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Abstract

Real time correlators are essential in the study of finite temperature field theory
when the system is out of equilibrium. Different methods of obtaining such
correlators are studied in detail for simple harmonic oscillator which is (0+1)d
QFT. We also review the complications to formulate AdS/CFT correspondence
in Minkowski space and then the recipe for calculating the real time two point

functions in that space. A well known result using this recipe is reproduced.
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Introduction

The idea of gauge/gravity duality presents the most beautiful link between
string theory and our observable world. It is also an excellent place to pursue
our theoretical understanding of strongly-interacting quantum systems, gravity
and string theory itself. Historically it came out of string theory. But in the past
few years this duality has proven its independent existence as an effective de-
scription of strongly-interacting quantum systems. Such an effective description
forgets its stringy origin and it has some important properties that are believed
to be universal to many other strongly-interacting systems. The AdS/CFT corre-
spondence is becoming the most promising toolkit for condensed matter physi-
cists [8, 9, 10] to understand some strongly coupled systems such as real-time,
finite temperature behavior of strongly interacting quantum many-body sys-
tems, especially those near quantum critical points [1]. Such systems can not be
solved accurately by the usual arsenal of field theoretic methods.

The AdS/CFT correspondence was first proposed by Maldacena in 1997 [2].
This duality allows physical observables in a conformal field theory (CFT) to
be computed using a gravity theory (which is historically a particular super-
string theory) in anti-de-Sitter (AdS) space. When the CFT on the boundary
of AdS space is strongly interacting, naively the corresponding gravity theory
in the bulk approaches its classical limit, i.e , Einstein gravity. In this limit,
correlation functions of a generic operator in the CFT can be calculated using
the Einstein field equations only. These correlation functions are interesting be-
cause they encode information about excitations coupled to the operator in the
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many-body system. They and specially some nonlocal observables called Wil-
son loops, which can be geometrically calculated using AdS/CFT, can tell us
whether the system exhibits some instability such as phase transitions [3] .

So far these are just words. To use the above mentioned duality quantita-
tively, we should have some precise procedure which will relate the field the-
oretic quantities to their gravity theory equivalents. Such a prescription was
given in [4]. It states that the partition function of the QFT coincides with the
gravity theory partition function restricted to its boundary. Formally, let &' be
fields in gravity theory, and let O be their dual operators in the gauge theory.
As the gauge theory is living on the boundary of the space-time the string the-
ory lives, ' are called bulk fields and O will be called boundary operators.

The statement of the duality is following :

<exp ( / @éa) >CFT — Zocl®) (1)

where Zo¢[®{] is the partition function of Quantum Gravity, with boundary
conditions that ®* goes to ®; on the boundary. This is in Euclidean signature.
It avoids some complications related to boundary conditions that we discuss in
detail later in this thesis. But we don’t have a very useful idea of what Z is
(except in perturbation theory)! However, in the limit where the gravity theory
becomes classical we can do the path integral by saddle point. The sharpness of
saddle dictates how classical the gravity theory is. Treating ®{ as the sources of
boundary field theory one can calculate the two point functions by taking func-
tional derivative of Zg with respect to ;.

Working in Euclidean space is very common and convenient too. One can
always analytically continue the results to Minkowski space whenever needed.
However, in many cases extraction of Lorentzian-signature AdS/CFT result di-
rectly from bulk gravity theory is inevitable. For example, gauge theory at finite
temperature and density can only be understood by real time Green’s functions.

In principle, one can try to get the real time propagators using the analytic prop-
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erties of Euclidean Green’s functions. But this procedure is fruitful only when
Euclidean correlators are exactly known for all Matsubara frequencies. In prac-
tice, sometimes we are compelled to use some approximation for gravity calcu-
lations (e.g, in non-extremal backgrounds). Therefore, we have to have some
prescription for computing Minkowski correlators directly from gravity which
was done by Son and Starinets [5]. This prescription and reproducing some
useful sample calculations following that prescription are central goals of this
thesis. These results match beautifully with the corresponding outcomes from
CFT side.

