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Abstract
Einstein’s theories of relativity, both special and general, revolutionized our conceptions of space
and time. These have a strong philosophical appeal. But both theories also have direct implications
for the Global Positioning System, used everyday in navigation. The article is an effort to appreciate

some of the ingredients of relativity theories in a completely practical context.
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It is an honour to make a contribution in this special issue of Mathematics Today, brought
out in the memory of the late Professor P. C. Vaidya. I got introduced to him through the
activities of the Indian Association for General Relativity and Gravitation (IAGRG) which
he helped found and subsequently nurtured. It was a familiar and inspiring sight to see him
in the front row, attending all talks and staying alert at any conference in India related to
gravitation and cosmology. Mathematics education was one of his passions. In this article, I
attempt to show how some of the mathematical ideas are directly motivated from practical
problems as well as show how physical world though describable in mathematical terms is

distinct from mathematics.

I. NAVIGATION AND POSITIONING

Let us begin with a practical situation. We are supposed to go to a particular destination
and have a map which gives positions or coordinates of a landmarks which are easy to
identify. We have lost our way. If we can locate ourselves on the map, we have a chance to
take a suitable route to reach our destination. How do we locate ourselves on the map?

There are various ways to do so depending upon what further information we have about
the landmarks, what tools we have at our disposals etc. Let us get primitive and further
assume that landmarks are reachable by walking straight to them in a reasonable time. We
then realize that we can determine the distances between the landmarks and our current
position. Having learnt some high school mathematics, we notice that if we can determine
the distances to at least three landmarks (which are not in one line), then we can solve the

three equations (for z,y):
(x-X) +(y-Y) =R, i=123. (1)

Assuming that the map uses the Cartesian coordinates, (X;,Y;) are the coordinates of the
landmarks on the map. We determine R; eg by walking to the landmarks and determine
our coordinate (z,y) (see figure (I). Now we can chart our course and reach our destination.
This simple scenario is in a nut-shell the problem of navigation. Several assumptions have

gone into the above particular method.

e Locating or positioning refers to a determining certain coordinates on a certain pre-

determined map;



Here

FIG. 1: Position determination on a plane

e There is an adequate number of easily identifiable and accessible landmark objects

whose map positions are known;
e We have a method of determining distances from any of the accessible landmarks.

When we get more sophisticated, our needs increase eg we may need to position ourselves
in wilderness or in oceans or in sky where no clear “landmarks” are available whenever we
may need them. We may also need to determine our position to a high degree of accuracy.

One way would be to place the “landmarks” in space i.e. satellites, so that at least four
and preferably five are accessible any time from anywhere on earth or in near earth space.
Now there are two problems: (a) distance determination is bit more sophisticated. We may
use light and determine the light travel time to find the distance. (b) location of landmarks
themselves is also non-trivial. And of course we have to choose a suitable coordinate system

to refer to the various locations.

II. DETERMINATION OF LIGHT TRAVEL TIME

Let us take one problem at a time. Assume that we have a satellite in space which
can transmit signals and we have a suitable receiver. We want to determine the distance
between the satellite and the receiver. Due to finiteness of the speed of light, any signal
pattern will be received a bit later by the receiver. Imagine now that the satellite keeps

transmitting a predefined signal pattern over and over again and the receiver is also capable



of generating the same signal pattern. Suppose both the satellite and the receiver begin
generating the signal pattern simultaneously, then the pattern received by the receiver will
be shifted relative to the pattern generated by the receiver with a shift related to the light
travel time. It is easy for the receiver to determine the shift and hence infer the light travel
time. Problem solved! But how does the receiver know when to begin generating the pattern
(eg it may have been switched-off) without which the pattern-shift has no meaning? The

receiver’s clock must first synchronize with the satellite clock!
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FIG. 2: Code shifting and determination of light travel time

Thus a receiver first synchronizes its clock with that of the satellite and begins generating
the predefined pattern. It compares the received pattern, finds the shift (in time) needed
to infer the light travel time and then computes the distance. This determination of time
shift, done by the receiver clock, will have no relation to the travel time if the two clocks are
not synchronized. And synchronization means matching at one instant and having the same
rate of ticking. Any errors in this will translate into an error in the distance determination.

One can obviously repeat this for four or more satellites. If all the satellites are properly
synchronized, then matching with one will match with others as well. As the satellites are
all “moving”, we need the distance determination done at the same instant. This again
emphasizes the need for synchronization. Clearly, the satellites can also transmit their map
positions so that a program at the receiver can compute the receiver’s map position.

