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Abstract

We examine what it means to say that certain endomor-
phisms of a factor (which we call equi-modular) are extend-
able. We obtain several conditions on an equi-modular endo-
morphism, and single out one of them with a purely ‘subfactor
flavour’ as a theorem. We then exhibit the obvious exam-
ple of endomorphisms satifying the condition in this theorem.
We use our theorem to determine when every endomorphism
in an FEp-semigroup on a factor is extendable - which prop-
erty is easily seen to be a cocycle-conjugacy invariant of the
Ey-semigroup. We conclude by giving examples of extendable
Ey—semigroups, and by showing that the Clifford flow on the
hyperfinite I1; factor is not extendable, neither is the free flow.
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1 Introduction

We begin this note with a von Neumann algebraic version of the ele-
mentary but extremely useful fact about being able to extend inner-
product preserving maps from a total set of the domain Hilbert space
to an isometry defined on the entire domain. This leads us to the
notion of when a well-behaved (equi-modular, as we term it) endo-
morphism of a factorial probability space (M, ¢) admits a natural
extension to an endomorphism of L?(M,¢). After deriving some
equivalent conditions under which an endomorphism is extendable,
we exhibit examples of such extendable endomorphisms.
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We then pass to Ep-semigroups o = {ay : t > 0} of factors, and
observe that extendability of this semigroup (i.e., extendability of
each ;) is a cocycle-conjugacy invariant of the semigroup. We iden-
tify a necessary condition for extendability of such an Ejy-semigroup,
which we then use to show that the Clifford flow on the hyperfinite
11 factor is not extendable.

Our notion of extendable Fy-semigroups is related to a notion
called ‘regular semigroups’ in [ABS], where they erroneously claim
to prove that the Clifford flow is extendable.

We start by setting up some notation. For any index set I,
we write I* = (J22,I" where I® = (), and iV j = (i1, ,im) V
(1, 5 in) = (i1, »ims g1, »jn) Whenever i = (iy,--- ,ipm),j =
(j17 T 7]71) er.

By a von Neumann probability space, we shall mean a pair (M, ¢)
consisting of a von Neumann algebra and a normal state. For such
an (M, ), and an x € M, we shall write & = /\M(:B)l/]\\/[ and 1y for
the cyclic vector for A\ys(M) in L?(M, ).

Recall that the central support of the normal state ¢ is the central
projection z(=: z4) such that ker(Ays) = M(1—z). Clearly z4 = 1/
if M is a factor.

Finally, if {z; : i € I} € M, and i = (i1, - ,ip) € I", we shall
write x; = m;, T, - - x;,. We also use [S] either to denote the norm
(respectively strong) closure of the span, for S C H (respectively
S C L(H)), for any Hilbert space H.

2 An existence result

PROPOSITION 2.1. Let (M;, ¢;),i = 1,2 be von Neumann probability
spaces with z; = zy,. Suppose SU) = {mz(-J) 21 €1} is a set of self-
adjoint elements which generates M; as a von Neumann algebra, for
j =1,2. (Note the crucial assumption that both the SU) are indexed
by the same set.) Suppose

o1 (V) = go(al®) Vie I* (2.1)

Then there exists a unique isomorphism 6 : Miz1 — Moz such
1 2 .
that ¢2 0 0|pr 2, = G1lanz and 9(1:5 )21) = a:i Vs Vi€ I

Proof. The hypothesis implies that, for j = 1,2, the set {xi(j) (e I*}
linearly spans a *-subalgebra which is necessarily o-weakly dense in

M;. Since (xgl),xjgl)) = <a:i(2),x§2)> Vi,j € I*, there exists a unique



—

unitary operator u : L?(My,¢1) — L?*(Ma, ¢2) such that u:vi(l) =

2P vier
Now observe that

— —

U, (mi(l))u*:n?) = uly, (:L'S

—

(2)
iVj

= /\Mz(xi(

and hence that uly, (xi(l))u* = A\ (xi@)) Viel.

On the other hand, {z € M : uly, (z)u* € Ay, (Ma)} is clearly a
von Neumann subalgebra of Mj; since this has been shown to contain
each a:i(l), we may deduce that this must be all of M;. Now notice that
L2(Mj7 ¢J) = LZ(Mijv ¢j’Mij)7 that )\Mj (1‘) - /\szj (a;z]) Vo e Mj?
and that Apz;.; maps M;z; isomorphically onto its image.