This thesis is structured as follows. In chapter 2, we review the geometries
of AdS space. We discuss some basic properties of correlators in QFT in chapter
3. For some illustration we calculate the correlators for harmonic oscillator in
chapter 4, and show that they follow the properties stated previously. Propaga-
tors for free scalar field are obtained by generalizing those results in Minkowski
space and some technical ambiguities of these correlators are also discussed. In
chapter 5, we shade some light on AdS/CFT correlators in Euclidean space and
also discuss about the difficulties of Minkowski space formulation. Then we
look for the way out, which is the famous Son-Starinets prescription for calculat-
ing Minkowski space correlators in chapter 6. In this chapter we also reproduce
some results applying that prescription. We apply it for zero temperature field
theory but it is also applicable to finite temperature. Chapter 7 consists of some
concluding remarks and outlook on the whole idea of Minkowski space correla-
tors. The appendices are devoted to various important and detailed calculations

outside the main line of the thesis.

EpAF



AdS Space

Anti de Sitter space is a space of Lorentzian signature (—, +, +, ..., +) but of con-
stant negative curvature. Thus is an analog of the Lobachevsky space, which is a
space of Euclidean signature and of constant negative curvature. It is maximally
symmetric space. The word "Anti” is there because de Sitter space is defined as
the space of Lorentzian signature and of constant positive curvature which is an
analog of the sphere (sphere is the space of Euclidean signature and constant
positive curvature). Before jumping into the geometry of AdS space which is

relevant to this thesis, let us introduce a more general space to which it belongs

[7].

2.1 Some Quadric surfaces

AdS space is an important member of the family of homogeneous spaces which
can be defined by quadric surfaces. We can stick only to diagonal quadrics as
any quadric form can be diagonalized. The signature plays a crucial role in this

case.
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Sphere
A sphere S9 of radius R is defined as a positive definite quadric
dt1

> XP =R 2.1)
=1

embedded in an Euclidean d+1 dimensional space. This is invariant under
SO(d+1).

Hyperboloid

Now if we change the sign as following
d
d XP U =+R? (2.2)
=1

that will give us a hyperboloid of one sheet or two sheets depending on plus
and minus sign respectively. Both of the spaces have varying curvature.

Hyperbolic, de Sitter and Anti-de Sitter space

We will see how the same surface (Hyperboloid) is embedded in flat Minkowski

space with the metric

d
ds’ =Y dX} — dU? (2.3)
i=1
The quadric
d
Y XP-U=-R (2.4)
=1

as Euclidean case will give rise to hyperboloid with two sheets due to the

negative sign. But unlike previous case due to embedding in Minkowski space
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it is now maximally symmetric space whose curvature is necessarily constant.
The upper sheet of this hyperboloid is defined as Hyperbolic space, H. Its sym-
metry group is SO(1, d).

The other quadric with positive sign
d
XU =R (2.5)
=1
in Minkowski space is called de Sitter space, dS, .

Let us now define Anti-de Sitter space, AdS,. It is defined by the quadric with

another extra minus sign.

d-1
XU -VP=-R (2.6)
i=1

embedded in a flat d+1 dimensional space with the metric (‘Minkowski met-

ric’ with one extra minus sign!)

d—1
ds’ =Y dX} — dU* — dV? (2.7)

=1

The AdS space remains invariant under SO(2 , d-1) and allows closed time-
like curve. On the other hand, dS space has closed space but no closed time-like
curve. More mathematically, the topology of AdS, is R @ S'. Where as
topology of the dS; is S~ ® R*.

2.2 Anti-de Sitter space in different co-ordinates

In order to calculate correlation functions in AdS space one has to choose a co-
ordinate system. The metric of AdS space will be different depending on co-
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ordinate system one uses. And the choice has non trivial consequence [11].

Global co-ordinates

A co-ordinate system which covers all the space is called global co-ordinates.
Let us first find out the form of the metric of AdS;. Generalization to higher

dimension will be straight forward. Global co-ordinates for AdS; are defined by

U= Rcoshpsint V = RcoshpcosTt
X1 = Rsinhpcos¢p Xy = Rsinhpsing

These yield the metric
ds®* = R*(— cosh® dr* + dp® + sinh? p d¢?) (2.8)
where 0 < p<oo, 0< ¢ <271 and 0 <7 < 27.

