;(P)g~' = hK;(P)h™', and
in particular, the subgroups K;(P) and K;(P) are conjugate whenever (i, j) €
RP. (Reason: fix k; € K;(P); then [(1,9)]p = [(¢7 R, 7)) p = [(97 Rk, J)] ps
similarly (L, )] = [(h1g,D)]p, and hence [(L1)], = (g~ hksh-g,1)
i.e., g 'hK;(P)h~tg C K;(P); the reverse inclusion follows identically.)

(d) Thus, each P € RY(X,,) determines a function

n]/R” 5C — HE ecC

where HE is the unique element of C which is conjugate to K;(P)V i € C.
Further, for each C € [n]/RY, we shall consistently use the notation i(C) =
min{i : 1 € C'}.

PROPOSITION 11 Let P € RY(X,,) and RY be as above. Then,

(a) there exists a unique function ¢¥ : [n] — 1yec H\G, which satisfies the
following conditions for all RY -equivalence classes C':

(i) o (i) € HE\G Vie C;

(ii) Uiec(oF (i) x {i}) is a P-equivalence class; (here, we think of an
element of H\G naturally as a subset of G;) and

(iii) 6P (i(C)) = HEGE, where of, € {o1¢ 1< r < [G: N(HE).

(b) Conversely, suppose we are given (i) an R € R(|n]), (ii) a map [n]/R >
C — He €C, and (iii) a map ¢ : [n] — luec H\G, which satisfy:
(i) ¢(i) € Hc\G, whenever i belongs to the R-equivalence class C'; and
(iii) ¢(i(C)) = Heoe, where oc € {cHc :1 <k <[G: N(H¢)|} VC.
Then, there exists a unique P € RE(X,,) such that R® = R, Ho = HE VC,
and ¢ = ¢. Further, this relation P is defined by

((9.0).(h,j))) € P < (i,j) € Rand ¢(i)g" = ¢(j)h " . (2.4)

(c) If YT is another function defined on [n] and satisfying (a) (i)-(ii), then

for each RY -equivalence class C, there exists a unique element wk € N(He)

He
such that v* (i) = wleP(i)Vie C.



Proof: (a) We first discuss uniqueness. Suppose we are given a function
o satisfying conditions (a)(i) — (#4i). Condition (i7) and the definition of
K;(P) shows that if [i{]zpr = C, then ¢ (i) is a left-coset of K;(P) as well
as a right-coset of HE. Suppose ¢”'(i) = HEg = ¢1K;(P); then clearly
g *HEg = (¢7(:))'¢" (i) = K;(P). In particular, this is true for i = i(C),
and since the off are representatives of the distinct right-cosets of N(H), it
follows that there exists a unique of satisfying condition (iii). Now if we
define D = [(of,i(C))]p, we see from condition (i) that for each i € C, we
must have ¢*' (i) x {i} = DN (G x {i}). This proves that the function ¢* is
uniquely determined by the conditions (i) — (i77).

For existence, let us define of and ¢ by the prescription forced by the
discussion of last paragraph. We only need to verify that ¢ (i) is a right-coset
of Ho. What is clear from the definition is that ¢ (i) is a left K;(P)-coset;
on the other hand, notice that ¢ (i(C)) is invariant under the action of
HE, and that this is necessarily true also of D, and hence of ¢ (i), for each
i € P; thus, ¢ (i) is a left K;(P)-coset, as also a union of right HE-cosets;
for reasons of cardinality, this forces ¢’ (i) to be exactly one right H}-coset,
as desired. This proves existence.

(b) If the data of (b)()—(i4i) satisfies (7)’, (ii7)’, then equation 2.4 defines a
G-stable equivalence relation. (Reason: the P-equivalence classes are just the
‘sets of constancy’ for the function (g,¢) — ([i]r, Hij,9").) The definition
of P and of RY implies that R C R; conversely, suppose (i,j) € R; let
C = [i]g = [j]|r; since G acts transitively on Ho\G, we can find g € G such
that ¢(i)g~* = ¢(j); hence ((g,1),(1,7)) € P; this implies that (i,5) € R”.
Thus, indeed R = RP.

Let C be an RP-equivalence class. By condition (iii)’, we have ¢(i(C))os" =
H¢, and hence, by definition of P,

((0¢,i(C)),(g.4)) € P & jeCand Hec = ¢(j)g"
& jeCand ¢(j) = Heyg
& jeCandgeo(y),

(since ¢(j) is given to be a right-coset of Hgo for j € ). Hence ¢ also
satisfies:

(i) D = U (¢(i) x {i}) is a P- equivalence class .
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Then, for any i € C, it follows from the definition of K;(P) that ¢()
is a left-coset of K;(P) as well as a right-coset of H¢; this means that the
subgroups K;(P) and H¢ are conjugate whenever i € C. Thus, we see that
HE = He VC.

So, the function ¢ satisfies the conditions (a)(i) — (¢ii), and we deduce
from the uniqueness assertion of (a) that ¢ = ¢*.

(c) If we set D = Uec (¥F(i) x {i}), we see as in the proof of (b)
above that if C' is any RF-equivalence class, then ¢ (i(C)) is a left-coset of
Kic)(P) as well as a right-coset of H}; if ¢F(i(C)) = HE g, this means that
Koy =g 'HEg. We already know that K;c) = (&) Hlol. This means
that g(c5)~' € N(HE) and hence there exists a unique element wf € N(HE)
such that g = wEoL. The definitions show that

vI(i(C) = Hog = Hewgoe = woHgoo = wed”(i(C)) -

It is now easy to verify that the function defined by ¢(i) = (w[{f]RP)_le (i)
satisfies the three conditions (a)(i) — (7ii), and an appeal to the uniqueness

assertion of (a) completes the proof. O

Notice now that for any positive integer n, we may regard R%(X,,) as a
subset of R([n|G]]); furthermore, if P,Q € R%(Xs,), and if P-Q = d'S,
where the product is computed as in the algebra A, ;|(d), then it is easy to
see that S corresponds to a GG-stable equivalence relation on Xs,. Thus, the
linear span of R%(Xy,) is a subalgebra of A, (d).

DEFINITION 12 Let A%(d) denote the (finite-dimensional) algebra, with basis
RG(Xgn), obtained as above.

REMARK 13 Let P € R%(Xy,); since G acts transitively on each G x {3},
it is seen that if if C is any through-class of RY, then G x C' is the disjoint
union of |G : HE] many P-equivalence classes; and, as C wvaries over the
through-classes of R, these exhaust all the through-classes of P; hence, if

t(P) =k, then
k= YI[G:H, (2.5)

where the sum is over all through-classes C of RY; in particular, if t = t(RF),
then,
t<k<tG|.

10



DEFINITION 14 (a) For 0 < k < nl|G|, define IF to be the linear subspace of
A%(d) spanned by {P € R%(Xy,) : t(P) < k}.

(b) If P € RY(Xy,), definent : C — Z,(={0,1,---}) bynp(H) = #{C :
C is a through-class of R” such that H: = H} for all H € C.

(c) For 0 < k < nl|G|, let Ny denote the set of functionsm : C — Z which
satisfy the conditions > yn(H) <n, and k =Y yn(H)[G : H]. (Later, when
we wish to vary n, we shall denote this object by the symbol N, since the
definition also invloves the inequality depending upon n.)

Let N[n} = UZ‘:%I Ny.

(d) For arbitrary n € Ny, define I(n) = {P € R%(Xa,) : np = 1i}.

Thus, as in Corollary 5, it is true that {I¢ : 0 < k < n|G|} is a filtration
of A%(d) by two-sided ideals.

LEMMA 15 For 0 < k < n|G| and arbitrary m € Ny, let Q(T) denote the
linear subspace spanned by w(I(®)), where 7 : IS — I¢/IF | is the quotient
map; then, Q(M) is an ideal in IS /IS |, and further,

[]?/[]?_1 = @ﬁeNk Q(ﬁ) :

Proof: The lemma is a tautology when k£ = 0, so we may assume k > 0.

It should be clear that it is sufficient to prove that if P; € I(m;),n; €
Ni,j=1,2,if P, - P, =d'Q in AS(d), and if ¢(Q) = k, then 7y = Ty = ny.

In view of Lemma 7, it suffices to observe that np is uniquely determined
by Pt as well as by P~ - and this follows easily from the definitions. a

In order to arrive at a ‘working description’ of elements of these ideals,
we shall first obtain an alternative way of encoding the ‘tops’ of elements
P € R%(Xy,). On the one hand, we can forget that P is G-stable and
represent the ‘top” and ‘bottom’ of P, and just look at what we denoted by P*
at the end of S1. Thus, for instance PT is just the data P of the equivalence
relation obtained by restricting P to the top (i.e., G X [n]), together with the
data of which P*-equivalence classes are contained in through-classes of P.