We have constructed a procedure by which positioning can be achieved, But we have also
introduced further features which are subject to laws of nature eg light propagation from a
satellite to a receiver and physical clocks needed in synchronization. We still have to address

the issue of a map or a coordinate system.



III. COORDINATE SYSTEM AND METRIC

The basic idea of a coordinate system is to assign a set of numbers to a set of points
such that each point has a unique assignment and each set of numbers is assigned to one
and only one point. As an example consider the following procedure of assigning a pair of
numbers to points on a plane. Choose a reference point (origin); choose a pair of orthogonal
directions (axes); using a measuring stick, go = units along one of the axes and then y units

along the other. Assign the pair (x,y) to the point so reached. Notice that if one traverses

AXA XY

Origin X

FIG. 3: Cartesian coordinates on a plane

in the opposite order, one still reaches the same point so that the procedure is independent
of order of traversals. But this would not work on the surface of a two dimensional sphere —
the two different traversals reach two different points and hence the same coordinates would

be assigned to two different points. This illustrates that the “most natural” procedure does

FIG. 4: Failure of the procedure on the sphere, the two large dots do not coincide.

not work on all types of surfaces. Another alternative which will work for all surfaces would
be to draw a grid on a “sheet” and paste it on the surface without wrinkles/tearing. This

would ensure the one-to-one property. However now (a) grid drawing is arbitrary (b) the



pasting is also arbitrary and (c) relation between coordinate differences and physical lengths

® .

is obscured.

FIG. 5: Procedure that will work on all surfaces

To appreciate the last point, consider the usual polar coordinates on the plane. This can
be set up as: choose an origin; choose a reference direction; choose another direction making
an angle # with the reference direction; traverse r units along this direction and assign

coordinate (r,#) to the point so reached. Evidently, for points along a radial direction, the
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FIG. 6: Polar coordinates and the metric

coordinate difference is the measured distance between the points. Along the circular arcs

though the measured length would be 8. One summarizes these facts by specifying a rule:

2
(AL)* = (Ar)> +7%(A0)° = ) gy(r.0)Az' A/ (2)
ij=1
The coefficients g;; are known as the metric coefficients. In the above equation they have
the form: g¢,,.(r,0) = 1, gee(r,0) = r%, g0 = gor = 0. For the usual Cartesian coordinate
system, g;; = d;;. The generalization to three dimensions is immediate and obvious.
The metric thus specifies the relation between small coordinate differences and the physical

length that would be measured by measuring sticks. The coordinates have a meaning only



in conjunction with the metric coefficients. Furthermore, if we choose another coordinate
system, we must choose corresponding metric such that the physical distance between two
nearby points remains the same. Clearly, the choice of coordinates and metric coefficients
must be such as to reflect the properties of the surface (or region) for which the map is being
constructed®.

But in our positioning problem, we are going to need assignments of time coordinates as
well. So we need a four dimensional generalization. Here, the physical properties of light
(or electromagnetic waves) come into play. Firstly, it has a finite speed of propagation and
more importantly its speed (in vacuum) has a universal value independent of motion of its
source or of its observer. Einstein extrapolates this observed property to be a fact of nature
for all observers (first for “inertial observers” in Special Relativity and then to all observers
in the “General Relativity”.) This means that if we assign coordinates (¢1, X3, Y1, Z;) and
(to, Xs,Y5, Z5) to two events of emission of light and its subsequent absorption, then we
must have ¢*(ty — t1)? = Z?j:l 9i;( X — X)) (X] — X]) (= the physical distance covered).
Furthermore, any other assignment corresponding to relative uniform motion, the same
relation must hold. Allowing now for arbitrary observers and hence arbitrary coordinates,

leads us to assign an physical measure to the quantity,
(As)? = g (t, ") Az'AxY | pu, v =0,1,2,3 (3)

This is analogous to the equation (2). However, the postulated measure must distinguish
time intervals on a clock from space-intervals between the end-points of a rod and it must
also accommodate the constancy of speed of light. This is easily arranged by permitting
(As)? to be positive, negative or zero. When it is negative the space-time interval denoted by
the coordinate differences, is termed time-like, when it is zero it is termed light-like and when
it is positive, it is termed space-like. Technically, the metric is called pseudo-Riemannian.
As in the case of eq. (2), As? has a physical meaning - difference in the readings of a physical
clock and lengths measured by suitable rods.

Let us consider a couple of examples to arrive at an interpretation of such a “map”.