Therefore for AdS; we will have the metric in global co-ordinates as follow-
ing [6]

0% = R*(— cosh? dr* + dp? + sinh? p €3] ,) (2.9)

The change of co-ordinate, tanf = sinhp gives the metric

R2

7 (—dr® 4 db? + sin’® 04, ) (2.10)

2 _
ds; =

Poincare Co-ordinates

The Poincare co-ordinate system can be introduced by first defining the light

cone co-ordinates

V=X
U=
X
p= LK (2.11)

RQ
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So, by this change of co-ordinates we have absorbed the time-like co-ordinate,
V. Redefine the other co-ordinates as

T = 5}; (space-like)
t= v (time-like) (2.12)
uR
Therefore (2.6) becomes

Riuv + R*u? (t2 — f2) = R?

(2.13)
d—2
where 7% = Z 3.
i=1
From this equation we can express v in terms of ¢, u and z* to get
Vo (R4 - )
2u
1
Xg1=—{1+*(-R*+7° - 1*)}
2u
X, = Rut. (2.14)

It is very convenient to change the co-ordinate z = 1. The Poincare coordi-
nates z, 7, t are defined by following relations

1
V=—(+R+2 -1

2z
z
1
Xd,1 = Z(ZQ - R2 + i’z - t2)
Rt
Xo=—. (2.15)
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In this coordinates AdS metric takes the form

R—2{d22 + (dz)* — dt*} (2.16)

ds® =
22

Here = behaves as radial coordinate and the AdS space in two regions, de-

pending on whether z > 0 or z < 0. These are known as Poincare charts.

At



Correlators in QFT

3.1 In Minkowski space

The main topic of this thesis is all about thermal Green’s functions and comput-
ing them from gravity theory. Therefore let us review some general well known
properties about different Green’s functions [5]. Let O be a local, Bosonic op-
erator in a finite temperature quantum field theory. Retarded and advanced

propagators for O are respectively defined by

Gal) = i [ atae ™0(2) (O(w). O0) G.1)

Galk) =i / d'ze=*20(—1) ([0 (x), O(0)) (3.2)

Here ¢"¥ = diag(—1,1,1,1) and (#, *) := expectation value in thermal state.

From these definitions it can be shown that (See Appendix A)

Gr(k)* = Gr(—k) = Ga(k)

And for parity invariant systems, Re G 4 are even functions of w = k° and

Im G r.4 are odd functions of w.

10



Chapter 3. Correlators in QFT

Now lets consider symmetrized Wightman function

G(k) = % / d*ze”™* (O (x)0(0) + O(0)O(x)) (3.3)

All other correlators can be written in terns of G®,G* and G. As an useful

example, Feynman propagator is

(k) = —i / dize 7 {O()O(0)}) (3.4)

= {Galk) + Ga(h)) — iG(H 5)
From the spectral representation of Gz and G we get (See Appendix B)
G(k) = — coth (%) Im GE(k) (3.6)
And for known G*(k) we can calculate

Gr(k) = Re Gr(k) +icoth % Im Gr(k). (3.7)

So as T— 0, (3.7) becomes
Gr(k)| = ReGg(k) +i sign(w) Im Gr(k) (3.8)

Taking the limit w — 0 in (3.6), we can get another useful formula

- 2T - 0 -
G(0.k) = — lim — Im Gp(k) = 20T 5~ Gr(w. k) B (3.9)

3.2 In Euclidean space

In Euclidean space one has to normally deal with Matsubara propagators

Gplky) = / d*zg e ™7 (T {O(x5)O(0)}) (3.10)

11
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Ty denotes Euclidean time ordering. The Matsubara propagators are defined
only at discrete values of the frequency wy. For Bosonic O they are multiples of
2rT.

We can always relate the Euclidean and Minkowski propagators. The re-
tarded propagator Gr(k) (as a function of w) can always be continued analyti-
cally to the whole upper half plane and at complex values of w equal to 27iTn,

reduces to the Euclidean propagator

Gr(2miTn, k) = —Gg(2rTn, k) (3.11)

Similarly if we analytically continue the advanced propagator to the lower

half plane gives Matsubara propagator at w = —2miT'n,
Ga(—27miTn, k) = —Gp(—2rTn, k) (3.12)

In particular for n= 0 one gets

Gr(0,k) = GA(0,k) = =G (0, k) (3.13)

EgAF
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Correlators for (0+1)D QFT

After reviewing the definition and basic properties of correlation functions let
us verify some of the relations for the simplest case, quantum field theory in
(0+1)D. This is nothing but simple harmonic oscillator (SHO) with only one
independent variable, namely time (t). (See Appendix B for very brief review of
SHO.)