We wish to bring in the knowledge of G-invariance of P to encode this
data differently. For this, the starting point is the observation - see Remark
13 - that through-classes of P are intimately tied with through-classes of R”.
We begin by trying to list the elements of the latter collection in a ‘canonical
order’.
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Ifnp =7, and if H € C, then there exist 7(H) many ‘distinguished’” R -
equivalence classes CF for which HE! = H; let {Cy(P*): 1< s <m(H)}
be the unique listing of these classes which satisfies

s<s = l(CHVS(P—F)) < i(CH7S/(P+)) . (26)

DEFINITION 16 For i € Ny}, define S(m) to be the collection of all symbols
Pt = (PH{CyxsPT) : 1 < s < n(H),H € C}), where P* € R(X,),
and {Cps(Pt) : 1 < s <n(H),H € C}) is a collection of ‘distinguished’
RP" -equivalence classes such that (i) Hg;s(Pﬂ = H forall H,s, and (ii) the
condition 2.6 is salisfied. 7

Thus, if P € R%(Xs,), and if np = @, then the ‘top’ (resp., the ‘bottom’)
of P determines an element P (resp., P7) of S(m). Conversely, this P
uniquely determines all the ‘distinguished’ classes of what we earlier called
Pt since a Pt-equivalence class, say DT, is contained in a through-class
for P if and only if there exists a through-class, say C, of RY such that
DT C (G x (). Thus, what we have called P* is nothing but another way of
encoding what was earlier called P in case P is G-stable. Thus, in future,

we shall freely use such expressions as ‘let P* denote the ‘top’ and ‘bottom’
of P € RE(Xy,).

LEMMA 17 There exists a bijection
I(@) > P+ (P, p(P),P7) € S7) x GA) x S(7) ,

where (i) G(M) = [lgec ( (%)ﬁ(m X Yr(H) ) is the product (over the
H'’s) of semi-direct-products (with respect to the natural permutation action
of the second factor on the first), and (ii) P* denote the ‘top’ and ‘bottom’
of P.

Proof: Fix a P € I(n). For Q € {P,Pt, P}, let ¢% be the function
associated to ) as in Proposition 11. By considering the through-classes
of R”, it is not hard to see that, for each fixed H € C, there is a unique
permutation vy € Y5y such that {Cp (P~ )UCH, < (P1) 11 <s <n(H)}
is precisely the collection of those RP-through classes C' for which HY = H.

Notice next that the function defined on [n] by ¥* (j) = ¢F(n + j),
satisfies the conditions of Proposition 11(c) (with P~ in place of the P there).
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Hence, by that proposition, for each RY -equivalence class C'~, there exists
, N(HE” - ~  pe
a unique element w5_ € E{PC:) such that ¢ (j) = whb-o” (j)Vje C .
P

Set wH = wg;fl@(P,), for 1 <s<mn(H),HeC.
'H

Now define p(P) = ((p(P)))mec, where p(P)y € ("YU 5 ¥y s

defined by
p(P)n = (Wi, wim), va)-
Thus, we have defined the map (.

Conversely, suppose the triple (PT, p(P), P7) is given, and suppose p(P) =
((p(P)))mec, where p(P)g = ((wi',---,wh)),vm). Then define:

(i) a relation R € R([2n]) by demanding that its equivalence classes are:
(a) the R -equivalence classes other than the Cpy  (P*)’s; (b) sets of the
form (n+C), where C'is an R”" -equivalence class other than the C o(P™)’s;
and (¢) {(Cus(P7)UChy,(P1)) 1 <s<m(H), HeC};

(i) a map [2n]/R — C by setting He to be equal to: (a) HE, if C'is an
RP" -equivalence class other than the Cy(P*)’s; (b) HL ™, if C is an R -
equivalence class other than the Cy 4(P~)’s; and (c) H if C = (Cus(P7) U
CHyu(s)(PT)) for some H, s; and

(i) a map ¢ : [2n] — [lgeec H\G by setting

o (k) if k<n
o(k) = oF (k) if k>nand k—n ¢ Uy Chs(P7)
Wil o" (k—mn) if k>nand k—n € Cy(P7)

The data (i)-(iii) above satisfy the conditions (b) (i) and (iii)" of Propo-
sition 11 (with 2n instead of the m of the proposition) and therefore de-
termine a unique P € RY(X,,). It is easy to see that P € I(m). Set
WP, p(P), P) = P

The proof of the lemma is completed by verifying that the maps ¢ and n
are inverse to one another. O

In view of the above lemma, we shall feel free, in the sequel, to think of
elements of S(m) x G(m) x S(7) as elements of [(7), and vice versa.

3 The structure of A%(d)

We come now to the representation theory of A%(d).
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PROPOSITION 18 Fiz 0 < k < n|G| and m € Ny. Let V(m) denote the
C-vector space with S(m) x G(7) as basis.

(a) The following prescription uniquely defines a representation mam) of
A%(d) on V(m): temporarily fix an element Sy € S(n); let P € R%(Xy,),
and (S,0) € S(M) x G(n), and suppose P - (S,0,S0) = d'Q in the algebra
A%(d); consider two cases now:

(i) if t(Q) = k, then @ € I(m) and @ = (S1,01,S0) for a unique pair
(S1,01) € S(m) x G(n); in this case, define Tq)(P)(S,0) = d'(S1,01);

(ii) if Q € I, define ) (P)(S,0) = 0.

(b) Let P € I(n) and (S,0) € S(n) x G(n). Suppose P = (P, p,P7).
Then,
mo(P)(S.0) = D(P.S) (P*, i o) (37)

where the quantities D(P~,S) and 3%  are most easily defined by considering
two cases:

Case (i): For each H € C such that m(H) # 0, there exist distinct (RY™ V
R5 =) RP™VS_equivalence classes, say Cys,1 < s <n(H), and a (necessar-
ily unique) permutation g € Yz such that Crs(S)UCH 4, (P7) C Chs
for each 1 < s <n(H).

In this case, define D(P~,8) = dI\P"VSII=% while BE~ is defined by the
equation

(P~,1,P7)-(S,1,8) = D(P~,S) (P~,55 ,S). (3.8)

Case (i1): Suppose the conditions of Case (i) are not satisfied.
In this case, define D(P~,S) =0 and 3§ =1.

Proof: (a) We only need to verify that 7w (P - ) = 7 (P) 7@ ()
for all P, P, € R%(X5,). Suppose that (S,0) € S(7) x G(), and (P, - P,) -
(S,0,S0) = d'Q. Suppose P» - (S,0,S0) = d2Q-.

First suppose t(Q) = k. It follows that also t(Q)3) = k. Deduce now from
Lemma 7(b) that Qs = (S2, 09, S¢) for some (Sa, 02), and that @, € I(7). It
is also seen - from the associativity of multiplication in A%(d) - that P;-Q, =
d'~2Q); deduce , as before, that Q € I(m) and that Q = (Sy, 01, S) for some
(S1,01). Hence, we see that 7 (P - P»)(S,0) = d'(Sq,01), while

7T(ﬁ)(ft)l)ﬂ(ﬁ)(l%)(sa U) = deW(ﬁ)(Pl)(Sz, 02)
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= dl(ShO'l)
T (P P2)(S,0),

as desired.

Next, suppose @ € I |, so that m@m) (P - P)(S,0) = 0; then it must
be the case that either (i) Qo € IS | or (ii) Qo € I(M), Q2 = (Sa,02,S0)
for some (Sa,03), and Py - (S2,09,S¢) € IS ;. In either case, we have
T (P)7 @) (P2)(S,0) = 0.

(b) If P € I(n) and (S,0) € S(n) x G(n), it is not hard to see that the
following conditions are equivalent:

() The conditions of Case (i) of (b) are satisfied;

(B)If P-(S,0,S0) = d'Q in AY9(d), then t(Q) = k;

() D(P~.S) £0.

It is clearly enough to prove that equation 3.7 is satisfied when the three

equivalent conditions above are satisfied. If P € I(m) and (S,0) € S(m) x
G(m), we thus need to verify (under the stated assumptions above) that

(P+7p7P_) : (S7Ua SO) = D(P_>S) (P+7pﬁgio-7 SO) )

which we shall do, by considering several special cases.

Case 1: P~ =S and o =1.
It is seen from the definition of the product in A%(d) that

(P+7p7 S) ) (871780) = D(S,S) (P+,p, SO) ) (39)

and equation 3.7 is satisfied in this case, since equation 3.8 and the same
reasoning, that goes in to justify equation 3.9, shows that 35 = 1.

We note for future reference that, in the same way, we obtain, for arbitrary
S1,S2 € S(m) and 0 € G(7):

1
D(S4,S1)
1

= D(52.5) (S1,0,S2) - (S2,1,S2) . (3.10)

(Slaaa SZ) = (Slalasl) : (Slag7 S2)

Case 2: P~ =S and o is arbitrary.

15



Thus, we have to verify that
(P, p,P7)-(P,0,S0) = D(P~,P7) (P",p0,S) , (3.11)

and this is really the heart of the computation.

Let us write P, = (P7,0,Sp) and P- P, = D(P~,P7)Q. Since we are
assuming that the conditions («) — (y) are satisfied, we know from (a) that
Q € I(m). Suppose @ = (QT,#, Q). We know from Lemma 7 ((a) and (b))
that Q™ = P, Q= = Sy. Thus, we only need to show that ¢ = po.

