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We suggestaschemeto stepup theefficiencyof arecentlyproposedadaptivecontrolalgorithm,whichis remarkablyeffective
for regulatingnonlinearsystems.Thetechniqueinvolves monitoringof the “stiffnessof control” to getmaximum gainwhile
maintainingapredeterminedaccuracy.Thesuccessof theprocedureis demonstratedfor thecaseof thelogisticmap,wherewe
showthattheimprovementinperformanceis oftenfactorsof tens,andfor small controlstiffness,evenfactorsofhundreds.

Realisticmodelsof a varietyof physical,chemical as to reducethe error to zero. For a generalN-
andbiological systemsaregivenby couplednonlin- dimensionalsystem
ear equations,anddisplaya wide repertoireof dy-
namics— rangingfrom fixed points to chaos.It is k=F(X; i~t), (1)
usuallypossibleto identify certain physical quan-
titiesin thesystemasstatevariables,andothers(that whereX~(X1, X2, ..., XN) are the variables and
are relatively more invariant) as parameters.Ge- u~(~u1,i~2, ..., UM) arethe parameterswhosevalues
nericallythethe natureof thedynamicsis governed determinethenatureof thedynamics.Theprescrip-
by valuesoftheseparametersandin realsystemsthey tion for adaptivecontrol is throughthe additional
may be quantitieslike electric fields, temperature, dynamics,
pressuregradients,pH, molarity etc. Now the pa-
rameters,in principle, canvary, driven by fluctua- / = ~(1 X5), (2)
tionsin theenvironment,andthismaypushthesys-
tem to drastically different kinds of dynamic whereX~is the desiredsteadystatevalueand~in-
behaviour.Thus, it is of considerableinterestto de- dicatesthe “stiffnessof control”. This techniqueis
velop mechanismsof self-regulationor control, in veryeffectiveinbringingthesystembackto its orig-
systemsintrinsicallycapableof verycomplicateddy- inal dynamicalstateafter a suddenperturbationin
namics,so that it is guaranteedto maintaina fixed thesystemparameterschangesits dynamicalbehav-
activity (the“goal”) evenwhensubjectto environ- iourdrastically.We call thisscheme“adaptive”asin
mental fluctuations [1—3]. thisalgorithmthe parameters(which determinethe

A simpleadaptivecontrolalgorithmwasrecently natureofthedynamics)selfadjustor “adapt”them-
proposedin ref [1], anddevelopedandextendedin selvesto yieldthedesireddynamics~‘. Recoverytime
ref. [21. It wasdemonstratedthat the algorithmwas (definedasthe time requiredto reachthe desired
a powerful and robust tool for regulatingmultidi- statewithin finite precision)is cruciallydependent
mensional,multiparameter,stronglynonlinearsys- onthevalueof � Numericalexperimentsshowedthat

for small E the recoverytime wasalways inversely
tems.The procedureutilizesan error signalpropor-
tional to the differencebetweenthe goal outputand
the actualoutput of the system.This error signal ~‘ A similar type of procedureis also referred to as “dynamic
drivestheevolutionof parameterswhich readjustso feedbackcontrol” in theliterature.
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proportionalto the stiffnessof controlS2, of e canno longerbeincreasedwithout compromis-
In this Letterwe introducea schemeto enhance ing with demandsof accuracy).

the efficiencyof the abovementionedadaptivecon- Whatoneachievesby the aboveis that whenthe
trol algorithm.Theideais asfollows: we would like parameterspaceis smoothlyandgently varyingone
the algorithmto exertsome“adaptivecontrol” over can takejumps, via large stiffnessparameters,to-
its own progress,by makingfrequentchangesin the wardsthe desiredstate (seefig. 1). This decreases
“stiffnessof control”, . The purposeis to achieve the time requiredfor recovery,enormously.When
somepredeterminedaccuracyin theminimumtime, thereare morethanoneparameterwe get a vector
Ideally the algorithmshouldensurethat the system at step2 and3, andcanimplementstep5 with the
tip-toesby many smallstepsthroughtreacherouspa- “worst offender”parameter,i.e. if anyoneofthepa-
rameterregimesand in a few greatstrides speed rametersviolatestheaccuracybarthe iterationstops.
through smoothsafe terrains.The resultinggainsin This “variable e” adaptivecontrol algorithm is
efficiency (versusan algorithmwherethe e is fixed testedon thelogistic map which is givenas
throughout)cn befactorsoftwo andsometimes,tens ~ +, = aX (1 +X ) . (3)
or more.