The proof is completed by defining

0(z) = )\1741222(%\1\41 (x)u*) Vo € My2;.
O

REMARK 2.2. 1. In the proposition, even if it is the case that
N = {%(2) 24 € IV C Ms, we can still apply the result to
(N, ¢2|n) in place of (Ma,¢2) and deduce the existence of a
normal homomorphism of My into My which sends %(1) 52),2
for each i (and 1y, to the projection z = zg4,), € N).

tox

2. In the special case that the N of the last paragraph is a factor,
the z there is nothing but idy;, and in particular, Proposition
2.1 can be strengthened as follows:

Let (Mj, ¢;),7 = 1,2 be von Neumann probability spaces. Sup-
pose SU) = {xgj) 14 € 1} C Mjis a set of self-adjoint elements
such that SM” = My and S@” is a factor N C Ms. Suppose

1)) = ga(at?) Vie I* . (2.2)

Then there exists a unique normal *-homomorphism 6 : M; —
N C My such that G(xgl)) = xZ@) for all i € I.



COROLLARY 2.3. 1. If 0; is a ¢;-preserving unital endomorphism
of a von Neumann probability space (M;, ¢;), for i € A, then
there exists:

(a) a unique unital endomorphism ®;ecab; of the tensor prod-
uct (RieaM;, Riendi) such that

(®ient:i)(Rieni) = 2(Qienbi(r;)) Va; = 2] € Mj;

(b) a unique unital endomorphism x;cp0; of the free product
(xieAM;, *;cn@;) such that

(kieali)(A(z;)) = 2A(0;(;)) Va; € M;

where we simply write X\ for each ‘left-creation represen-
tation’ X : M — L(xjenL*(M;, ¢;)) for every j € I.

In the above existence assertions, the symbol z represents an
appropriate projection (= image of the identity of the domain
of the endomorphism in question).

2. If each M; above is a factor, then (the z in the above statement
can be ignored, as it is the identity of the appropriate algebra)
and all endomorphisms above are unital monomorphisms.

Proof. Tt is not hard to see that Remark 2.2(1) is applicable to () =
{®ix; : xy = zf € M;,x; = 1y for all but finitely many i} and
S = {@:0;(x;) : x; = xf € M;,x; = 1y, for all but finitely many ¢}
(resp., S = {\x;) : i € Aoy = a8 € M;,¢i(x;) = 0} and
5(2) = {/\(91(.%'2)) 11 € A,:L'i = .%'r S Mz,@(mz) = 0}.

The second fact follows from Remark 2.2(2) because normal en-
domorphisms of factors are unital isomorphisms onto their images,
and the tensor (resp., free) product of factors is a factor. O

For later reference, the next lemma identifies the central support
2 of a normal state ¢ on a von Neumann algebra in the simple
special case when ¢ is a vector-state.

LEMMA 2.4. Suppose N C L(H) is a von Neumann algebra, & € H is
a unit vector, and ¢ is the vector state defined on N by ¢(x) = (x&,§).
If Ho = NE, then a candidate for ‘the GNS triple for (N, ¢)’ is given
by (Ho,idn|ny,€). In particular, the central support of ¢ is given by
the projection z = AN{p € N : ran p D Ho} and ran z = [N'N¢].



Proof. 1t is clear that & is a cyclic vector for Ny, and the assertion
regarding GNS triples follows. Hence if z € P(Z(N)) is such that
N(1—2z) = ker idn|y,, then z = AN{p € P(N) : plp, = (In) |2, }s L€,
z=Np € P(N):ran p D Ho}. As z is the smallest projection in
(NN N') whose range contains N¢&, or equivalently the smallest sub-
space containing [N¢] which is invariant under (NNN')’, equivalently
invariant under N’N, the last assertion follows. ([

3 Extendable endomorphisms

For the remainder of this paper, we make the standing assumption
that ¢ is a faithful normal state on a factor M. We identify z € M
with Aps(z), and simply write J and A for the modular conjuga-
tion operator J; and the modular operator Ay respectively. Re-
call, thanks to the Tomita-Takesaki theorem that j = J(-)J is a
*_preserving conjugate-linear isomorphism of L(L?(M,¢)) onto it-
self, which maps M and M’ onto one another, and that 1/1\\4 is also
a cyclic and separating vector for M’. We shall assume that 6 is a
normal unital *-endomorphism which preserves ¢. The invariance
assumption ¢ o # = ¢ implies that there exists a unique isometry
ug on L?(M,¢) such that ugzlyy = G(x)l/]\\4 and equivalently, that
ugr = 0(x)ug Yo € M and uel/}\\g =1y