Ezample 1: Let the map be described by coordinates (T, X*) and a metric goo = —1, gij =

dij, @ =1,2,3. Consider two events (i.e. four dimensional points) defined by emission of two

1 We see that the need to make a map for navigation leads us rather quickly to the basic notion of local

coordinate systems on a manifold, the need for a metric as well as its tensorial nature.



pulses, at two consecutive ‘ticks’ of a physical clock. Let the clock’s motion on our map be
described by X*(T') so that V*:= AX?/AT. Let us denote, V2 := 6;;V*V7. Then we have,

(Ar)2 = — B8 (AT)? {1 - V?/} (4)

c2

If VP =0, i.e. the clock is at rest on our map, then the time coordinate difference AT
is just the invariant quantity As/c. We interpret A7 as the difference in the readings on
a physical clock at rest on our map. This also means that we can think of 7" as being the
reading on a clock located at X* and at rest relative to the an origin. (This can be achieved
by distributing clocks all over the space and all of which are synchronized (i.e. show the
same reading) to a clock at rest.)

Now consider another clock moving with trajectory X*(T). The two events are now
defined by two consecutive ticks of a moving clock. Let the invariant interval be denoted by
(AT)moving and the corresponding time coordinate difference (which is same as the readings

on a clock at rest) by AT es. These two are related as,

V2
(AT)moving = AT‘rest H 1— 0_2 < AT’rest . (5)

The above map is called an inertial coordinate system. Its time coordinate denotes the
readings of a physical clock at rest relative to the reference point of the system. Furthermore,
the readings on an identically constructed moving clock progress slowly compared to the
clock at rest i.e. moving clocks slow down. This is the Special relativistic time dilation 2.
This map describes the space-time of Special Theory of Relativity and is also known as the
Minkowski space-time.

Ezxample 2: Let the map be described by coordinates (¢, 7,6, ¢) with a metric,

(As)? = <1 oM ) (cAt)? — (1 | 26M ) (Ar)? =12 {(A0)? + sin®0(Ad)*}  (6)

cr cr
Once again consider a physical clock emitting pulses at consecutive ‘ticks’ of the clock.

This clock can be in motion, described by (r(t),0(t), »(t)) on the map or it can be at rest

2 Rossi and Hall, in 1941, measured the flux of muons — particles similar to electron but about 200 times
heavier — at the top of hill and at the bottom. The muons have a half life of about 2.2 micro-seconds
when they are at rest. If there were no time dilation effect, one should have seen almost no flux of muon
which was contrary to the observations. The special relativistic time dilation formula exactly gave the
observed flux provided muons were travelling at about 0.98 times the speed of light. The effect has been

verified at greater precision many times since.



on the map. For a clock at rest and located at very large value of r (ideally infinity), the
coordinate differences coincide with the ticks of the clock just as in the previous case. Thus
we conclude that the time coordinate, t, represents the readings on a physical clock which is
at rest on the map and located at very large values of r 3. By contrast, the ticks of a clock,
also at rest but located at a value r = R, will satisty,

2GM

(AT)R = Atoo 1— 02R

At . (7)

Thus, clocks at smaller values of r will run slower than clocks at larger values of r since
ATp < Atp if R' > R. This is the General Relativistic or Gravitational time dilation. This
was verified in the Pound-Rebka experiment in 1959 4. This map describes the space-time
around a non-rotating, spherical body and is essentially the famous Schwarzschild solution
of Einstein field equation. The M in the expression denotes the mass of the spherical body
and r is larger than the physical radius of the body.

The two examples reveal that the rates of identically constructed clocks vary, depending
upon their motion and the presence of gravitating bodies in their vicinity. For pairs of
event along the trajectory of a physical (material) object (“time-like curves”), the invariant
interval A7 refers to the readings on some suitable physical clock. This is analogous to the
statement that (AL)? in the three dimensional example, is the physically measured length.

To summarize:

The setting up of a map involves a choice of coordinates, a choice of metric coefficients

and some understanding of the intrinsic properties of the space-time. The crucial revelation

3 Incidentally, the corresponding At intervals will also be the time intervals measured by a locally inertial

or ‘freely falling observer’.
4 Imagine a photon being emitted in a certain atomic transition at a certain altitude. Its period can be

taken as defining a clock at that altitude. An identical atomic transition at a lower altitude will similarly
define another clock. Their rates, and hence the frequencies of the the emitted photons, will be related by
the general relativistic time dilation expression. Thus, frequency of a photon emitted at higher altitude
should be smaller than that emitted at a lower altitude. Hence, a photon emitted in a certain atomic
transition by an atom at higher altitude cannot get absorbed by identical atom at lower altitude. The
possibilities of absorption at the lower altitude are also hampered by the recoils of the atoms in the process,
causing frequency shifts which are some 100,000 times more than the general relativistic ones. Using the
Mossbauer effect — “recoil-less emission of photon” — seen in crystalline samples, it is possible to nullify
the recoil effects almost completely. The absorption can also be influenced by moving the source up and
down in a periodic manner which introduces a known Doppler shift. With this, it is possible to pick out
only the gravitational shift and this was indeed verified using the 14 keV v-ray of Fe?® with the two sets
of atoms kept with a height difference of 22.5 meters.



