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Pattern formation

• How does spatial pattern arise from a 
fertilised egg which has almost no spatial 
pattern.

• We see so much spatial pattern – animal coat 
markings (panda), bones, bacterial patterns, 
patterns in chemical systems







Secrets of self-organization







How do we explain this?





Diffusion is a stabilising process







Diffusion wipes out pattern



ALAN TURING (1952)



Turing wanted to know how patterns form 
where, by patterns,  he meant, for example, how 
animals  had such colourful coat markings, how 
a tree branched (so that it’s cross-sectional 
circular symmetry was broken). He concluded 
that there must be chemicals present, to which 
cells respond, and then there is an instability in 
the chemical pattern that leads to  pattern 
formation. 



Symmetry Breaking



For example, in the case of the tree, he assumed 
that trees respond to a growth hormone that 
has a circular distribution but that an instability 
arises that causes it to have local maxima, and 
this is where the branches form. In general, he 
called these chemicals  “morphogens” as they 
gave rise to form. That is, they form a pre-
pattern to which cells respond.





Diffusion-Driven-Instability

Turing proposed that the patterns that arose via 
instability were driven by diffusion!!



















Properties/Predictions

• Minimum domain size for pattern

• Pattern complexity increases with domain size 
– limb experiments

• Effects of geometry – spots and stripes

• Developmental constraints





Patterns

Linear analysis turns out to be a pretty good 
predictor of patterns.



Turing patterns have been found in 
Chemistry

In chemistry, the groups of DeKepper and 
Swinney have shown that Turing patterns exist 
(CIMA – Chloride-Iodide-Malonic-Acid), and they 
have been modelled by Lengyel and Epstein.







Properties/Predictions

• Minimum domain size for pattern

• Pattern complexity increases with domain size 
– limb experiments

• Effects of geometry – spots and stripes

• Developmental constraints



J.D. Murray









Tapering cylinder



Developmental constraints

• The effect of domain geometry and size.



Developmental  Constraint: Oster, Shubin, Murray, Alberch, 
Evolution and Morphogenesis Rules.  The shape of the 
vertebrate limb in ontogeny & plylogency Evolution 45, 862-
884, 1988









Experiments

• If we were to decrease/increase the domain 
size of the limb domain that produces digits 
would we obtain:

• Smaller/larger digits?

• Fewer/more digits?

The Turing model predicts the latter.



Fig. 18.7a-d. Experimentally induced alterations 
in the foot of the salamander Ambystoma
mexicanum and the frog Xenopus laevis through 
treatment of the limb bud with colchicine.  (a) 
Normal right foot of the salamander and (b) the 
treated left foot.  (c) Normal right foot of the frog 
with (d) the treated left foot.  (From Alberch and 
Gale 1983: photographs courtesy of P. Alberch)



17.14a-c (a) Graft experiments involve taking a small piece of tissue from one limb bud and grafting it onto 
another.  The effect of such a graft is to induce increased cell proliferation and hence increase the subsequent 
size of limb.  The result is to induce growth commensurate with a domain in which multiple cell condensations 
can be fitted in at each stage of growth and hence result in double limbs.  (b) Photograph of a double limb in a 
10 day chick following an anterior graft of tissue from the posterior region, the zone of polarizing activity (ZPA), 
of another limb as in (a).  The grafted tissue creates the appropriate symmetry which results in a mirror image 
limb.  (From Wolpert and Hornburch 1987: photograph courtesy of L Wolpert and A. Hornburch) (c) A natural 
example of a double hand of a Boston man: note the lack of thumb and the mirror symmetry.  (After Walbot and 
Holder 1987).



• J.D. Murray, Mathematical Biology, Springer 2002, 2003 (Xu, Vest, Murray, Appl. Optics, 22, 3479-
3483 (1983) – vibrating plates.



Counter-examples



How do we explain this?



Hans Meinhardt, “The Algorithmic Beauty of 

SeaShells”







Conclusions

• Pattern can arise as an emergent property –
that is, two stabilizing processes interact to 
give rise to an instability

• Turing proposed the idea of morphogens –
these have been shown to exist

• Turing patterns arise in chemistry

• Do Turing patterns arise in biology?





Lewis Wolpert’s French Flag Model 
(1969)



WOLPERT, L., & HORNBRUCH, A. 1990 Double anterior 
chick limb buds and models for cartilage rudiment 

specification. Development 109, 961-6.

P - posterior A – anterior



• So, they constructed a new limb bud which 
had the same size as the normal limb bud, but 
it gave two bones instead of one.

• The Turing model predicts that, as the domain 
size does not change, the pattern should not 
change



P.K. Maini, D.L. Benson, J.A. Sherratt, Pattern formation in 
reaction diffusion models with spatially inhomogeneous 

diffusion coefficients, IMA J.Math.Appl.Med. Biol. 9, 197-213 
(1992)

cx(0, t) = 0, c(l, t) = c0,





• Therefore the model shows that the experiment would be 
consistent with the model if there was a gradient in diffusivity going 
from posterior to anterior

• BRUMMER, F., ZEMPEL, G., BUHLE, P., STEIN, J.-C, & HULSER, D. F. 
1991 Retinoic acid modulates gap junctional permeability: A 
comparative study of dye spreading and ionic coupling in cultured 
cells. Exp. Cell Res. 196, 158-63.