DEFINITION 3.1. If M, ¢, 0 are as above, and if the associated isome-
try ug of L*>(M,¢) commutes with the modular conjugation operator
J(= Jg), we shall simply say 0 is a equi-modular (as this is re-
lated to endomorphisms commuting with the modular automorphism
group) endomorphism of the factorial non-commutative probability
space (M, @).

REMARK 3.2. It is true that if 0 is an equi-modular endomorphism of
a factor M as above, then there always exists a ¢-preserving faithful
normal conditional expectation E : M — 6(M), and in fact uguy is
the Jones projection associated to this conditional expectation. For
this, notice to start with, that as 0 is a *-homomorphism, ug com-
mutes with the conjugate-linear Tomita operator S (which has Ml/J\\4
as a core and maps .’L'l/]\\/[ to x*l/]\\/[ for @ € M). More precisely, we
have Sug D uyS, meaning that whenever £ is in the domain of S,
s0 is ug€ and Sugé = ugSE holds. Since ug commutes with J and
S = JAY2 we have AY2ug > ugAY2, and so A" commutes with ug



for any t € R. Hence, conclude that for x € M and t € R, we have

9(0?(3:))1/]\\4 _ ugAitfoitl’]\\J _ ugAitxl/]\}
= Alugzly = A"0(x)1yy
= o} (6(x)Tn -

As 1/]\\4 s a separating vector for M, deduce that
0(cf(2)) = 0¢(0(2)) Vo € M.t ER .

Hence Uf(Q(M)) = O(M) Vt € R and it follows from Takesaki’s
theorem (see [Ta, Section 4]) that there exists a unique ¢-preserving
conditional expectation E of M onto the subfactor P = 0(M). It
is true, as the definition shows, that eg = ug(ug)* is the orthogonal
projection onto [P1y;] and E(z)eg = egreg Vo € M.

THEOREM 3.3. Suppose 6 is an equi-modular endomorphism of a
factorial non-commutative probability space (M, ¢). Then,

1. The equation 0’ = jofoj defines a unital normal *-endomorphism
of M" which preserves ¢’ = ¢ o j; and

2. We have an identification
LY (M',¢') = L*(M,0¢)
Ly = lu

ugr = U

3. there exists a unique endomorphism 03 of L(L*(M, ¢)) satis-
fying ,
0@ (zj(y)) = 0(2)j(6(y))z, Y,y € M

—

where z = N{p € ((M)UO'(M"))" : ran(p) D {0(z) : . € M}}.

Proof. 1. It is clear that ’ = j o 6 o j is a unital normal linear
*_endomorphism of M’ and that

Gl =F ol =(6oj)o(jobo))=(pob)oj=doj=7

thereby proving (1).



2. This follows from the facts that 1/]\\/[ is a cyclic and separating
vector for M and hence also for M’, the definition of ¢’ which
guarantees that

Gl@) I, j) ) = ¢'(i(y)"(x))

I .
S S| S
~—~ =
SHSEES)
Q* ¥ | —~

8 <
—l s
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<
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and the definitions of the ‘implementing isometries’, which show
that

ug (j(z)1nr) = ((x))lM'

3. Notice that if z,y € M, then

(O)J0y)TIar, 1) = (0(2)T0(y)Tar, Tar)
G(x)JU(;ylM,lM>
€

(
(
(0 )ueJy1M7 L)
(
(
(

uaa;JylM,uglM)
:L'JleM, 1M> s

where we have used the fact that 0 is equi-modular.

Set S* = {zj(y) : x = z*,y = y*,z,y € M}, and S@ =
{6(x)7(0(y)) : zj(y) € SMW}, and deduce from the factoriality
of M that SV = L(L*(M, ¢)).



