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Convergence of averaged eigenvalue distribution of N x N
Gaussian random matrices to Wigner’s semicircle
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Consider Wishart random matrix A = X X*, where X is N x M
random matrix with independent Gaussian entries.
Its eigenvalue distribution converges almost surely towards

Marchenko-Pastur distribution.
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Consider Wishart random matrix A = X X*, where X is N x M
random matrix with independent Gaussian entries.
Its eigenvalue distribution converges almost surely towards

Marchenko-Pastur distribution.

... another realization ...

... one realization ...

N = 3000, M = 6000



Asymptotic freeness of two Gaussian random matrices Ay, By

distr
AN7 BN — 81,82,

where s1, s> are free semicircular elements.

This means, for example, that

Aim tr(ANANBNBNANBNBNAN) = ¢©(51518258251825251)
—00

We have ¢(s1s1828251828981) = 2, since there are two non-
Crossing pairings which respect the color:

81 81 82 82 81 82 82 S1
S1 S1 82 82 81 82 82 851 ‘ u ‘ ‘ ‘

U=

and




E[tr(AABBABBA)]

tr(ANANBNBNANBNBNAN)

averaged over 1000 realizations

gemittelt uber 1000 Realisierungen




tr(ANANBNBNANBNBNAN)

averaged over 1000 realizations

gemittelt uber 1000 Realisierungen

one realization
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The combinatorial relation between moments (¢(A™)),,en and
free cumulants (km),,en Can be translated into generating power
series.

Put
G(z) = ——|— Z p(A™) Cauchy transform
<) = —_ ym+1 Y
and
oo
R(z) = Y kmz™! R-transform

m=1

Then we have the relation

G( ) + R(G(2)) = =.



Theorem [Voiculescu 1986, Speicher 1994]:
Let A and B be free. Then one has

RATB(2) = RA(2) + RE(2),

or equivalently

KJ;%—I_B = Iifréb + /ﬁ:,,% vVm.



This, together with the relation between Cauchy transform and
R-transform and with the Stieltjes inversion formula, gives an
effective algorithm for calculating free convolutions, i.e., the
asymptotic eigenvalue distribution of sums of random ma-
trices which are asymptotically free:

A ~ G4 ~ R4
|

RA +RB=RATE  GATB .  A+B

B ~ GB ~~ RB
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Consider independent Gaussian random matrix and Wishart ran-
dom matrix. They are asypmptotically free.

So the asymptotic eigenvalue distribution of

Gaussian + Wishart

should be given by

semicircle H Marchenko-Pastur
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trials=4000 N=3000



Consider A+ UBU*, where U is Haar random matrix and A and
B are diagonal matrices, each with N/2 eigenvalues 0 and N/2

eigenvalues 1/2.

A and UBU™* are asymptotically free.

Thus the asymptotic eigenvalue distribution of the sum
A+ UBU*

should be

(%50 + %51/2) H (%50 + %51/2> — arcsine
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Consider A+ UBU*, where U is Haar random matrix and A and
B are diagonal matrices, each with N/2 eigenvalues O and N/2

eigenvalues 1/2

trials=5000 N=2048



One has also analytic description for product.

Theorem [Voiculescu 1987, Haagerup 1997, Nica +
Speicher 1997]:

Put
©.@)
Ma(2) =Y @(A™)2"
m=1
and define
_lrz s
Sp(z) = M7y (2) S-transform of A
<

Then: If A and B are free, we have
Sap(z) = Sa(z) - Sg(2).
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Consider two independent Wishart random matrices. They are
asymptotically free.

So the asymptotic eigenvalue distribution of

Wishart x Wishart

should be given by

Marchenko-Pastur X Marchenko-Pastur
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trials=10000 N=2000



THE END
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