Ground state Correlators

To calculate correlators of two observables P and () at ground state one has to
compute the quantity of the generic form

0|P(1)Q()|0)
0|61HtP —theth’Qe—th’|0>

fro(tt) =(
{
<O|62Ht —ontP —th’e—th’Q|O>
{
{

O‘eth t)P —iH(t—t") Q‘())
0| P(t —¢)Ql0)

So, this type of quantities depend only on the time difference between to two
points in time. Therefore, instead of considering two different times for the

arguments of correlator with out any loss of generality we can define correlation

13



Chapter 4. Correlators for (0+1)D QFT

functions as following
fro(t) = (0|P(t — ')Q]0)

Now we will compute different Green’s functions for simple harmonic oscil-
lator at both zero and finite temperature. For detailed calculations see Appendix
C and Appendix D.

4.1 Green’s functions at zero temperature

1. Feynman Green’s function

In real space the Feynman Green’s function is defined as
Gr(t) = =1{0[T{2(1)2(0)}]0)
where 7' is the time-ordering operator.

Therefore, the Feynman propagator will be

-7
Gr(t) = 2—%5%“' (4.1)

In Fourier space Feynman propagator will be

ép(w) = /dt €_ithF(t)
. 0 . o0
_ dt elwo—w)t | - /dt e i(wotw)t
2(4}0 2w0
—o0 0

Now to make the integrals to be convergent we have to add or subtract a

small parameter ie inside the exponent and at last take the limit ¢ — 0. The

14
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Feynman Green’s function in momentum space will be given by

~ 1
Gr(w) = w? — wi +ie

2. Retarded Green’s function

In real space retarded Green'’s function for oscillator will be
, S 1 .
Gr(t) = —i0(@)0l[2(1), 2(0)]|0) = —0(t) - sin(wot)

In Fourier space the retarded correlator is

oo

/dt(e—iwot _ 6iw0t)e—iwt

0

. i
Gr(w) = Yo

Therefore

3. Advanced Green’s function

In real space advanced Green'’s function for oscillator is

Galt) = +ib(—){0][E(t), 2(0)]|0) = B(—t)— sin(wot)

Wo
In Fourier space the advanced correlator is
0
~ 2 . . .
G - dt —iwot __ iwot) ,—iwt
aw) = gt [ diferi = e
Therefore
~ 1
Galw) =

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

15
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4. Symmetrized Wightman function

Wightman function is defined as
L farna A (O A
G(t) = 5(0Rz()2(0) +2(0)2(t)}]0) (4.7)

In Fourier space the function will be

oo

Glw) = / dte= (1) 4.8)
So
é(w):%{wQ—clug—i-ie_w?—al)g—ie} (49)

4.2 Real time Green’s functions at finite temperature

We have defined the Hamiltonian of harmonic oscillator previously. At finite
temperature, to get the correlation functions, the states between which the ex-
pectation value has to be calculated are not ground state |0) but |n). Where

(ah)"

n!

10)

n) =

and the corresponding energy of the state is

1
€n = Wo (n+§)

16
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Now, we can write down the partition function for the oscillator as

Z = Z ¢ PEn

{all states}

o0
_ Z e Blnt3wo)
n=0
o0

—pPwo/2 Z (eﬂ&m)"

n=0

—Pwo/2
exp

1. Feynman Green’s function

In real space the correlation function,

(@(t)2(0))

1 oo
== > ¢ M i (1) (0) )

n=0
1 e—iwot + 6—Bwoeiwot
o

N 2&)0

The Feynman Green’s function will be

— e—iw0|t| + e—ﬂwoeiwo\ﬂ
t) = 4.11
GF( ) 2w { (1 - 6_’80"0) } ( )

In Fourier space

[e.e]

ép(a)) = /dte_i“’tGF(t)

0

Now we have to consider two regions of integration for ¢. Taking care of all

those as previous calculation we end up with the Feynman Green function in

17
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Fourier space

~ 1 1 e—Bwo
Gr(w) = (1 — e=Bwo) { (W2 — w2 +i€)  (w? —wd —ie) } (412)

2. Retarded Green’s function

In real space : Retarded Green’s function

Gr(t)=—ib(t) ) (n|[z(t), 2(0)][n) (4.13)

1
Gr(t) = —0(t)[—2sin (wot)] (4.14)
2&)0
This expression of Green’s function is identical to the retarded Green’s func-

tion of oscillator at zero temperature (C.5).

