Majorana Fermions

1 Majorana operators

Consider a system of fermions at N sites i =1,..., N. Let cj and ¢; denote
the fermion creation and annihilation operators at the i*" site. They satisfy

the canonical anti-commutation relations,
{%CT} = 0y
{CZ‘,CJ'} =0
(i) -

Define 2N hermitian Majorana operators,

jan

i1 = ; (Ci + CZT)

1 f
§iz Z (Ci - Ci)
{&a,&p} = 26i0m

2 The hamiltonian
The most general quadratic fermion hamiltonian can be written as,
H = Z ;fiaAia,jbfjb
ij
where A is any real antisymmetric matrix,
Aiajv = —Ajbia

* —_—
ia,jb T

2.1 Real anti-symmetric matrices

(8)

We review some general properties of real anti-symmetric matrices. We have,

A =A=A"
The eigenvalues of A are purely imaginary and come in pairs,

A" = i€, ", A(P") = —ie, (¢™)", n=1,...N

(9)
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Without loss of generality, we choose ¢, > 0. The orthonormality of the

eigenvectors implies,
(6") @™ = Gum = (6")" ™
We define the real and imaginary parts of ¢",
o = ¢+ i

and write the orthonormality equations as,

(6"7)" 6™ = G

(6v1) omt = 0

(6") 6™ = G

The eigenvalue equation (10) can be written as,
0 A ¢nR B ¢nR
—A 0 ¢nI = €n ¢n[

3 The ground states

We expand the Majorana operators in terms of the eigenmodes,

o = 2 (0ol + Buol)

n

Op = Z Qb?aRgia

a

Bo = D Pabia

ia

The hamiltonian decouples in terms of the eigenmodes,

H = Z €n (Zﬁn@n)
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Denote the operators o,, = i(,a,. They form a mutually commuting set of
operators with eigenvalues +1. Without loss of generality, we can choose

€, > 0. The ground state is defined by,

0,|GS) = —|GS), ¥n

2
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If there are Ny zero modes, we label them by €y, a = 1,..., Ny, and
choose €, > 0, n = 1,...,(N — Ny). The ground state degeneracy is 2™0.
We first focus on the simplest case, Ny = 1. We then have two degenerate

ground states defined by,

ool£) = +[%)

The two degenerate states are related to each other by

apl+) =)
apl—) = [+)
Bol+) = —il=)
Bol=) = il+)

The ground state manifold is therefore that of a two level system, namely

a sphere,

0 , 0
0, ¢) = cos §|+> + €' sin§|—)

(28)