Now we wish to apply Remark 2.2(1) with N = S@” = g(M)v
Jj(O(M)) (where, both here and in the sequel, we write A V
B = (AU B)” for the von Neumann algebra generated by von
Neumann algebras A and B) and ¢1 = ¢ = ((-)1a7, 1as). For
this, deduce from Lemma 2.4 that

z = AMpeP(N):ran p D Nly}
= AMpeP(N):ran p D {0(x)1ar, 0 (j(2)1y :x € M}}

—

= MpeP(N):ranp>D{b(z):z € M}}

and the proof of the Theorem is complete.
O

REMARK 3.4. It must be observed that the projection z of Theorem
3.3 1s nothing but the central support of the projection eg = uguy in
P’ N Py where P = (M) C M C Py is Jones’ basic construction
(thus, Py = JP'J) since, by Lemma 2.4, we have:

ran z = [(PV JPJ)(PV JPJ)1y] = [(P' N P)egL? (M, ¢)] .
This is because

[(PVJPN1y] = [PJPJiy]=[PJPIiy]
= [PJugM1y] = [PugJ M1y
= [PugM1y] = [Ply] .

In particular, since eq is a minimal projection in P' N Py, its central
support z in P' N Py is 1 if and only if P' N Py is a type I factor.
In the following corollary, we continue to use the symbols P and P;
with the meaning attributed to them here.

The following corollary is an immediate consequence of Lemma
2.4, Theorem 3.3 and Remark 3.4.

COROLLARY 3.5. Let 6 be a equi-modular endomorphism of a facto-
rial non-commutative probability space (M, ¢) in standard form (i.e.,
viewed as embedded in L(L*(M,¢)) as above). The following condi-
tions on 0 are equivalent:

1. there exists a unique unital normal x-endomorphism 62 of
L(L*(M, ¢)) such that 03 (z) = 0(z) and 6P (j(x)) = j(0(x))
for all x € M.



2. PV JPJ is a factor; and in this case, it is necessarily a type I
factor.

3. (PVJPJ) =P NP is a factor; and in this case, it is neces-
sarily a type I factor.

4. {zy:x € PN P,y € P} is total in L>(M, ¢).

An endomorphism of a factor which satisfies the equivalent con-
ditions above will be said to be extendable.

REMARK 3.6. It should be noted that extendability is not a property
of just an endomorphism 0 but it is also dependent on a state which is
not only left invariant under the enomorphism but must also satisfy
the requirement we have called equi-modular. Strictly speaking, we
should probably talk of ¢-extendability, but shall not do so in the
interest of notational convenience.

THEOREM 3.7. Let the notation be as above. Then the following
conditions are equivalent:

1. 0 is extendable.

2. M = (MNOM))VvOM). (Note that the right-hand side
is naturally identified with the von Neumann algebra tensor
product (M NO(M)") @ O(M) in this case.)

Proof. Recall that P = 6(M) is globally preserved by the modular
automorphism group {af }er and there exists a ¢-preserving faithful
normal conditional expectation F from M onto P. Thus (MNP')V P
is naturally identified with the von Neumann algebra tensor product
(MNP")® P (see [Ta, Corollary 1]). If we assume the second condi-
tion in the statement, the basic construction for P C M essentially
comes from that of C C (M N P’), and so P’ N P, is a type I factor.
This means that 6 is extendable.

Assume that 6 is extendable now. We will show that Q :=
(M N P')V P coincides with M. For this, it suffices to show [Q1y] =
L?(M, ¢). Indeed, since P is globally preserved by Uf , s0 is @, and
there exists a ¢-preserving faithful normal conditional expectation
from M onto () thanks to Takesaki’s theorem. Thus if @) were
a proper subalgebra of M, [Ql/J\\/I] would be a proper subspace of
L2(M, ).

Let E be the dual operator valued weight from Py to M (see [Ko]
for the definition of E and its properties). Since E o E(eg) =1 < 0o
and P’ N P, is a factor, the restriction of E o E to the type I factor



P'N P is a faithful normal semifinite weight (see [ILP, Lemma 2.5]).
Thus there exists a (not necessarily bounded) non-singular positive

operator p affiliated to P’ N P; satisfying o/°F = Adp’ and

. 1
EoE(a) = lim Tr(p(1+ =p)~ta), Vae (P NP,
n

n—oo

where {afOE ter is the relative modular automorphism group (the

restriction of {o?°“};cr to P/ N Py). Note that the trace Tr makes
sense as P’ N Py is a type I factor.