Suppose p = ((pu))nec, where pg = ((wi',--,wk ), va); and that

similarly, o = ((o0y))gec, where oy = ((vf,--- ,V%H)),I{H)Z thus, for each
H € C, we have vl v € ( ) 1 <s<n(H),and vy, kg € Snm).-

The construction in the proof of Proposition 17, when unravelled, says
that the group element p is related to the relation P € R%(Xs,) by the
following requirement, and that p is determined by this requirement:

For all H € C,1 < s < n(H), we have:
(oo iCostP D), > (8, oy X GCpin PN -
Similarly, we see that for all H € C,1 < s <n(H) :
(e i CnPN)],, > (08, oo i Confsi})

Now, set t = 75" (s) in the last inclusion, and use the G-invariance of the
relation P; to deduce that for all H and s, we have:

H_P- , -
(808, o X Copin(P))]

P
o (st s < iSO
Hence, we see that for all H, s, we have:
(oCs ey, 1(CuaPD)]
> (wHVfl( ) O'g_ L@ X {7;<CH,(7H/1H)1(S)<Q_))}> '
“ On
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Since this property determines the group element ¢, we see that ¢ =
((¢H))7 with ¢H = ((Xllqa te aX%{(H))vAH)a where Xf = Wfl/%l(s) and )‘H =
Yukg; in other words, ¢y = pyoy, the product being computed in the semi-
direct product. (This is the reason for introducing the semi-direct products.)

Case 3: P~ p, S, o arbitrary.
Compute as follows:

(P*+,p,P~)- (P~,1,P~)-(S.1,S) - (S,0,S0)
D(P-,P-) D(S,S)

D(P—.S) (P*,p,P")- (P, 35 ,S)(S,0,80)
D(P-,P-) D(S,S)

= D(P~,8) (P*,pf5 0,5)

(P+7/)7P7> : (8707 SO) =

where we have used both the equations 3.10 in the first step, the definition
of (8 (see equation 3.8) in the second step, and equation 3.11 twice in the last
step. O

The next lemma is needed to ensure that that the algebra A%(d) is
semisimple at all but a finite number of values of d.

LEMMA 19 Let C' = ((c})) be a square matriz and suppose ¢ = "5, where

d is a complex parameter, and the matriz ((n%)) satisfies the following con-
ditions:

j

(Z) n; € {_007 07 17 2a te '};

(i) ny > max{0,n%} Vi, j; and

(ii) if i # j and n} = n, then n} < n?

Then det C' is a monic polynomial in d; in particular, the matriz C is non-
singular when we substitute all but finitely many possible complexr numbers
for the parameter d.

Proof: We shall show that the monomial in d obtained as the ‘diagonal
product’ of C' corresponding to any permutation ¢ which is distinct from the
identity permutation, has degree strictly smaller than the degree of the ‘main
diagonal product’ (which corresponds to the identity permutation).

Since any such o is expressible as a product of disjoint cycles, and since
we have assumed that n! > 0 (so that there is no problem of multiplying by
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0), it is enough to (consider the case when o is just a cycle, and) prove that
if 4,5,k,---,r, s is a collection of (two or more) distinct indices, then

(n§+ni+---+n§+nf) < (n§+n§+---+n:+n§). (3.12)

However, we have termwise inequalities:

n;-gni, nigng, ceeonl <nr,oni <nl. (3.13)
Since the hypothesis (ii) guarantees that the right side of 3.12 is a finite
quantity (i.e., not equal to —oo), the only way that the inequality 3.12 can
fail to hold is that each of the inequalities in 3.13 is actually an equality; in
that case, the assumption (iii) will imply that n! < n’ < --- < nl <n? < nl.
This contradiction completes the proof of the lemma. a

PROPOSITION 20 Let m € Ni. The equation (I'(7))(R,p) = (R,pr 1)
defines a representation I' of G(m) on V(m). Let m(m) be the representation
of A%(d) described in Proposition 18. Then,

(i) T (AS(d) © D(Gm).

(i1) Consider the matriz C with rows and columns indexed by S(m) x G(n),
defined - using the notation of Proposition 18(b) - by

C((R,p),(8,0)) = 8, D(R.S) . (3.14)

Then the matriz C satisfies the hypothesis of Lemma 19; and if d is such that
the matriz C' is invertible, then

(m (An () = 7m(span I(m)) = T(G([m)) .
Proof: (i) Note that I'(7)(R,p) = m 7w (R, p,So)(So, 771), for
each 7 € G(m), and (R, p) € S(m) x G(n); assertion (i) of the proposition
is a consequence of the fact that ‘left multiplication’ commutes with ‘right
multiplication’.
(ii) It is clear that C'( (R, p),(S,0) ) = d¥( ®r:89)) “where N is the
matrix defined by

|RVS||—k if D(R,S)#0 and o = pB&
—00 otherwise .

N((R.p).(8,0) ) = {
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Notice first that S = 1, and that consequently,
N((R,p),(R,p)) = [|R||-k = max{0,N((R,p),(S,0))}V(R,p),(S,0);

thus N satisfies conditions (i) and (ii) of Lemma 19.

Next, suppose N( (R, p), (R,p)) = N((R,p),(S,0) ) for some (R, p) #
(S, o). In particular, this means that the right side is not equal to —oo, and
hence, D(R, S) # 0, 0 = pB&, and ||RVS|| = ||R||. It follows that RV S = R,
ie., S <R.

Suppose, if possible, that R = S. The condition D(R,S) # 0 is then
seen to imply that R = S; then the condition o = pB& is seen to imply
(since BR = 1) that o = p; in other words, (R, p) = (S, o), contradicting the
hypothesis; hence, indeed R # S.

Then it follows from Lemma 1(b) that ||R|| < ||S]|, and hence that

N((R,p),(R,p)) = [[Rl[ -t < [[S|[=t = N((S,0),(S,0)),

thereby completing the verification that C' satisfies the conditions of Lemma
19.

So, we assume, in the rest of this proof, that d € C is such that the matrix
C is invertible. We shall, in what follows, identify a linear operator, say T,
on V(m), with its matrix ((PSTg(;” (’f;))) with respect to the basis S(m) x G(7).
(Thus, T'(S,0) = Y (R,p) T(s,:; (R,p).)

Now, the matrix of a typical element of I'(G(7))" has the form

X((R,p),(S,0)) = 2" )(R,S),

where {z(" : 7 € G(m)} is a collection of arbitrary matrices with rows and
columns indexed by S(m).

Hence, in order to prove (ii), it will suffice to prove that given an arbitrary
collection {z(™ : 7 € G(7)} of matrices with rows and columns indexed by
S(m) x G(m), then there exist complex scalars a(Q, p,R), Q,R € S(n),p €
G(m) such that

( Z @(Q>p> R) W(ﬁ)(Qapa R) ) ( (Slual>7(svg) ) = x(glail)(slﬁs) )

s (3.15)
for all ( (S1,01),(S,0) € S(m) x G(n).
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Fix S; € S(7), and define yS1)(S,7) = 2(7(Sy,S); due to the assumed
invertibility of the matrix C, there exists a unique collection {z(5*)(R, p) :
(R,p) € S(m) x G(m)} of complex numbers such that

> 2SR, p) O((R,p),(S,7)) = y®V(S,7), (3.16)

R,p

for all S¢,S, 7.
Also note, from equation 3.7 and the definition of C, that

T (Q,p,R) )( (S1,01),(S,0)) = qs,.C( (R,p),(S,0107") ).

Now set a(S1,p,R) = 2z59(R,p), and compute as follows:

( Z G(Q,p, R) 7r(ﬁ)((gvpv R) ) ((81,0'1), (S,U))

Q.0:R

_ QZR a(Q,p,R) 6qs,C((R, p), (S,0007"))
_ 51; a(S1,p,R) C((R, p), (S,5107Y))

— 3 259(R,p) C((R, p), (S, 01071

— YIS oY)
= x(UlU_l)(Sl,S>’

and the proof is complete. a

The matrix that we called C' in Proposition 20 really depends on n,7
and d, and we shall write Cf;;)(d) (rather than merely C') when we wish to
emphasise this dependence in the following; likewise, we shall, when desired,
write I'(;) for the representation of G (m) that we called I" in Proposition 20.

THEOREM 21 Suppose d € C is such that C’Fm(d) is invertible, for each
n € Ni, 0 <k <n|G|. Then

AJ(d) = @neny ©, o (Ma (€)@ Mgy (C)) 5 (3.17)

n]

In particular, the algebras AS(d) are ‘generically’ semisimple.
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Proof: Let us write Li;) = ') (G(m))’; then, by Proposition 20(ii), we
have, for all k,7,

Ty (AJ(d)) = 7@ (span I(0)) = L ;

further, it is clear from the definition that the representation ') 1s equiv-
alent to Rm) ® idcwsm)\, where Ry denotes the right regular representa-
tion of G(M); it follows that L) = C[G(7)] ®¢ Msm)(C), and hence that
dim (Liy) = |G(m)] - |S(@)[*; on the other hand, we also know that this is
the dimension of () (since I(7) has a basis indexed by S(7) x G(7) x S(m)),
and consequently, we may conclude that 7z maps span I(7) bijectively onto
L.
( )Since each L% is clearly semisimple, the proposition will be proved once
we establish the following isomorphism of C-algebras:

@ﬁeN[n] T(m) - ASM) = @WGNM L?ﬁ)'

Now dim A%(d) = dim (& L)), since Iz I(n) is a basis of A%(d); so it
suffices to prove surjectivity of @ 7).