To achievethis,we proposethefollowingmethod: The resultsare shown in table 1. It is clear that this
wemonitorat eachstepin thealgorithm,how far we
can safelyincreasethe valueof ~ for the next step. 40 -____________________________

Implementationof this involvesa testwhich returns
informationon the errorincurredin takinghigher~. 3 2

If this is within acceptablelimits of accuracydesired
(andafterall, in realandnumericalexperimentsone 2.4

can only demandfinite accuracy)we increasethe
stiffnessofcontrolfor thenextadaptivecontrolstep. ~ ________________________
The computationaleffort requiredfor the testis re- (b)

paid handsomelyin termsof decreasein time re- 0.8

quiredfor recovery.
The moststraightforwardflowchart for this prin- o.o

0 2000 4000
ciple is givenbelow:

(1) Double thevalueof ~at stepn.
(2) Evaluate~t via controlequation (2) with 2(. Fig. 1. The evolutionofparameteraundercontroldynamicsgiven

(3) EvaluateU viacontrolequation(2) with ~, for by (a) the“fixed “ algorithm (— — — — ), and(b) the“variable
~ algonthm(—).

two successivesteps.
(4) Comparethe valuesobtainedin step2 and3. Table 1
(5) If the differencebetweenthe two is smaller Recoverytimes t

1 andr2 areobtainedfrom the“fixed *“ [1,2]

thana given accuracy(usuallytaken to be the ac- and“variable*“ adaptivecontrolalgorithmsrespectively.Here

curacyusedto define“recovery”) thengo to step 1 denotesthe“stiffnessofcontrol” in thecontrolequation(2). it

andreneatthe nrocedure is evidentthatthe“variable *“ schemeyieldsmuchfasterrecov-
ery asmanifestedin theenormouslysmallervaluesoft Therep-

(6) If not, the aboveiterationstops(asthe value resentativeexampleof thelogistic mapis consideredhere.

*2 An argumentto accountfor theuniversalityof thelinear re -________________________________________________________

lationshipbetweenrecoverytimeandstiffnessof control,ob- 0.1 180 70
servedin awide classofsystemsofvaryingcomplexity(in ref. 0.05 364 89
[2]), waspointedout by Haake.Thekeypointis thatwhen~ 0.01 1839 217
is smallcomparedto thetimescalesin theoriginal dynamical 0.005 3682 345
system,we canusean adiabaticapproximation,as~-.0. So 0.001 18428 394
eq.(1) yields1(u) asa solution,pluggingwhich intoeq. (2) 0.0005 36860 394
givesü*[X(~L)—XsJ, from whereit simply follows that re- 0.0001 184313 426
coverytimewill beproportionalto 1 Ic.
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schemeyields much fasterrecoverythanthe simple gistic map in eq. (3) above~. Now, the controlal-
“fixed ~“ method.This is particularly true whene gorithmgiven by eq. (2) leadsto an augmenteddy-
valuesarelow. In fact, thisfeatureenhancesthe util- namicalsystemconsistingof theoriginal dynamical
ity of the proposedtechniquefor the following rea- systemandan additionalcontrolequation,which is
son: for a realsystemthe dynamicsis seldomwell coupledto theoriginal systemby feedback.First,one
known. So eq. (1) is essentially,often, a blackbox. mustensureby constructionthat the fixed point of
Oneof the powerful featuresof adaptivecontrol is the controlsystemis thedesiredfixed point. Thisis
that it doesnot, in the controlequation(2), require ensuredby the most generalform of the control
explicit knowledgeof thedynamicalequationsof the equation,
systemit is tryingtocontrol. It requiresasinputonly
thedesiredsetofstatevariables.Nowit hasbeenseen ~ (5)
in extensivenumericalexperiments[21 that step- whereg(X= X5) = 0 andX~is the desiredstate.The
pingup the controlstiffnessbeyonda critical value explicit form g(X) = X— X~usedin eq. (2) satisfies
actuallyretardsrecoveryand with very high e the this. Otherformsof g(X) havebeenexaminedin ref.
systemfails to recover.So whenthe time scalesin [2]. (Ofcourse,X5 mustalsobe a solutionofX= 0,
the dynamicalsystemto be controlled are not well i.e. it mustbe a fixed point of theoriginal systemas
known,topreventbreakdownof recovery,oneshould well.) Thisformulationassuresusthat thecontrol is
keepthe valueof ~as smallaspossible.So, thefact directedtowardsthe desireddynamics.But it still
that the“variable&‘ algorithmworksremarkablywell doesnotguaranteethatthe dynamicsisstableunder
for low ~shouldproveveryusefulinpracticalterms. (nonlinear)control,nearthegoaldynamics.It is easy