From the above argument we see that there exists a partition
of unity {e;}ics consisting of minimal projections e; € P’ N P; with
Eo E(ei) < 00. Since eg is a minimal projection in P’ N Py satisfying
oF°E(ep) = eg and EoE(eg) =1, we may assume 0 € I and eg = ey.
Let {e;;}i jer be a system of matrix units in P'NP; satisfying e; = e;.
Then we can apply the push down lemma [ILP, Proposition 2.2] to
eoi, and we have ey; = egq;, where ¢; = E(eOi) € PN M. Now for
any x € M, we have

vl =Y ewrly = qlegqizin = Y q; E(qx)In,
iel icl iel

which shows [Q1y7] = L2(M, ¢). O

4 Examples of Extendable Endomorphisms

Note that any automorphism on a factor is extendable, since the
conditions in Corollary 3.5 are satisfied.

Let R denote the hyperfinite I1; factor and M be any I1; factor
which is also a McDuff factor; i.e., MR =2 M. Leta: MR — M
be an isomorphism and 8 : M — M ® R be the monomorphism
defined by S(m) =m® 1, for m € M. Let us write § = Soa. so 0 is
an endomorphism of M ® R such that )(M ®R) = M ®1. As MR
is a I'1; factor, the endomorphism @ is necessarily equi-modular. Now
by corollary 3.5, showing that € is extendable is equivalent to showing
that {#(M @ R) vV JO(M @ R)J} is a type I factor, where J is the
modular conjugation of M ® R, which, of course, is Jy; ® Jg. Note
that

{M@R)VIIM@R)J} = {M@1VJM®1)J}
= {M1VJyMJy®1l)}
= L(IA(M)®1

10



So {6(M @ R) vV JO(M @ R)J} is a type I factor. That is 6 is
extendable.

5 Extendability for Ej-semigroups

DEFINITION 5.1. {a; : t > 0} is said to be an Ey-semigroup on a von
Neumann probability space (M, ) if:

1. oy is a ¢-preserving normal unital *-homomorphism of M for
each t > 0;

2. apg =tdprand as 0 o = gqy; and
3. [0,00) 3 t — p(ae(z)) is continuous for each x € M, p € M,.

Suppose oy is (equi-modular and) extendable for each t, then we
say that the Ey-semigroup o is extendable.

REMARK 5.2. A remark along the lines of Remark 3.6, with endo-
morphism replaced by Ey-semigroup, is in place here.

PROPOSITION 5.3. Suppose o = {a : t > 0} is an Ey-semigroup on
a factorial non-commutative probability space (M, ).

1. The equation aj(z') = j(au(j(2")) defines an Ey-semigroup on
(M, ¢"), where ¢ (x') = w—(a') = (2’1, 1)

1n
2. If « is extendable for each t, then there exists a unique Ej-
semigroup {a?) ct > 0} on (L(L*(M, 9)),wr) such that

o (z2') = au(z)al(2') Yo € M2’ € M.

Proof. Existence of the endomorphisms «} and 042) is guaranteed by

Corollary 3.5, The equation o = j o oz o j shows that {a} : t > 0}
inherits the property of being an Ep-semigroup from that of {ay :
t > 0}. The corresponding property for {a?) :t > 0} is now seen to
follow easily from the uniqueness assertion in Corollary 3.5(1). O

By using standard arguments from the theory of Ey-semigroups
on type I factors, we can strengthen Corollary 3.5 in the case of
FEy-semigroups thus:

PROPOSITION 5.4. Let o« = {oy : t > 0} be an Ey-semigroup on
a factorial non-commutative probability space (M, ), and suppose
ay is equi-modular for each t. Suppose M is acting standardly on
H = L?>(M). Consistent with the notation of Remark 3.4, we shall
write P(t) = a(M) C M C Py(t) for Jones’ basic construction.

The following conditions on « are equivalent.

11



1. « is extendable.

2. P'(t)NPy(t) is either: (i) a factor of type I (i.e., is isomorphic
to C) and oy is an automorphism for all t; or (ii) a factor of
type I, for all t and no ay is an automorphism.

Proof. (1) = (2) If each oy is extendable, then P’'(t) N Pi(t) is a
factor of type I,,, say, by Corollary 3.5. The first fact to be noted is
that if {€, ) (¢) : t > 0} is the product system associated to the Ep-
semigroup a(® on £(L?*(M)), then n; is the dimension of the Hilbert
space &,z (t). Hence {n; : t > 0} is a multiplicative semi-group of
integers. Hence either n; is constant in ¢ (identically 1 or identically
infinity).