So suppose @5 T(m) € @ L{y); we shall exhibit {agm) € span I(m) : m €
Ny} such that (On mm)(Cmam)) = ®n Tm). Note that 7w (I(m)) = 0
whenever either (i) | < k, or (ii) | = k and ™ # 7 - where m € N;,m € Ni;
hence the agm)’s must satisfy

I>k,;meEN,

Since we know that ) maps I(72) onto Lig), we may inductively define the
agm’s by just requiring that if m € Ny, and if a@) has been defined for all
m € Ny, | <k, then

Tmam) = t@m— Y "Tmwlam) -

4 The tower {Ag(d) n=12--}

Henceforth, we make the blanket assumption that d satisfies the hypothesis
of Theorem 21.
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It is a consequence of that theorem that - in the notation of that theo-
rem - the irreducible representations of A%(d) are parametrised by the set

—

{(m,7): m€ Ny, ™€ G(m)}. For the sake of future computations, we wish
to explicitly write out a model for the irreducible representation correspond-
ing to (7, 7). In the sequel, we write CS(m) for the C-vector space with basis
S(m), with S(m) as before.

REMARK 22 (i) We wish to note here that although we used a ‘reference
element’ Sy in defining the representation () of Proposition 18, the defini-
tion is actually independent of the element Sg - at least under our blanket
assumption that d satisfies the hypothesis of Theorem 21. This is because:
(a) it is seen from equation 3.7 that the definition of w(P) is independent of
So at least when P € I(m); and (b) for a semi-simple algebra, a represen-
tation 1s uniquely determined by its restriction to any ideal on which it acts
‘non-degenerately’.

(ii) Further, as we shall wish to consider AS(d) for varying n, we shall
use a subscript n for symbols used so far, to indicate the dependence on n;
thus, we shall talk of V,,(7), S, (M), etc.; also, we shall use the notation N,
for what we have so far denoted by Ny (see Definition 14(c)).

—

PROPOSITION 23 FizTi € Ny, 0 <k <n|G|, 7 € G(n). Let V; denote the
vector space on which 7 represents G(m), and define V(m,m) = CS(M)® V.

(a) Then the following prescription uniquely defines the structure of an
A%(d)-module on V(m,7): let P € R9(Xs,), S € S(n); by the definition
of the representation m(m) - see Proposition 18 - there exists a unique scalar
C(P,S) and an element (S1,01) € S(m) x G(n) such that

7r(ﬁ)(P) (Sal) = C(P7 S) (81701) 3
where the 1 on the left denotes the identity element of G(Tm); then,
P-(S®v) = C(P,S) (S1®@n(o)v) .

(b) V (7, ) is irreducible as a module over the ideal IS (and hence also as
an A%(d)-module), and further, if m € N,y then I1(m) acts as 0, whenever
either (i) I < k, or (ii) | = k and m # 7.

(¢c) The modules {V(m,7) : 0 < k < n|G|, " € Nypg, 7™ € G/(%)} are

pairwise inequivalent.
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Proof: Suppose X,Y € R(X,,) and S € S(7), and suppose that

Tm(Y)(S,1) = C(Y,8) (S1,01) ; and
T (X)(S1,1) = C(X,S1)(S2,09) ;

it follows that

mm)(XY)(S,1) = 7@ (X)mm((Y)(S,1)
= C(Y,8) 7 (X)(S1,01)
— OV, S) 7 (X)o7 (S, 1)
O(Ya S) F?ﬁ)(al_l)’]r(ﬁ)(X)(Sly 1)
= O(V,8) I'ly) (07 )(C(X, S1) (S2,02))
= C(Y,S)C(X,8S1) (S3,0901) ;

it follows from this that C(XY,S) = C(Y,S)C(X,Sy).
Now deduce from the definitions that

Y- (S®uv) = C(,S) (Sy@1(01)v) ;
X-(S1®@w) = CO(X,81) (Sz @ 7(oz)w) ;

and hence that

XY - (S®v) = C(Y,S)C(X,S1)(S2 @ m(0201)v)
= C(Y,S) X - (S1 ®@ m(o1)v)
= X - (C(Y,S)(S1 @ m(o1)v))
= X-(Y-(S®v));

this proves that the ‘representation’ is multiplicative; the verification of lin-
earity is trivial.

(b) and (c) It is clear that Iy acts as 0 on V (7, 7). Further, if m € N,
it is a consequence of Lemma 15 that 7 (/(m)) = 0 for T # 7, and hence
I(m) also acts as 0 on V(m,x), if m # m. On the other hand, I(m) does
not act as 0 on V(m,7), since 7@ is injective on I(m). It follows from
the preceding statements that if m € N, then V(m,7) and V(m, x) are
inequivalent A%(d)-modules, unless 7 = .
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In order to complete the proof of the proposition, we shall verify - and
this is clearly sufficient - that if 7 : V(7, 7) — V(7, x) is an I(7)-linear map,
where 7, x € G(7), then

Nidy gy it =y,
T= ’ . . .
0 if 7is not equivalent to y ,

for some A € C.
Suppose {e; : 1 < j < d.} (resp., {fi : 1 <i <d,} ) is an orthonormal
basis for V; (resp., V,), and suppose

TS®e;) = S Tsy (S19f) .
S1,i

Let (Q,p,R) € I(m). Computing T((Q,p,R) - (S®e;)) and (Q,p,R) -
T(S ®e€j)), and equating coefficients, we see that

D(R,S) Zw (BT S = 03 Y TS5 D(R,S1) x(pBE) ,  (4.18)
S1,i

for all possible choices of Q1,Q, R, S, 1, 7, p.
If Qy #Q, set R=S5,p=1 in equation 4.18 to deduce that

l .
T = 0vij, (4.19)
whenever Q; # Q.
Writing Tq for the matrix defined by Tq = (((TQ)é))7 where (TQ)é. =
Tf&fi» we next deduce - on setting R =S, Q = Q; in equation 4.18 - that
Tqr(p) = x(p)Ts (4.20)

for all choices of p,Q,S. Set p = 1 in equation 4.20 to find that Tq =
Ts = To (say), for all Q,S; deduce next from 4.20 that Ty intertwines the
representations m and y, thereby completing the proof. O

Since we wish to now look at the inclusion A% (d) C AS ,(d), it will be
necessary to write S, (m) for what we called S(m) till now. Thus,

S.(@) = {S=(S;({Cus(S): HeC,1<s<m(H)}) | S e R X))}
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Given P € R%(Xy,), define P € R%(Xy,42) by ‘adding on a set of |G-
many vertical lines to the right of P’; more pedantically, if P € I,,(7) is given
by P = (P*,p,P7), with P* € S,(7), @ € Ny, then P = (P+,5,P~) €
Spi1(m), where (a) P£ = P*U{((g,n+1),(g,n+1)): g€ G}, (b) m(H) =
ﬁ(H) + 5H,{1}; and

~r [ {n+1} ifH={1}ands=n({1})+1
CH,s(P ) = { CH,S(Pi) otherwise ;

and (c) with the natural identification of G(7) as a subgroup of G(m), we
have simply p = p. (Note that (i) G* sits as the subgroup of G**! consisting
of those elements with last co-ordinate equal to 1, (ii) X, sits as the subgroup
of X441 consisting of those permutations which fix ¢ + 1, (iii) the semi-direct
product G x,¥; naturally embeds in G**! x ¥, in a manner that is consis-
tent with (i) and (ii) above, and (iv) with 7 and 7@ as above, there is a group
K such that G(n) = K x (G* x,%;) and G(m) = K x (G x,%;,,). Later,
we shall need the analogous and slightly more general fact that if 7, m € Ny,
and if n(H) < m(H) VH € C, then G(n) may be regarded as a subgroup of
G(m).)

Given H, € C, we shall write 1p, for the function on C which is equal
to one at Hy and 0 elsewhere. In the sequel, we shall specify elements S €
Sny1(m) thus: (a) by specifying the data of (i) an element R € R([n + 1]),
(ii) a mapping [n + 1]/R > C +— HZ € C, and (iii) a map ¢° defined on
[n+ 1] and taking values in right-cosets of the H2’s satisfying the conditions
of Proposition 11; and demanding that S € R%(X,,,,) is the unique element
corresponding to the data (i)-(iii) as in Proposition 11; and (b) by specifying
an explicitly labelled collection {Cp4(S) : 1 < s < m(H),H € C} of R%-
equivalence classes such that Cp 4(S) is assigned to H under the assignment
of (a)(ii), and such that the labelling satisfies the condition 2.6.

