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Life cycle of Dictyostelium discoideum

How these 
microorganisms 
interact to form 
aggregation?



Overview

• Introduction to the model

• FitzHugh-Nagumo Oscillator

• Langevin dynamics

• Pattern formation



Simplified mechanism 

cAMP
Active amoeba 

Inactive amoeba

The internal dynamics is 
described by a relaxation 
oscillator.

cAMP is produced which depends on the relaxation oscillator.



Model by Vasiev et. al.

Describes the extracellular cAMP diffusion and FHN osc.

Drift diffusion describes the motion of amoeba

Phys. Rev. Lett. 73, 3174(1994)



Model by Noorbakhsh et. al.

Phys. Rev. E 91, 062711 (2015)

Internal dynamics is described by FHN osc.
Extracellular 
cAMP conc.

Static model



How do we incorporate:

1. The discrete nature of the cells and model their motion,
2. Model the diffusion of cAMP and couple it to the internal dynamics?

𝑑𝑎𝑖
𝑑𝑡

= 𝑎𝑖 − 𝑎𝑖
3 − 𝑟𝑖 + 𝐼 𝑠 𝒙𝑖 , 𝑡 ,

𝑑𝑟𝑖
𝑑𝑡

= 𝜖(𝑎𝑖 − 𝛾𝑟𝑖 + 𝑐)

𝜕𝑠

𝜕𝑡
= 𝐷𝑠∇

2𝑠 + 𝜌 

𝑖

𝜃 𝑎𝑖 𝛿(𝒙 − 𝒙𝑖)

𝒙1, 𝒙2, 𝒙3 , … , 𝒙𝑁Let’s assume that there are N amoeba cells at point:

Each amoeba is a FitzHugh-Nagumo oscillator described by 𝑎𝑖 , 𝑟𝑖 .

d𝒙𝑖
𝑑𝑡

= −∇𝑈 + 𝜼𝑖 ,

The motion of amoeba is given by overdamped Langevin 
equation:

−∇𝑈 = −𝑉 𝑟𝑖 ∇s(𝒙𝑖,t)

𝜼𝑖 𝑡 = 0, 𝜼𝑖 𝑡 𝜼𝑖 𝑡′ = 4𝐷𝑎𝛿 𝑡 − 𝑡′

Diffusion of cAMP:

Source: depends on the 
activation variable

Stimulus depends on the cAMP cons.

Motility is coupled to the recovery variable



FitzHugh-Nagumo Oscillator

𝑑𝑎

𝑑𝑡
= 𝑎 − 𝑎3/3 − 𝑟 + 𝐼,

𝑑𝑟

𝑑𝑡
= 𝜖(𝑎 − 𝛾𝑟 + 𝑐)



Langevin dynamics

d𝑥

𝑑𝑡
= 𝑓(𝑥) + 𝜂,

𝜂 𝑡 = 0, 𝜂 𝑡 𝜂 𝑡′ = 2𝐷𝛿 𝑡 − 𝑡′

𝑓 𝑥 = −∇𝑈

We ca write the above equation as the following

𝑥 𝑡 + Δ𝑡 = 𝑥 𝑡 + 𝑓 𝑥 Δ𝑡 + 𝜂(𝑡)Δ𝑡

Taking the mean on both sides we can write 

𝑥 𝑡 + Δ𝑡 = 𝑥 𝑡 + 𝑓 𝑥 Δ𝑡 + 𝜂(𝑡) Δ𝑡

𝑥 𝑡 + Δ𝑡 2 = 𝑥 𝑡 2 + 𝑓 𝑥 𝑡
2
+ 𝜂 𝑡 2 Δ𝑡2 + 2 𝑥(𝑡)𝑓 𝑥(𝑡) Δ𝑡 + 𝑥(𝑡)𝜂(𝑡) Δ𝑡

0

0

2𝐷/Δ𝑡
D T Gillespie, Markov Processes



d 𝑥

𝑑𝑡
= 𝑓(𝑥) ,

d 𝑥2

𝑑𝑡
= 2 𝑥𝑓(𝑥) + 2𝐷,

2𝐷𝑡

𝑥 𝑡 + Δ𝑡 = 𝑥 𝑡 + 𝑓 𝑥 Δ𝑡 + 2𝐷Δ𝑡 Γ(𝑡)

Γ(𝑡) = 0 ,  Γ 𝑡 Γ(t′) = 1where

Numerical implementation 



𝒙𝑖 𝑡 + Δ𝑡 = 𝒙𝑖 𝑡 − ∇𝑈(𝒙𝑖(𝑡))Δ𝑡 + 2𝐷Δ𝑡 𝚪𝑖 ,

𝜕𝑠

𝜕𝑡
= 𝐷𝑠∇

2𝑠 + 𝜌 

𝑖

𝜃 𝑎𝑖 𝛿(𝒙 − 𝒙𝑖)

All particles 
inside the box 
acts as discrete 
source terms. 

Numerical implementation 



Thank you
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