(2) = (1) follows from Corollary 3.5. O

REMARK 5.5. Let v = {a : t > 0} be an Ey-semigroup on a factorial
non-commutative probability space (M, @), and suppose oy is equi-
modular for each t. If a; is an extendable endomorphism for some
t > 0, then ay is also extendable for all 0 < s < t. Indeed, oy being
extendable means that M as a P(t)— P(t) bimodule is a direct sum of
copies of P(t), and hence P(t—s) as a P(t)— P(t) bimodule is also a
direct sum of copies of P(t). This means that cy_s(M) is generated
by cp—s (M) Ny (M) and oy (M), which means as is extendable. Now,
since the compositions of extendable endomorphisms are extendable,
the Ey—semigroup « itself is extendable.

Now let us consider the following spaces;
E® ={T € L(L*(M)) : oy(2)T = Tz, forall x € M};

E% = {T € L(L*(M)) : 4(2")T = T2/, forall 2’ € M'}.

For every t > 0, we write H(t) = E* N E%. Then we have the
following Lemma.

PROPOSITION 5.6. Let « = {oy : t > 0} be an Ey-semigroup on a
factorial non-commutative probability space (M, ) and suppose oy is
equi-modular for each t. If o is extendable then

H={(t,T):te(0,00),T € H(t)}

is a product system (in the sense of [Arv]) with the family of unitary
maps ug : H(t) @ H(s) — H(s+t), given by

ugt(T ® S) =TS VT € H(t),S € H(s).

12



Proof. Let a? = {a?) :t > 0} be the extension of a on L£(L?(M)).
For ¢ > 0, consider

E(t) = {T € L(LA(M)) : &\ (2)T = T, for all z € L(LA(M))}.

We shall write & = {(t,T) : T € £(t)}; then £ is a product system
(see [Arv]), and H(t) = E(t) for every t > 0. Indeed, if T' € H(t) =
E® N E%, then ay(m)T = T'm for all m € M and o}(m/)T = Tm/
for all m’ € M’. So it is clear that 042) ()T =Tx for all z € MUM’
and hence also for all x € (M VvV M') = L(L*(M)). So, T € £(t), and
H(t) C £(t). The reverse inclusion is immediate from the definition
a§2). So we have H(t) = £(t) and clearly H is a product system. [J
Now recall that an Ep-semigroup {f; : ¢t > 0} of a von Neumann
probability space (M, ¢) is said to be a cocycle perturbation of an
Ep-semigroup {ay : t > 0} if there exists a weakly continuous family
{ug : t > 0} of unitary elements of M such that

1. upys = usors(ur); and
2. Bi(z) = wpay(z)u; for all x € M and s,t > 0.
In such a case, we shall simply write
{ug :t >0} : {ag : t >0} ~{B; : t > 0}.

PROPOSITION 5.7. Suppose 8 = {B; : t > 0} is an Ey semigroup on
a factorial probability space (M, @), which is a cocycle perturbation
of another Ey semigroup o = {ay : t > 0} on (M, ¢) with {u; : t >
0} :{ag:t >0} ={B;:t>0}. Then

1 {j(u) : t >0} : {aj : t >0} = {B; : t > 0}.
2. If each oy is extendable, as is each B, then

{uj(ue) : t >0} : {aEZ) (1 >0} ~ {Bt@) 1t > 0}.

Proof. The verifications are elementary and a routine computation.
For example, once (1) has been verified, the verification of (2) involves
such straightforward computations as: if we let U; = uzuj, where we

13



write uj = j(ut), and if x € M, 2" € M’, then

Uian(2)Uf = wa(z)ug = Bi(z)
Uy (2)Uf = wyey(z)uy” = By(a)
BuM) Vv B(M') = U(au(M)V ay(M'))U;
Us+t = us+tuls+t
= s (ug)ugor(up)

= USOZEQ)(Ut)

and

ﬂt@)(xx’) = Bi(z)Bi(")
= utat(ﬂf)ututat( )u;*

= Utat )($m UL
|

Recall that two Ep-semigroups {a; : ¢ > 0} and {5 : t > 0} on
a von Neumann algebra M are said to be conjugate if there exists
an automorphism 6 of M such that 5, 060 = 6 o ay Vt, while they
are said to be cocycle conjugate if each is conjugate to a cocycle
perturbation of the other.