• Crucially, retinoic acid is produced at the zone of 
polarising activity (ZPA) in the limb bud and this is 
situated at the posterior end of the limb bud.

• So, D is high at anterior and low at posterior.



EFFECTS OF DOMAIN GROWTH (Kondo 
and Asai, Nature 1995)

• Kondo and Asai, Nature, 1995







Robustness

• Turing patterns are not robust – small changes 
in initial conditions can lead to changes in 
pattern. Bard and Lauder, How well does Turing's 
theory of morphogenesis work? J. Theor. Biol., 45, 
501-531, 1974







Geirer-Meinhardt and Schakenberg

Patterns in the activator obtained on the uniformly growing domain. For 
domain expansion the patterns change regularly through mode doubling 
behaviour: (a) Gierer-Meinhardt kinetics, where showing regular insertion of 
new activator peaks and (b) Schnakenberg kinetics, where showing peak 
splitting. 



Figure 2. Patterns in the activator concentration obtained under apical growth for (c) 
Gierer-Meinhardt kinetics showing insertion of new activator peaks near the moving 
boundary and (d) Schnakenberg kinetics showing splitting of the activator peak proximal 
to the boundary. 



Robustness

• Growth can enhance robustness of certain 
patterning modes at the expense of others.



• A.L. Krause et al, Recent progresss and open 
frontiers in Turing’s theory of morphogenesis,

Phil. Trans. R. Soc A 379(2213) 2021



Travelling Waves



Neural Crest

• A transient embryonic structure in vertebrates 
that gives rise to most of the peripheral 
nervous system and several non-neural cell 
types (muscle cells in the cardiovascular 
system, pigment cells, etc etc)

• Cranial, Trunk, Vagal and sacral (enteric 
nervous system), Cardiac





Why Study This?

• Cranial NC cell population is crucial for proper development of face

• 66 neural crest related diseases

• Nearly one-third of all birth defects occur as a result of improper 
patterning of the neural crest and associated vasculature

• Very similar in behaviour to the highly aggressive cancers, 
melanoma and neuroblastoma – serves as a powerful paradigm and 
is experimentally tractable

• R. Giniunaite, R.E. Baker, P.M. Kulesa, P.K. Maini, Modelling collective cell migration: neural crest as a 
model paradigm, J Math. Biol., 80, 481-504 (2020)
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Neural Crest

• A transient embryonic structure in vertebrates 
that gives rise to most of the peripheral 
nervous system and several non-neural cell 
types (muscle cells in the cardiovascular 
system, pigment cells, etc etc)

• Cranial, Trunk, Vagal and sacral (enteric 
nervous system), Cardiac









Model Hypothesis

• Can a chemoattractant (VEGF – vascular endothelial growth factor) produced by 
the overlying ectoderm be sufficient for robust invasion?

• Reaction-diffusion partial differential equation for VEGF with saturating (logistic) 
source production and sink terms for the cells. 

• Assume a sink at the boundary (Homogeneous fixed (Dirichlet) BCs -- later on we 
use zero flux conditions) [Versican in Xenopus – Szabo et al, 2016, J. Cell. Biol.]

• Cells are discrete entities – sense the gradient and move with constant speed in 
direction of increasing VEGF



Model Equations



Hypothesis Test

• Can a chemoattractant (VEGF) produced by the overlying ectoderm be 
sufficient for robust invasion?  NO





Hypothesis Generation: “Leaders and 
Followers”

Old Model                            New 
Model



Model Prediction and Validation

• A single chemotactic gradient with a single cell type is not a feasible mechanism. 
There must be at least 2 cell types – one chemotactic, one not chemotactic.

• By FACS (flow cytometry analysis) and by LCM (laser capture microdissection) 
show significant differences in expression of a large number of genes.

• Leading NC cells have upregulated expression of cell guidance and navigation 
genes (cell guidance factor receptors [EphA4]; integrins (Itgb5); MMPs [MMP2]). 
Trailing cells have upregulated expression of cadherins distinct from leading NC 
cells in particular cadherin 11 upregulated at the front, cadherin 7 upregulated at 
the back. 

• Cadherins code for adhesiveness (stickiness) so these experimental results show 
that the cells at the back are more sticky then the cells at the front, in agreement 
with the model.



Bioinformatics meets mathematical 
modelling



Further Complications

• Growth is NOT spatially uniform! McKinney et al, Dev. Biol., 461, 184-

196 (2020)

• Growth is partly induced by the NC cells.

• Gradient of phenotypes (ongoing)

• Boundary Conditions

• Leaders can break away
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