It will be convenient to have a ‘standard’ or ‘reference’ element of each
S, (m); we define such an element in the following definition.

DEFINITION 24 Once and for all, fix some total order on the class C. Fix

n € {1,2,---}, and W € N,). Then T uniquely specifies distinct elements
Hy, Hy,---, H; of C such that:
(i) H < Hy < --+ < H; (with respect to the chosen total order on C); and
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(ii) A(H) #0 & He{H;:1<j<l}.

Suppose Ti(H;) = v;; set p; = S4_, vx. Then, define So(n,7) € S, (@) (which
we shall simply abbreviate to So if n, T are clear from the context) as follows:

(a) (i) R is the ‘identity’ equivalence relation on [n], all of whose equiv-
alence classes are singletons;

. H: 1 < k<p;

(ii) H{SIS} = { {1J} Z;Z; <k .

(iii) ¢*° (k) = HyYy Vk; and

(b) Ch,,s(So) = {pj—1 + s}, for1 <s<w;, 1 <5<

With a view to decomposing V;,,1(7, x) as an A% (d)-module, we shall now
proceed to construct several A¢(d)-linear maps from V,,(m, 7) to V,,41 (7, x),
for appropriate m and w. The basic idea behind the construction of these
intertwiners is the old one that ‘right-multiplications commute with left-
multiplications’.

Recall, from Definition 9 that for every H € C, we have chosen a fixed
set {oH :1 <k <[G:N(H)]} of coset-representatives for N(H)\G.

LEMMA 25 Fiz T € N1y, Ho € C such that n(Hy) > 0, and o € {oll0 :
1<k <|[G:N(Hp)}.

(1) If Q € S, (" — 1g,), define ap, ,(Q) =S, thus:
R

(W He =\, o=t
s - [ G@ ot <t

Then ap, 5 is a 1-1 map of S,(W — 1p,) into Sp41(7).

(2) Conversely, if S € Sny1(M), and if the singleton {n + 1} is an R®-
equivalence class which is one of the ‘distinguished classes’ - meaning that
{n+1} = Chy.s(S) (for a necessarily unique Hy € C and a unique integer
so necessarily equal to T(Hy)), then there exists a unique Hy € C (namely
the one just discussed), a unique o, and a unique Q € S,(7 — 1y,) such that

OZHOJ(Q) = S
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(3) Let € G(ﬁ/—\lHO), X € G/(\ﬁ), and suppose L : Vi — V, is a non-zero
G(n — 1p,)-linear operator. (Note that G(n — 1g,) C G(n), so the above
sentence makes sense.) Then the equation

(Anoo (L)) (T ®E) = ame(T)® LE (4.21)
defines a non-zero AS(d)-linear operator Ag, ,(L) : Vi(—1g,,7) — Va1 (W, X).

Proof: (1) and (2): It should be clear from the definitions that indeed
Ayt Sn(M—1p,) — Spy1(7). To complete the proof, we only need to verify
injectivity. On the other hand, the statement (2) is also fairly obvious, and
explcitly contains the specification of the range of the map ap, », as well as
the assertion that any point in this range admits a unique pre-image, i.e.,
that ap, , is 1-1.

(3) We shall find the following notation useful: if 7 € Ny,], we shall write
t(m) = Y geem(H) [G : H|; thus, if P € I,,,(m), then ¢(P) = t(m). Also, let
Jim () denote the linear subspace spanned by (1,,,(7)U Um.sy <ty L (7));
it should be clear that J,, () is an ideal in A% (d) which acts non-degenerately
on the module V,, (7, ().

Since A%(d) is semi-simple, it will suffice to show that Ag, ,(L) is J, (7 —
1y, )-linear.

First, suppose P € I(m) for m € Nj,) with t(m) < t(7 — 1g,); then, we
shall show that

(Ao o (L)) (PA(TRE)) = 0 = P-(Apy (L)) (TRE)) VT € Sy(i—Lpr,), & € Vi

The fact that the left-side of the above equation is zero is a consequence
of the fact that t(P - (T,1,S0) ) < t(P) < t(m — 1p,), and such elements of
the algebra act as zero on the module in question.

As for the right side, it suffices to verify that t(P - (ap, +(T),1,S0)) ) <
t(m); but notice that the first n|G| strands of this product contribute at most
t(P) through-classes, while the last |G| strands contribute exactly [G : Hy|
through-classes, and the sum of these two terms is, by hypothesis, less than
t(m).

We need now to verify that

(Ao (L))(P-(T®E)) = P-(Ano(L)(T@E)) VT € Su(i—1n,), € € Vi,
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whenever P € [,(m — 1p,). Thus, suppose P = (Q,p,R), where Q,R €
Sp(m — 1) and p € G(M — 1x,). Then, if we write g = pF&, we see that
since (Q,p,R) - (T,1,S0) = D(R,T)(Q,g,So0), we have, by definition,
(Anoo (L) (P (T®E)) = (Anyo(L))(D(R, T)(Q R 7(g)S))
DR, T) ap,o(Q) ® Lm(g)s . (4.22)

On the other hand, since

P (Any o (L)) (T @) = P-(amo(T)® LE))

in order to evaluate the right side of this equation, we will need to first
calculate (Q, p, R) - (ap, »(T), 1, So).

To this end, it will be convenient to introduce the following element of
I,,+1(m), which we shall denote by &g, .

dH(),O’ = (OKHOJ(S()(TL,ﬁ — 1H0)), 1, So(n + 1,ﬁ)) .
The point is that
(QHO,U(S)a 9, S()(TL + 17ﬁ)) = (Sa g, SO(”aﬁ - 1H0)) K ONéHg,O’ 3 (423>

forall S € S,(m—1p,) and any g € G(7 — 1g,), where the g on the left side
of the equation denotes g when thought of as an element of G(m) (via the
natural inclusion G(7 — 1g,) C G(7m)). (Equation 4.23 is verified by looking
at the picture represented by the product on the right side, noting that it
does belong to I,,1(7), and checking that its three ingredients are indeed as
given by the left side of 4.23.)

Hence,

(Q 9 R (01,0 (T).1.80) = (Qp. R~ (T, 1So] i,
- D(Ra T)(Qaga SO)N dHOvU
= D(R, T)(aHo,a(Q)7g7 SO) :

Hence we may deduce that
(Q. 0, R)- (Ao (L) (T ®¢)) = (Q,p,RJ (g 0(T) ® L))

= DR, T)(am,+(Q) @ x(9)LE).
(4.24)

Since g € G(m — 1p,), we have x(g)L = Lm(g), and the lemma follows from
equations 4.22 and 4.24. O
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LEMMA 26 Fizn € Ny, Hy€C and o € {ofl0: 1 <k <[G: N(Hy)]}.

(1) If Q € S,(7), define B, o(Q) =S, thus:
(a) (i) R = ROU{(n+1,n+1)};
) HE if C C [n]
S _ c .
(i) He = { Hy ifC={n+1}’
Q . . .
g ) %) ifi<n _
(i) 9°(0) = { Hoo ifi=n+1
(b) Cus(S) = Cus(Q) for He C,1 <s<n(H).
Then B, is a 1-1 map of S, (M) into Sp+1(T).
(2) Conversely, if S € S,.1(m), and if the singleton {n + 1} is an R°-
equivalence class which is not a ‘distinguished class’ - meaning that {n+1} ¢

{Cus(S): H € C,1 < s <mn(H)}, then there exists a unique Hy € C, a
unique o, and a unique Q € S, (M) such that By, ,(Q) = S.

—

(8) Let m € G(m). Then the equation

Bryo(T®E) = Brye(T) ®¢ (4.25)
defines a non-zero AS(d)-linear operator Br, , : Vo(,7) — Vo1 (W, ).

Proof: The proof is almost identical to that of the last lemma, and so
we shall say nothing more about the proof except that we would here want
to look at the special element Sy, » € I,+1(7) defined by

BH0,0’ - (/BHO,O'(SO)717SO) )

and the crucial identify it satisfies is

(ﬁHo,U(S>7gasO) = (SagaSO)N'BHO,o-

REMARK 27 (1) Fizn and i € N,1q). Consider two cases now:

Case 1: m € Ny

It is a consequence of Lemma 25(2) and Lemma 26(2) that if H; €
Coop € {ofli : 1 <k <[G: NH)}, 1 <i <4, if n(H),n(Hy) >
0, and if (Hy,01) # (Ha,09) and (Hs,03) # (Hy,04), then the four sets
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QH, 01 (SN(ﬁ_1H1))7 QHy,03 (Sn(ﬁ_lHQ))a 51{3703 (Sn (ﬁ»’ ﬁH4,U4 (Sn(ﬁ)) are pair-
wise disjoint. In this case, define W7 ,(m) to be the subspace of CS,11(T)
spanned by (Upo0po(Sn(@—1x))) U (Unolu.e(Sn(T))).

Case 2: W & Np,.