REMARK 5.8. While the index of Fo-semigroups of type I factors
has been well-defined, we may now define the index of an extend-
able Ey semigroup a of an arbitrary factor as the index of o'?; and
we may infer from Proposition 5.7 that the index of an extendable
Ey-semigroup of an arbitrary factor is invariant under cocycle con-
jugacy - in the restricted sense that cocycle conjugate extendable Ey-
semigroups have the same index. (One has to exercise some caution
here in that there is a problem with invariance of equimodularity un-
der cocycle conjugacy!)* It is to be noted from Corollary 3.5 that the
extendability of an Ey-semigroup, each of whose endomorphisms is
equi-modular, is a property which is invariant under cocycle conju-
gacy within the class of such Ey-semigroups.

PROPOSITION 5.9. If « = {ay : t > 0} (resp., 5 ={f; : t > 0}) is
an extendable Ey-semigroup of a factor M (resp., N), then a ® f =

4We wish to thank the referee for pointing this out, which also led to the
insertion of the Remarks 3.6 and 5.2.
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{ay @B, : t > 0} is an extendable Ey-semigroup of the factor M @ N,
and in fact,

(a®B)® = o g .

Proof. The hypothesis is that o (M)VJoy(M)J and B¢ (N)VJINB:(N)JIn
are factors, for each ¢ > 0, while the conclusions follow from the def-
inition of o ® . O

6 Examples

First we give examples of extendable Fy—semigroups. Throughout
this section, let H = L?(0, 00)®K, be the real Hilbert space of square
integrable functions taking values in is a real Hilbert space K. We
always denote by ()¢ the complexification of (). Let Sy be the shift
semigroup on Hc defined by

(Sef)(s) = 0, s<t,
= f(s—1t), s>t

Thus (S; : t > 0) is a semigroup of isometries, and we denote its
restriction to H also by {S;}.

For the first set of examples, given by ‘canonical commutation
relations’, we only need complex Hilbert spaces. Let A > 1 be a
complex linear operator on Hc¢ such that 7' = 1(A — 1) is injective.
Consider the the quasi free state on the CCR algebra over H¢ given
b

Y eA(W(f)) = e~ 3(ALE) — o3 IVIF2TI? f € He.

The space underlying the corresponding GNS representation may be
identified with I's(Hc¢) ® I's(Hc), with the GNS representation being
described by

T(W(f)) = Wo(V1+Tf) @ Wo(jVTf) V f € He,

where I's(-) is the symmetric Fock space, Wy(-) is the Weyl operator
on I'y(Hc) and j is an anti-unitary on H¢ induced by an anti-unitary
operator on Kc. The vacuum vector Q ® Q € I's(Hc) ® I's(He) is
the cyclic and separating vector for M4 = {m(W(f)) : f € Hc}" (see
[Ark]).

EXAMPLE 6.1. Let A = % with A € (0,1), then it is well-known that
My = My is a type I11y factor. There exists a unique Eq—semigroup
B on M)y satisfying

B (W (f)) =m(W(Sef) V f€He.
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Further, {B];t > 0} is equi-modular and the relative commutant
s given by

BRMN) N My = {x(W(f)): f € (L*(0,t) ® K)}"-

Now theorem 8.7 imply that all these Fg—semigroups on type 11
factors are extendable. (See [MS1], where these examples are dis-
cussed in more detail.)

We will write F(H) for the anisymmetric Fock space; thus
}—(HC) :CQ@HC@(H(;/\H@)@(’HC /\HC/\”HC)@... ,

where (2 is a fixed complex number with modulus 1.
Recall the left creation operator on F(H) (corresponding to f €
Hc given by
a(f)0 = f
a(f)EANGENN&) = [AGAGA NG, &G EHe.

These operators obey the canonical anticommutation relations:

a(f)a(g) +alg)a(f) =0, a(f)alg)” + alg) a(f) = (f , g)idFmy

forall f, g€ Hc,
For any f € H, let u(f) = a(f) + a(f)*. It is well-known that
the von Neumann algebra

{u(f) - f €M} C L(F(Hc))
is the hyperfinite 17; with cyclic and separating ( trace)vector Q.