In summary,we introducean adaptivecontrolal- to seethat the valueof e hasdirect bearingon the
gorithm usingvariable (adaptivelyregulated)stiff- stability characteristics.To determinethis exactlywe
nessof control, e. This greatly enhancesthe effi- examinethe eigenvaluesof theJacobianmatrix
ciency of the older“fixed ~“ algorithm. Thegain in
performanceisdrastic (factorsof hundreds!)for low 8F/t9X ÔF/ôu (6)
~values.Thisproceduremaythenbeofutility in de- — e~3g/aX /c9U~
signingmorepowerful control tools.

Now Og/ôu=0, andsoin the limit e—’O, we obtain
I amgrateful to F. Haake,S. Thomae,R. Ramas- a triangularmatrix. Theeigenvaluesoff thenare0

wamy, A. Hublerand E.A. Jacksonfor interesting and3F/ÔX, and I öF/OXI <1 atX~if thedesiredstate
discussions,andto H.A. Cerdeiraforcritical reading is a stablefixed point of the original system.So,in
of the manuscript.I would also like to thank the the very low ~limit, if thegoaldynamicsis a stable
CondensedMattergroupat theInternationalCenter stateof theoriginal dynamics,thenthe control dy-
of TheoreticalPhysics,for hospitality. namicsis alsostable.

So, if we canensurethat the valueof ~ is small
comparedto the time scalesin the original dynam-

ical system,we areguaranteedthat thealgorithmwill
work. Usuallyonedoesnothavea good estimateof

Appendix how small E shouldbe, to besmallenough.Thepro-

ceduresuggestedin thisLettergetsaroundthisprob-
lem by “experimentally” finding out how large a

Here we presentan analyticalargumentwhich value of e is acceptable.Hence the utility of the
guaranteesthat the controlschemewill work forsuf-

scheme.
ficiently small ~. We concentrateon a one-dimen-
sionalsystem,

(4)
~ Theargumentcanbeextendedto higherdimensionsaswell,

with oneparameterp, an exampleof which is the lo- andwill bepresentedin detail in asubsequentwork.

477



Volume 156, number9 PHYSICSLETTERSA 8 July 1991

References I.M.Y. Mareelsand R.R.Bitmead,Automatica22 (1986)
641;IEEETrans.CircuitsSyst. 35 (1988)835;

[1] B.A. HubermanandE.Lumer,IEEE Trans.CircuitsSyst.37 F.A. SalamandS. Bai, IEEETrans.CircuitsSyst.35 (1988)
(1990)547. 842;

[21S. Sinha, R. RamaswamyandJ. SubbaRao,PhysicaD 43 K. NamandA. Arapostathis,IEEE Trans.Autom. Control
(1990) 118. 35(1988)803;

(3] ReportoftheSantaClaraWorkshopChallengesto control:a A. Hubler andE. Luscher,Naturwissenschaften76 (1989)
collectiveview,IEEE Trans.Autom. Control 32 (1987)275; 67;
R. Rosen,Optimality principlesin biology (Butterworths, A. Hubler,Helv. Phys.Acta 62 (1989)343;
London,1967);Dynamicalsystemstheoryin biology(Wiley- E.LuscherandA. Hubler,Helv. Phys.Acta 62 (1989)534;
Interscience,NewYork, 1970); E.A.JacksonandA. Hubler, preprint (1990).
F. Toates, Control theory in biology and experimental
psychology(Hutchinson,London,1975);

478


