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Convergence of averaged eigenvalue distribution of N × N

Gaussian random matrices to Wigner’s semicircle
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But we also have almost sure convergence of Gaussian

random matrices to Wigner’s semicircle.
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Consider Wishart random matrix A = XX∗, where X is N ×M
random matrix with independent Gaussian entries.

Its eigenvalue distribution converges almost surely towards

Marchenko-Pastur distribution.
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Consider Wishart random matrix A = XX∗, where X is N ×M
random matrix with independent Gaussian entries.
Its eigenvalue distribution converges almost surely towards

Marchenko-Pastur distribution.
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Asymptotic freeness of two Gaussian random matrices AN , BN :

AN , BN
distr
−→ s1, s2,

where s1, s2 are free semicircular elements.

This means, for example, that

lim
N→∞

tr(ANANBNBNANBNBNAN) = ϕ(s1s1s2s2s1s2s2s1)

We have ϕ(s1s1s2s2s1s2s2s1) = 2, since there are two non-
crossing pairings which respect the color:

s1 s1 s2 s2 s1 s2 s2 s1

and

s1 s1 s2 s2 s1 s2 s2 s1
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tr(ANANBNBNANBNBNAN)

averaged over 1000 realizations
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tr(ANANBNBNANBNBNAN)

averaged over 1000 realizations one realization
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The combinatorial relation between moments (ϕ(Am))m∈N and

free cumulants (κm)m∈N can be translated into generating power

series.

Put

G(z) =
1

z
+

∞
∑

m=1

ϕ(Am)

zm+1
Cauchy transform

and

R(z) =
∞
∑

m=1

κmzm−1
R-transform

Then we have the relation

1

G(z)
+ R(G(z)) = z.
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Theorem [Voiculescu 1986, Speicher 1994]:

Let A and B be free. Then one has

RA+B(z) = RA(z) + RB(z),

or equivalently

κA+B
m = κA

m + κB
m ∀m.
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This, together with the relation between Cauchy transform and

R-transform and with the Stieltjes inversion formula, gives an

effective algorithm for calculating free convolutions, i.e., the

asymptotic eigenvalue distribution of sums of random ma-

trices which are asymptotically free:

A  GA  RA

↓

RA +RB = RA+B  GA+B  A + B

↑

B  GB  RB
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Consider independent Gaussian random matrix and Wishart ran-

dom matrix. They are asypmptotically free.

So the asymptotic eigenvalue distribution of

Gaussian + Wishart

should be given by

semicircle ⊞ Marchenko-Pastur
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Example: Gaussian + Wishart (M = 2N)
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Consider A + UBU∗, where U is Haar random matrix and A and

B are diagonal matrices, each with N/2 eigenvalues 0 and N/2

eigenvalues 1/2.

A and UBU∗ are asymptotically free.

Thus the asymptotic eigenvalue distribution of the sum

A + UBU∗

should be

(1

2
δ0 +

1

2
δ1/2

)

⊞

(1

2
δ0 +

1

2
δ1/2

)

= arcsine
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Consider A + UBU∗, where U is Haar random matrix and A and

B are diagonal matrices, each with N/2 eigenvalues 0 and N/2

eigenvalues 1/2
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One has also analytic description for product.

Theorem [Voiculescu 1987, Haagerup 1997, Nica +

Speicher 1997]:

Put

MA(z) :=
∞
∑

m=1

ϕ(Am)zm

and define

SA(z) :=
1 + z

z
M<−1>

A (z) S-transform of A

Then: If A and B are free, we have

SAB(z) = SA(z) · SB(z).
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Consider two independent Wishart random matrices. They are

asymptotically free.

So the asymptotic eigenvalue distribution of

Wishart × Wishart

should be given by

Marchenko-Pastur ⊠ Marchenko-Pastur
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Example: Wishart x Wishart (M = 5N)
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THE END
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