EXAMPLE 6.2. For every t > 0 there exist a unique normal, unital
x-endomorphism oz : R — R satisfying

ar(u(f)) = u(Sef)) Vf € He -

(Although this is a well-known fact, we remark that this is in fact
a consequence of Remark 2.2 (2).) Then o = {ay : t > 0} is an
Ey-semigroup on R, called the Clifford flow of rank dim K.

It is known from [Alev] that

ar(M) N M = {u(f)u(g) : spt(f), spt(g) C [0,]}" . (6.3)

It follows from equation 6.3 that if spt(f) C [0,t], then u(f)Q2 L
{(ae(RYNR)QU(R)Q}; (in fact the same assertion holds for any
a(f1) - a(fons1Q for any n and any fi,-- -, fon+1 with support in
[0,t].) Consequently, in view of Q being a separating vector for R, it
s an easy consequence of Theorem 3.7 that the Clifford flow on R
(of any rank) is not extendable.
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The Clifford flows of the hyperfinite II; factor are closely related
to another family of Ey—semigroups, called the CAR flows. (We
should remember these are CAR flows on type II; factors, not to be
confused with the usual CAR flows on the type I factor of all bounded
operators on the antisymmetric Fock space.) We recall the definition
of CAR algebra and some facts regarding the GNS representations
of CAR algebras given by quasi-free states.

For a complex Hilbert space K, the associated CAR algebra
CAR(K) is the universal C*—algebra generated by a unit 1 and
elements {b(f): f € K}, subject to the following relations

(i) bAS) = Ab(f),
(i) b(f)b(g) + b(g)b(f) = 0,
(iii) b(f)b*(g) +b*(9)b(f) = {f, 9)1,

for all A € C, f,g € K, where b*(f) = b(f)*.
Given a positive contraction A on K, there exists a unique quasi-
free state wq on CAR(K) satisfying

wa(b(zn) -+ 0(x1)b(y1)" - - b(ym)") = Onmdet((Azi, y;)),

where det(-) denotes the determinant of a matrix. Let (H4,ma,Q4)
be the corresponding GNS triple. Then M4 = m4(CAR(K))" is a
factor.

Here onwards we fix the contraction with A = %, then My =R
is the hyperfinite type II; factor and w4 is a tracial state. We define
the CAR flow on R as follows.

Now let K = Hc. Then there exists a unique Ep—semigroup
{a¢} on R satisfying

ai(r(b(f))) = m(b(Sef)) V f € He.

This « is called as the CAR flow of index n on R.
We recall the following proposition from [Alev] (see proposition
2.6).

PROPOSITION 6.3. The CAR flow of rank n on R is conjugate to the
Clifford flow of rank 2n.

We point out an error in [ABS] in the following remark.

REMARK 6.4. In section 5, [ABS], it is claimed that CAR flows of
any given rank are extendable. In fact a ‘proof’ is given, for any
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A e (0, %] with A = A, that the corresponding Ey—semigroup on
My is extendable. (When A # % they are type III factors.) But we
have seen that Clifford flows are not extendable. This consequently
implies, thanks to proposition 6.3, and the invariance of extendability
of Ey-semigroups of 11 factors (where equimodularity - with respect
to the trace - comes for free), that CAR flows on the hyperfinite type
1L factor R are not extendable.

In fact it has been proved in [BK] that CAR flows flows on any

type 111y factors (considered in [ABS]) are also not extendable.)

Let I'¢(Hc) be the full Fock space associated with a Hilbert space
K. For f € H, define s(f) = W where

I f it £ =Q,
“f)f‘{ FoE i (£,9) = 0. }

The von Neumann algebra ®(K) = {s(f) : f € H}", is isomor-
phic to the free group factor L(F.) and the vacuum is cyclic and
separating with (2, 2Q) = 7(z) (see [DV]) a tracial state on ®(K).

EXAMPLE 6.5. There exists a unique Eg—semigroup v on ®(K) sat-
isfying
Ye(s(f) =s(Sef)  (feM, t=0).

This is called the free flow of rank dim(K).

Let v be a free flow of any rank. It is known - see [Popa/ - that
Y (®(K)) N®(K) = C1. So it follows from Theorem 3.7 that free
flow is not extendable.

It is proved in [MS] that

H(t) = (E" N E") = CS,.

So H={(t,n):n € H(t)} is a product system. This means that free
flows provide examples to show that the converse of the Corollary 5.6
is not true: for free flows, the family {(t,(EY*NEY) ) :t > 0} forms
a product system, but still they are not extendable.
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