of the general theory of relativity is that space and time must be considered together as
a space-time and that its intrinsic geometry are determined by distribution of material
bodies (matter and energy) via the Einstein field equations. Once a model space-time
or map is appropriately chosen, the clock rates under various conditions are determined.
A synchronization, crucial for our procedure for determining positioning, must take into
account these varying clock rates.

So, finally, what is the model space-time that is chosen for our global positioning problem?

IV. THE COORDINATE SYSTEM FOR GPS

There are two main coordinate systems in use [1]. There is one which is used for GPS
computations i.e. for satellite orbit computations, synchronizations etc. This is the so
called Earth Centred Inertial (ECI) system. The positioning however is needed mostly
on the surface of earth which is rotating. The users would like the answer in terms of
latitude, longitude and height. So one uses the so-called Earth Centred Earth Fized (ECEF)
system. A program does the necessary coordinate transformation ®. The ECI is described

by coordinates (t,7,0,¢) with r = 0 denoting the center of the earth and a metric of the

form:
(As)* = — {1 PPUl/RLL 90)2_ (DO} (cAt)* +
{1 - @} ((Ar)* +72(A0)* +r?sin*d (Ag)?)
Vi(r,0) = —GTM {1 — %Jg (?)2 (300529 — 1)} , where,

GM = 3.98600418 x 10" meter® sec™?
Jo = 1.0826300 x 10~ (quadrupole moment coefficient)

R = 6378136.46 meters (Equatorial radius)
Py

— = —6.9693 x 10717
&

This frame is not “attached” to the earth and is non-rotating. This is signified by absence

of a term of the for AtAz’. This space-time is an approximate solution of the Einstein

5 The fact that ECEF is rotating requires to incorporate corrections due to the Sagnac Effect. This is

handled at the receiver level.
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equation in the vicinity of the earth.

This is very similar to the metric in the example 2 above, except for two modifications.
The first one involving the form of V(r,#) incorporates the fact that earth is not exactly a
sphere, it has a bulge at the equator. This is coded by the quadrapole moment of the mass
distribution. There are also higher multi-pole moments which are too small and are ignored.

The second modification is the presence of ®, constant. Even for very far away from the
earth, the metric coefficient ¢;; differs from 1. Hence the coordinate time ¢ does not denote
the readings on a clock at infinity. Instead, it represents the readings of clock at a particular
. determined by V(r.,0 = 7/2) = ®y. This might as well be. Our practical unit of time —
the SI second — is defined by an atomic clock located at the mean sea level and at rest on the
surface of earth and all atomic clocks on the satellites are synchronized with the reference
atomic clock at the US Naval Observatory. But earth rotates relative to the ECI and so
does the standard atomic clock. So one should use the ECEF coordinate system and find
the locations where gZ“Ff (r, 0, w) equals a constant. At the equator one gets a particular
value which is denoted by ®,. This particular equipotential surface is called the geoid. Thus
the time now refers properly to the readings of the reference atomic clock on the geoid.

The model space-time now incorporates the matter distribution as well as refers to read-

ings on practical clocks in sync with the SI clock. Our map is now fixed.

V. PRACTICAL MATTERS OF THE SATELLITE BASED GPS

Having appreciated the role of relativity - in relation to the synchronization as well as in

constructing the appropriate map, let us note some details of the actual operational GPS.

A. Determination of map positions of satellites

As noted earlier, we need map positions of landmarks before we can determine our map
positions. This means determining the locations of satellites in their orbits. The same
Einstein’s theory says that the satellites orbits must be (time-like) geodesics of the metric.
In practice, it may suffice to use the good old Newtonian mechanics to determine the orbit
equation. Observations and tracking of the satellites (telemetry) then allows to make small

corrections to maintain the ideal orbits. (When the deviations are too large, the satellite
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broadcasts the message of its “ill-health” and the GPS receivers do not use the satellite.)
This information gathered from ground by telemetry is uploaded to the satellite, roughly
every two hours, and is broadcasted by the satellites. Thus, our landmarks keep announcing

their identity as well as their map positions.