Here also, it is true (and follows from Lemma 25(2) and Lemma 26(2))
that if H; € C,0; € {ofi : 1 <k <[G: N(H,)]}, i = 1,2, if n(H,),n(Hy) >
0, and if (Hy,01) # (Ha, 02), then the sets ap, 5 (Sn(M—1p,) and ap, o, (Sy(T—
1p,) are disjoint. In this case, define Wy, (T) to be the subspace of CS,11(T)
spanned by (Up,o o (Sn(7 — 1u))).

It also follows from Lemma 25(2) and Lemma 26(2) that if S € Sy41(7),
then S € W2, (n) if and only if {n + 1} is an R®-equivalence class.

—

(2) Fiz m € Ny4q) as above, and x € G(n). Also fir H € C such that
n(H) > 0, and fir 0 € {c : 1 < k < [G : N(H)]}. Consider V, as a
G(n — 1g)-module and decompose into irreducible submodules; specifically,
assume that there exist G(m — 1y )-linear maps Ly ; : Vz — V,, 1 < j <
My, T € G(ﬁ/—\lH) such that V), is the direct sum of the ranges of all these
maps. Then, we wish to observe that:

Djr range Apo(Lxj) = Clans(9.(0—1n))) @ Vy ;
and the two sides of this equation represent an A% (d)-submodule of V11 (7, X).

Reason: The sum on the left is a direct sum because, for any fixed m, 7,
the corresponding ‘summand’ is a subspace of CSp41() @ Ln;(Vz). This
direct sum 1is, by definition, included in the space on the right. To prove the
reverse inclusion, it is clearly sufficient to verify that any vector of the form
anes(Q)® L&, Qe S, (m—1py)),& € Vi belongs to the left side, but this is
just Apg(Lr;)(Q ®€).

(3) Clearly, for fized m € Ny, x € G(n), He C, 0 € {ol! 11 <k <
(G : N(H)]},
range By, = C(fuo(5.(m))) @V, ;

and the two sides of this equation represent an A% (d)-submodule of V11 (7, X).

(4) Define W2, (m,x) = W2, ,(m) ® V. It is now a consequence of
(1)-(3) above that

WT?—&—l(ﬁ? X) = (@H,O',j,ﬂ’ range AH,U(LW,j)) S (EBH,U range BH,J) )
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and that W2, (1, x) is an AS(d)-submodule of V,41(7, X).

Before discussing further intertwiners, it will be convenient to describe
some coset-representatives for some subgroups, and also to discuss a certain
natural group action; we do so in the following lemma, whose proof we omit
since it is an easy verification.

LEMMA 28 Fizm € Ny, Hy €C.

(1) For 1 < s < m(Hy) + 1, and f € Hy\N(H,), define an element
o(s,f) e Gm+ 1g,) as follows:

where fH + H,
1 7
(s, f)u = {((1’...7f,1,...71)gs) @'fH:Hg

where the f occurs in the s-th slot, and \, is the cycle (s, s+1,-- -, m(Hy)+1).
Then, G(m + 1H0) = H(s,f) 0(87 f) G(m)

(2) Consider the set {1,--- ,m(Hy) + 1} x (Ho\N(Hy)) and an element
g€ G(m+ 1p,); suppose that

9= ((gn)), where gy = ((wi',--- ,W%(H)H)% Ku) ;

Then, the equations

g'(s7f):(817f1> g SIZKH0(8>7f1:WgOf'

define a transitive action of G(mi+1p,) on {1, -+, m(Hy)+1} x (Ho\N(Hy)).
In fact, g- (s, f) = (s1, f1) & o(s1, f1) " 'go(s, f)) € G(M); equivalently, this
action may be identified with that of G(m + 1p,) on G(Mm + 1g,)/G ().

LEMMA 29 Fiz 7 € Ny, Hy € C such that m(Hy) > 0; also fix 1 < sy <
n(Hy), f € H)\N(Hy) and o € {cH0: 1 <k < [G: N(Hy)]}.

(1) If Q € S, (n), define Vuy (05,5 (Q) =S, thus:
(a) (i) the R®-equivalence classes are C' = Cy, (Q) U {n+ 1} and all the
RP-equivalence classes other than Cr, ¢ (Q);

(i) HE = HY

Nln]’
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v [ 9R0) ifi<n
(i) $°(i) = {fa ifi=n+1
(b) Define Ch,s,(S) to be the C defined in (1)(a)(i), and for H € C, 1 <
s <m(H),(H,s)# (Ho,s0), define Cus(S) = Cus(Q).

Then Yay,(o,50,f) 15 @ 1-1 map of S,(W) into Sp41(7).

(2) Conversely, if S € S,41(W), and if [n + 1]gs is not a singleton set, and
if this RS-equivalence class is a ‘distinguished class’ - meaning that [n +
1 gs = Chy.50(S) for a necessarily unique (Ho, o), then there exists a unique
f € H\N(Hy), o0 € {cHo : 1 <k < [G: N(Hp)]} and a Q € S,(n) such
that ’yHo,(a,so,f)(Q) =S.

—

(3) Suppose w, x € G(n), and suppose L : Vi — V. is a non-zero G( — 1p,)-
linear map. Also suppose that o € {cH0 : 1 <k < [G : N(Hp)]}. Then the
equation

(Crpo(L)(T @)
= (Z) (Vo000 (T) @ x(0 (s, ) Lr(o(s, £)7)E) + Wi (@ x)
s, f

where the sum ranges over 1 < s < m(Hy) and f € Hy\N(Hy), defines a
non-zero AS(d)-linear map Cy, (L) : Vo, (0, m) — ( w1 (7, X) /W2, (T, X))

Proof: The statements (1) and (2) are established exactly like their
counterparts in Lemma 25 after observing that every element of Hy\G is
uniquely expressible as fo for f € Hy\N(Hy) and o € {cf0 : 1 <k < [G :
N(Hy)]}. For (3), again as in Lemma 25, it will suffice to verify that Cp, ,(L)
is J,,(7)-linear. Thus we need to verify that

(Cryo(L)(P-(T@E)) = P (Cropo(L)T ®E)) VT € S,(n), € € Vi,

whenever either (i) P € I,(m), where m € Ny, t(m) < t(n), or (ii)) P =
(Q,p,R) € I,(7).

We first show that in case (i), both sides of the desired equation reduce
to zero. Since t(P - (T,1,So)) < t(P) < t(m), it is seen that the left side of
the above equation is, indeed, zero. To evaluate the right side, we have to
examine such products as P (v, (0.5, 5)(T), 1, So), and it will suffice to show,
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therefore, that in this case, either such a product has less than ¢(7) through
classes, or such a product has exactly ¢(7) through classes, in which case its
‘top’ belongs to W, (7). In any case, since the second term of the product
has exactly t(7) through classes, the product can have at most ¢(7) through
classes. So, we may assume without loss of generality that the product has
exactly t(m) through classes. By the last line of Remark 27(1), it suffices
therefore to show that if the ‘top’ of our product is S, and if {n + 1} is not
an R%-equivalence class, then the product cannot have ¢(7) through classes;
but this is an easy consequence of the assumption that t(P) < ¢(m).

To discuss the second (and less trivial) case, we will again find it con-
venient to introduce an auxiliary element g, (o.s,y) Which enables us to re-
gard the mapping Vg, (0s) as a sort of right-multiplication. Thus, define

Vo (0,5.f) € Int1(T0) by

’?Ho,(a,s,f) = (7H07(0,5:f)(so)71780> .

We can now state the desired analogue of equation 4.23, namely:

(S, 9, SO) K &Ho,(o,s,f) = (7Ho,(a,g~(s,f))<s)7 g, SO) (426>

forall S € S,(n—1g,), g € G("—1g,), where the g on the right is g thought
of as an element of G(7) (via the natural inclusion) and g - (s, f) refers to
the action of G(7) as in Lemma 28(2) applied to m = 7 — 1g,. As in the
case of equation 4.23, this equation is also verified by looking at the picture
represented by the product on the left side, noting that it does belong to
I,41(7), and checking that its three ingredients are indeed as given by the
right side of 4.26.