B. Synchronizing the Satellite Clocks

In order to be able to infer the light travel time by code shifting, it is necessary for the
receiver’s clock to synchronize with the satellite clock. Satellites have atomic clocks, receivers
don’t. Since the satellites are farther away from the surface and moving, their rates suffer
both the relativistic time dilations ¢ and thus will not remain in sync with the reference
atomic clock. But of course, knowing the metric, one knows the relations between these
rates. It turns out that the orbit heights are such that the atomic clocks in the satellites
beat faster. The clock frequency used in transmissions is 10.23 MHz. So one deliberately
reduces the frequency at the launch to 10.229 999 995 43 MHz so that in orbit it reaches
the desired frequency.

A story goes that when the first cesium atomic clock was put in space on 23rd June 1974,
some people had doubted the general relativistic time dilation and had not incorporated the
corresponding shift in the frequency of the clock. However as a safety measure, a frequency
synthesizer was kept on board to make amends if the need arose. After about 20 days,
indeed the clocks wend out of sync by an amount predicted by the general relativistic time
dilation (+442.5 x 107! observed against +446.5 x 107! predicted) and so this correction
has been incorporated since.

Now we have covered all the essential ingredients needed for a satellite based global
positioning system — we have the map, the map positions of the landmarks and the workable
procedure to infer light travel time to infer the distances to the landmarks. Here are now

some of the actual details of the GPS used in practice.

6 Recall that a moving clock slows down while a clock farther away from a gravitating body speeds up.
A satellite at greater height will thus have a net speed-up while one at smaller height will have a net

slow-down. At about 9545 km radius circular orbit the two effects cancel.
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C. The NAVSTAR GPS

The name refers to the only currently deployed satellite based system and is an acronym
for NAVigation Satellite Timing And Ranging Global Positioning System.

It was built by the US Department of Defence during the eighties and the nineties at a
cost of about 12 billion dollars. Currently it is maintained by the US Air Force at an annual
cost of about 750 million dollars. It was put in place to be able to launch various ICBMs to
destroy enemy silos. During the 90’s, non-US military users could get a less accurate data
so that the GPS accuracy was limited to about 30 meters. Since 2000, this distinction has
been removed.

The system consists of 24 satellites arranged in 6 groups of 4 each. Satellites in a given
group lie on a plane making an angle of 55 degrees with the equator and the 4 satellites in each
plane are roughly 90 degrees apart. All satellites are in nearly circular orbits (eccentricity
less than 0.01) at a radius of 26,600 km with a period of 11 hours 58 minutes (passes over
the same earth location once a day). At any time, from any where, at least 6 satellites are in
the line of sight. Currently, there are 30 such satellites deployed, which are used by receivers
for improving accuracy. These also make the system more reliable against multiple failures.

Each satellite transmits (radio waves) three different types of data in the primary nawvi-
gation message. The almanac which is a coarse time info along with the satellite status; the
ephemeris which is the orbital info which the receivers use to compute the satellite position
and the clock info in two forms — Coarse/Acquisition Code or C/A and the precise or P
Code. The message is 37,500 bits long. The C/A code is 1023 bits long pseudo-random
code, broadcast at 1.023 MHz, repeating every milli-second. This is used to identify the
satellite and subsequently to determine the travel time.

The basic limitation of accuracy comes from time delay measurements and are about
10 nanoseconds from the C/A code (and 1 nanosecond from the P code). This translates
to about 3 meters (30 centimeters). There are other sources of degrading effects such as
Tonospheric delays (5 meters), Ephemeris errors (2.5 meters), satellite clock errors (2 meters),
multi-path distortions (1 meter) tropospheric effects (.5 meters), numerical errors (1 meter).

This covers basic aspects of an operational GPS. There have been precursors of the
NAVSTAR system. GPS has many, many diverse applications. Information regarding these

is available in [3] as well as other Internet sources.
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VI. A TEASER

We have seen how the problem of navigation is quite directly tied with basic ingredients of
general relativity - the general coordinates, the metric, the relevant space-time (approximate
solution of Einstein equation). Are there further links between the two? As a matter of fact
there is yet another general relativistic effect which has relevance for navigation.

The satellite based GPS is fine for navigation in the vicinity of the earth. If we imagine
interplanetary travel, we need to use some version of inertial navigation: we need to carry
a coordinate system (three gyroscopes) with respect to which the spacecraft’s acceleration,
and velocity are to be determined and appropriately modified. However, the spinning gyros
also precess due to two general relativistic effects - the precession due to curvature (geodetic
deviation) and the precession due to the rotation of a massive body. These will have to be
taken into account for navigation over larger distance and time scales. A direct experimental
determination of these effects was carried out recently by the Gravity Probe B experiment

of NASA and I refer you to [4] for further information.
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