Suppose now that P = (Q, p,R) € I,,(n). If we let g = pB%, we find that
(Q,p,R)-(T,1,S9) = D(R,T) (Q, g,So0), and hence

(Crp.o(L))(P- (T ®£))
(Croo (L)) (D(R, T)(Q & 7(9)€))

= DR, T) Y (Vo (o0.(Q) ® X(0(s1, f) Lm(o(s1, f1)~)m(9)€)
(s1,f1)

+ Wi, x) (4.27)
writing (s1, f1) = g - (s, f), and noting that
Lr(o(s1, i) n(g) = Ln(a(si, f1)"'g)
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= Lu(o(s1, fi)"'go(s, f))m(a(s, f)7)
= X(o(s1, /1) "go(s, f))Lm(o(s, f)7)
(where we have used the fact that o(sy, fi)'go(s, f) € G(m — 1g,)), we see

thus that the right side of equation 4.27 may be rewritten (after a change of
variable) as

DR,T) Y (Vo (g1 (Q) ® X(g0 (s, ) L(o(s, £) 7€) + Wiy (7, x) -
(s,f)
(4.28)
On the other hand, notice (by two applications of equation 4.26) that

(Q, 0. R) ™ (VHo (0,51 (T), 1,80) = (Q,p,R)™ (T, 1,80) ™ Yy, (0,5.)
= ((Q.,p,R) - (T,1,80)) ™ Vro,(0.5.0)
= DR, T)(Q,g,5) " VHo,(0.5.5)
= DR, T)(Vro, (0,95, (Q), 95 So) -

Hence, we see that

P - (Criypo (L)) (T ® €))
= (Q?p7 R>~ Z (’YHO,(U,s,f)(T> ®X(O-(Suf>>[’7r(0-<57f)il)€) + Wr(z)Jrl(ﬁ? X)

(s.f)
= D(Ra T) Z (’YHo,(U,g-(s,f))(Q) ® X(gO‘(S, f))Lﬂ-(0-<57 f)_l)g) + W?'(L)-‘rl (ﬁv X)7
(S7f)
and the lemma is proved. a

REMARK 30 (1) Fizn and i € N,1q). Consider two cases now:

Case 1: m € Ny

Fiz H € C such that m(H) > 0 and define Wiﬂ(ﬁ; H) to be the subspace
of CSpia (M)W () spanned by {vu (05,5 (T) + W0, (m) : T € S,(n),0 €
{cl 1<k <[G:N(H)]},1<s<n(H),fe HN(H)} By Lemma
29(2), this spanning set is a basis, which can alternatively be described as
{S + W2 (m):S € Su11(n), [n+ gy is a distinguished class which is not
a singleton, and H[i+1] = H}.

Also set Wiﬂ(ﬁ) = Y Heca(H)>0 Wiﬂ(ﬁ; H), and note (again, by Lemma
29(2)) that this sum of subspaces is a direct sum.
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Case 2: 0 ¢ Npy).
In this case, define Wiﬂ(ﬁ) = {0} C CS1(m)/ W2, (M).
In either case, set W, ,(m) be the inverse image, in CS,11(7), under the
1
natural quotient map, of W, (1), and observe that a basis for W, ,(m) is

furnished by {S € S, 11(n) : [n+1]gs is either a singleton or is a distinguished
R5-class}.

(2) We will need to use the following elementary fact about induced repre-
sentations. Let Gy be a subgroup of a finite group G and G = [1;_, gxGo with
g1 =1. Forx € G and X = Indg,gResgg,(x), we may regard V5 as the space
V, ® C(G/Go) with G-action defined by g(v ® ¢:Go) = x(h(9,17))(v) ® gy(:)Go
where gg; = gqa)h(g,1) with geuy € {91, -+, gk} and h(g,i) € Go. Further-
more, form € Q, there is a natural bijection between Go-linear maps L : V, —
V,, and G-linear maps L : Vi — Vi given by L(&) = X0, L7 (g5 ) (€) @ grGo.

(3) Fix @ € N and H € C such that n(H) > 0. Also fix x € G/(%)
Let X = Indgm-1,)1cmResa (@) 1G(7— 1) (X), and for appropriate T € G/(%),
choose non-zero G(m)-linear maps Lx; : Vy — Vi so that the ranges of all
these maps yield a direct sum decomposition of V. Let L ; : Vi — V) be the
G(m — 1g)-linear map which is related to f),r,j as in the above paragraph. We
wish now to assert that

Do Tange Crig(Laj) = W (W H) @ Vy ; (4.29)
hence the right side represents an AS (d)-submodule of V,,41(m, x)/ W21 (7, X).

Reason: Identify Vi1 (7, x) /W (T, x) with (CSyy1(M) /W01 (M) @V,
the definition of Cy »(L) shows that every summand on the left (of equation
4.29) is contained in the space on the right. To see that the sum is direct,

define ® : Wiﬂ(ﬁ; H)® V, — Hom(CS,(n), C(N(H)\G) ® V) as follows:
an arbitrary element Z € W,llﬂ(ﬁ; H) ® V, can be expressed uniquely as

Z = ETES (m) Z(asf YH,(o,s.f) (T) ®€$,s,f + W Jr1<n X) where 5’(5,3,]’) = VX
for all (o,s, f); define

®(Z)(T) € C(N(H)\G) @ Vz = C(N(H)\G) @ V, ® C(G(n)/G(n — 1p))
by
= > NH)o@x(o(s, ) )(EGp) @als, /)G@—1g).

(0,8,f)

35



The map ® is clearly injective since knowledge of all ®(Z)(T) determines
all the 5(1;787}0) and hence ®(Z) determines Z; i.e., ® is an injective (clearly
linear) map. Further, it is easy to see that if Z € range Cpy,(L) then
range ®(Z) C C(N(H)o) @ range L. Together with the injectivity of ® and
the choice of L, ;, this implies that the ranges of the Cyo(Ly;)’s form a
direct sum. Finally, a dimension count - using Frobenius reciprocity for the
dimension of the left side (of equation 4.29), and the explicitly listed basis
for the first factor of the tensor product on the right - shows that both sides
of equation 4.29 have dimension |S,(7)| d, [G(7) : G(n — 1x)] |G : N(H));

and therefore the direct sum on the left exhausts the space on the right.

(4) Define W:Hl(ﬁ, X) = Wiﬂ(ﬁ)@‘/x, and as before, let W, (7, x) be
the inverse image, in V,11(7, x), of W}Hl(ﬁ, X), under the natural quotient
mapping. If m € Ny, (as in (3) above), it then follows that

—1 -
Wn—l—l(an) = 69HEC,ﬁ(H)>O @U,W,jrange CH,J(Lmj) ;
S o :
since W, 1 (n,x) = {0} if m ¢ Npy, we find thus, in any case, that
Wi (m,x) is an AS(d)-submodule of Vipia (10, X).

n

LEMMA 31 Fizm € Ny, Hy € C, 1 < so <n(Hy)+1, f € H\N(Hy) and
o€ {oll:1<k<[G:N(Hy)l}

(1) If Q € Sp( + 1g,), define Opy (o,50,5)(Q) =S, thus:
(a) (i) R® is defined exactly as in Proposition 29(1)(a)(i);
(i) HS = Hgn
Qr i
sy = {0 L
(b) Define

C (S) _ CH,S(Q) ZfH 7é HO or H = HO) I1<s< S0
Hs B CHO,S—H(Q) ZfH = Hy and sop < s < ﬁ(Ho) .

Then Opy (0,50,5) defines a 1-1 map of Sp(M + 1g,) into Spy1(7).

(2) Conversely, if S € S,41(W), and if [n + 1]gs is not a singleton set, and
if this R®-equivalence class is not a ‘distinguished class’ - then there exists
a unique Hy € C, a unique 1 < so < n(Hy) + 1, a unique f € Ho\N(Hy), a
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unique o € {of0: 1 <k <[G: N(Hy)|} and a unique Q € S, (n+ 1p,) such
that 5H07(U,307f)(Q) =S.

(3) Suppose m € G(ﬁ/—i-\lgo), X € G/(%), and suppose L : Vi — V, is a
non-zero G(m)-linear map. Then the equation

Ditya YT RE) = 3 (Srtgoe (T) ® Lo (s, /) ™E) + W, (7, x)
s, f
o (4.30)

where the sum ranges over all choices 1 < s < m(Hy), f € Hy\N(Hp),
(with o (s, f) as in Lemma 28 applied with m =7+ 1y, ), defines a non-zero

Ag(d)'lm@ar map DHO,O'(L) : Vn<ﬁ + 1H07 7T) - (Vn+1<ﬁ7 X)/Wnl-i-l (ﬁv X))

Proof: The statements (1) and (2) are established exactly like their
counterparts in Lemma 25. For (3), exactly as in Lemma 25, it will suffice
to verify that Dy, ,(L) is J,(7 + 1g,)-linear. Thus we need to verify that

(Dtoo (L)) (P-(T®E)) = P (Do o(L))(T®E)) VT € Sp(m+ L, ), € € Vi,

whenever either (i) P € I,,(m), where T € Np,),t(m) < t(7 + 1g,), or (ii)
P=(Q,p,R) e [,(m+1p,).

We first show that in case (i), both sides of the desired equation reduce to
zero. Since t(P - (T,1,Sp)) < t(P) < t(m + 1p,), it is seen that the left side
of the above equation is, indeed, zero. To evaluate the right side, we have to
examine such products as P+ (8, (¢.5.)(T), 1, So), and it will suffice to show,
therefore, that in this case, either such a product has less than ¢(m) through
classes, or such a product has exactly ¢(m) through classes, in which case its
‘top’ belongs to W, ; (7). In any case, since the second term of the product
has exactly t(7) through classes, the product can have at most ¢(7) through
classes. So, we may assume without loss of generality that the product has
exactly ¢(m) through classes. By the last line of Remark 30(1), it suffices
therefore to show that if the ‘top’ of our product is S, and if [n + 1|gs is
neither a singleton nor a distinguished R°-class, then the product cannot
have t(m) through classes; but this is an easy consequence of the assumption
that ¢(P) < t(m+ 1g,).

To discuss the second (and less trivial) case, we will again find it con-
venient to introduce an auxiliary element 5 Ho,(o,s,f) Which enables us to re-
gard the mapping 0, (o,s,r) as a sort of right-multiplication. Thus, define
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Ot (o5,f) € Tnt1(T) by

Ottoosf) = (Otg(os.r)(So(ny T + 1pg,)), 1, So(n + 1,7)) .

We come now to the desired analogue of equation 4.26, namely:

(S,9.80) " Ot (osp) = (Ottorfogrtsn)(S), 7. So) (4.31)

forall S € S,("+ 1g,), g € G(n + 1g,), where g = o(g- (s, ) tgo(s, f),
which is an element of G(7). As in the case of equation 4.26, this equation
is also verified by looking at the picture represented by the product on the
left side, noting that it does belong to I,,1(7), and checking that its three
ingredients are indeed as given by the right side of 4.31.

Suppose now that P = (Q,p,R) € I,(m + 1,). If we let g = pBR, we
find that (Q,p,R) - (T,1,Se) = D(R,T) (Q, g,So), and hence

(Dto,o (L)) (P - (T @¢))
(Do (L)) (DR, T)(Q @ 7(g)E))

= DRT) S (Suntom (@) ® Lalo(sn, ) Nr(9)€) + Wiy ()
(s1,f1)
(4.32)

writing (s1, f1) = g - (s, f), and noting that

Lr(o(s1, f1)")m(g) = Lr(o(si. f1)"'9)
= Lr(a(s1, f1) "' go(s, f))m(a(s, [)7)
= X(o(s1, 1) go(s, f))L(a(s, /)7")

(where we have used the fact that o(sy, f1)"tgo(s, f)) € G(n)) we see thus
that the right side of equation 4.32 may be rewritten (after a change of
variable) as

DR,T) > (Ot (0.9(s.0)(Q) @ X(9)L(o(s, /)7)E) + Wopa(@,x)
(s.f)

where § = a(g- (s, f))tgo(s, f), as before.
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On the other hand, notice (by two applications of equation 4.31) that

(Q. 2, R) ™ (110,05 (T), 1,80) = (Q,p.R) ™ (T,1,80) ™ Oty 0.1)
= ((Q,p.R)-(T,1,80)) " bty (cs.p)
= D(R,T)(Q,9.5%) " Otto,(ou1)

D(R, T)(0to, (0,95, (Q): 3 So) -

Hence, we see that

P - (D o(L))(T @ £))

= (Q> P R) K Z <5H0,(o,s,f)(T) ® LW(U(S, f)il)g) + Wr%—i—l(ﬁa X)
(s.f)

- D(R‘7 T) Z (5H0,(U,g~(s,f))(Q) & X(é)Lﬂ'(O’(S, f)_l)g) + Wrbrl(ﬁv X) y
(5,0)

and the lemma is proved. a

REMARK 32 (1) Fizn, n € Nyqq) and H € C. Consider two cases now:

Case 1: M+ 1y € Ny,

Define Wflﬂ(ﬁ; H) to be the subspace of CS,11(0)/W, i1 (7)) spanned by
{(5[{7((,757]0)(7[‘) + WéJrl(ﬁ) T e Sn(ﬁ + 1H)7 1<s< ﬁ(H) + 1,f € H\N(H),
o€ {cl 1<k <|[G:N(H)}}. By Lemma 31(2), this spanning set is a
basis which can also be characterized as {S + W, ,(n): S € Spy1(M), [n+
1|y is not distinguished and not a singleton, and H[i+1] = H}.

Case 2: m+ 1y & Ny,
In this case, define WiH(W; H) ={0} C CS,1(n)/ W, (7).
Observe that Lemma 31(2) also implies that

=572

CSp11(M) /W1 () = Qucemrigeny W (7 H).

(2) We will need the following slightly stronger version of Remark 30 (2):
Let Gy be a subgroup of a finite group G and G = [1;_; gxGo with g1 = 1. For
Y € Gy and Y = Indg,1g(x), we may regard V; as the space V, @ C(G/Gy) with
G-action defined by g(v®g;Go) = x(h(g,1))(v)®gg:)Go where gg; = gg()h(g, 1)
with ggwy € {91, -+, gk} and h(g,i) € Go. Furthermore, for m € G, there is
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a natural bijection between Go-linear maps L : Vi — Vi and G-linear maps

L Vi — Vg given by L(€) = Yy La(g;,)(€) © 9xGo-

(3) Fiz H € C such that W+ 1y € Np; also fiz x € G/(%), and let chi be
the result of inducing x up to G(m + 1y). For appropriate m € G(ﬁ/—FlH),
pick non-zero G(7 + 1)-linear maps Ly ; : Vy — Vi such that their ranges
afford a direct sum decomposition of V. Let L, ; be related to Lr,j as i
(2) above. Then, by an argument exactly analogous to the corresponding one
used in Remark 30(3), it may be verified that:

Bomi range Dyo(Ly;) = Woy (m H) @ V. (4.33)

(4) We conclude from (1) and (3) that

Vn+1<ﬁ7 X)/WéJrl(ﬁa X) = @HGC,H-I-IHGNM] @U,WJ range DH,U(LW,j)
which is a decomposition of the left hand side as a direct sum of irreducible
A%(d)-modules.

All the pieces are now in place for the required description of the Bratteli
diagram for the inclusion AS(d) C AS.,(d).

THEOREM 33 Fix n € N and let d be any positive number satisfying the
hypothesis of Theorem 21. Then,

—

(a) The set AG(d) of irreducible representations of AS(d) can be parametrised
by the set {(n,n,m) : 7w € Ny, m € G(n)}, in such a way that the associated
module V,, (7, ) has dimension equal to |S,(7)| d.

(b) When viewed as an AS(d)-module, the multiplicity with which the
module V,,11(7, x) contains V,(m, ) is given by:
(i) (X|a@), ™) |G : N(H)],if m=m+ 1y for some H €C;
(i1) 6z x XmeclG : N(H)| + Y pecam>olG : N(H)] (X, ), if n=m, where
X = Indgm-1y)1amResam) am—10)X;
(iii) (7lam), x) (G : N(H)|,if n=m—1g , for some H € C; and
() 0, otherwise.

Proof: (a) is an immediate consequence of Theorem 21, while (b) follows
from Remark 27(4), Remark 30(4), Remark 32(4), and the simple fact that
if W is a sub-module of a semi-simple module V', then V=W & (V/W). O
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5 Concluding Remarks

We wish to make a few remarks in two directions: first, we wish to discuss the
special case of the algebra AY(d) and the question of whether, as a filtered
algebra (with filtering given by the number of through classes), this deter-
mines the group G; and second, we wish to discuss the trivial specialisation
|G| = 1, which has already appeared in the literature.

The filtered algebra AY(d):

The algebra A¢(d) admits the filtration given by the ideals I, 0 < k <
|G|. Further, it should be clear from the definitions that if k£ # 0, then
Nix # 0 only when k|n, in which case, m € Ny if and only if there exists
Hy € C such that [G : Hy| = k and (H) = dpp,. In particular, if we
assume, further, that G is abelian, then, for any fixed divisor k of |G|, we see
from Theorem 21 that

IT/IE, = en (CF e My(C)),

where the direct sum is over all subgroups H of G of index k. In particular,
the knowledge of the filtered algebra A¥(d) amounts, in case G is abelian,
to the knowledge of the number sg(l) of subgroups of G of any given order
[. Tt is a curious fact that this knowledge of an abelian group G - i.e., of the
function sg : N — IN U {0} defined by the previous sentence - completely
determines the abelian group G (up to isomorphism).

It is natural to ask whether the filtered algebra AY(d) determines the
isomorphism class of the (general, possibly non-abelian) group G. What we
can see is that the filtered algebra A§(d) determines whether or not G is
simple, and more generally, it can detect the set of all possible orders of
quotients of G.

The case |G| = 1:

When G = {1} is the trivial group, then what we have called A%(d)
is exactly the same as what we called A, (d); this algebra was originally
discussed in [J], where it was shown that at least when d = k, the algebra
A, (d) can be identified with the commutant of the natural representation
(given by the diagonal action) of ¥ on ®"V, where V is a k-dimensional
vector space, provided that k > 2n.
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Algebras related to certain subalgebras of the general A,,(d) have occurred
in numerous contexts - for instance, see [B], [J], [W]; (see also Remark 2).

Recall that the Temperley-Lieb algebra is the subalgebra of A, (d) gener-
ated by those equivalence relations which have the property that all equiva-
lence classes are two-element sets, and whose diagrams are planar. Another
subalgebra, call it B,,(d), is obtained by dropping this planarity requirement.
The structure of the inclusion B, C A, may be analysed using techniques
similar to the ones discussed here, and involve the representation theory of
the various symmetric groups and the ‘induction-restriction’ relations be-
tween several naturally arising subgroups thereof.
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