1
Gr(t) = —0(t)— sin (wyt) (4.15)

Wo
In Fourier space : We have computed the retarded Green’s function in mo-
mentum space at zero temperature. So, obviously at finite temperature also we

have the same expression as (C.7)

Gr(w) = w? — w§ — sign(w) ie (4.16)

3. Advanced Green’s function

In real space : Advanced Green'’s function

Galt) = +ib(—) Y © ——(n|[(6), 2(0)]n) (4.17)

n

18
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Ga(t) = i9(—15) [sin (wot)] (4.18)

Wo
This expression of Green’s function is identical to the advanced Green’s func-

tion of oscillator at zero temperature (4.5)

Ga(t) = 0(—25)%0 sin (wot) (4.19)

In Fourier space : Here also as retarded Green’s function at finite temperature

we have the same expression as (4.10)

Galw) = (4.20)

4. Wightman function:

Wightman function is defined as
L s ~r 2
G(t) = 5(0Hz(®)2(0) +2(0)2(2)}]0) (4.21)

So,

1 (1 + e Pwo)

Gt) = 2wp (1 — e=Fwo)

cos wot (4.22)

Therefore, in Fourier space the function will be

(e 9]

G(w) = / dte ™'G(t) (4.23)

— 00

So

. i (14e P 1 1
= — — 4.24
G(w) 2(1—6—5“0>{w2—w§+i6 w2—w§—ie} 424
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e Relationships between different Green’s functions

Now we will show that the different Green’s functions of SHO satisty the re-
lations stated in previous chapter. Here we focus only on correlators at finite

temperature. The zero temperature results are special case of these.

Consider the following combination

L Grw) + Caw)] - iGw)

2
1 1 N 1 L1 e o 1 1
T2 |w? —wi —sgn(w)ie  w? —wd+sgn(w)ie] 2 \1—e P ) w2 — w2 +ie w?—wi—ic

B 1 1 e~ Pwo
(1 — e=Buwo) {w2 — W2 tie  w?—wi— z'e}
=Gp(w)
So
Gr(w) = 5[Gn() + Galw)] - iG(w) (425)

From the previous relation (4.25) we can write

Gr(w) = 3[GR() + Galw)] - iG(w)
= ReGr(w) — iG(w)
= ReGg(w) + icoth <%> Im G%(w)

where we have used the following relations :

Therefore,

Gr(w) = ReGr(w) + i coth (%) Im G r(w) (4.26)

20



Chapter 4. Correlators for (0+1)D QFT

e Comments on correlators at 7" # 0

We have derived the different correlators for simple harmonic oscillator which
we know as (0+1)d quantum field theory. These results can easily be general-
ized to usual free scalar field theory in (3+1)d. So w should be replaced by four
vector k and wy by m, mass of the scalar field. Therefore we can write the prop-

agators for free scalar field as following.

Zero temperature :

Gp(k) = ——— (4.27)

Gralk) = : =i° 4.28
R,A( ) k2 . m2 s Sgn(td)@ﬁ ) w ( )
- i 1 1
_° _ 4.2
Gk) 2{k2—m2+i6 k2—m2—ie} (429)

Finite temperature :

A 1 1 o—Blkol
GF(k) :(1 — 6_|k0|5) {(k’2 —m2+ iE) o <k2 —m2— ZE)} (4.30)
1 1 ethl
(1= eTol) {(k‘2 —mZ+ie)) (k2—m?) ind(k* — m*)e Ik '}

(k2 — m? + ie) ePlkol — 1
5 i /1 +6*5|k0| 1 1
k) =— — 4.31
G (k) 2(1—6—5|k0|){k‘2—m2+i€ k2—m2—ie} (4.31)

Gr.a(k) will be same as they are for T=0 (see(4.28)).

_ { 1 2mib(k — m2)}

Following the above real time formalism we arrived at a very convenient

form of Green’s function (4.31). It has two parts : one is same as zero tem-

21



Chapter 4. Correlators for (0+1)D QFT

perature, the other part is due to temperature. However, the real time Green'’s
function we got here are often ambiguous as pointed out in [12]. For example,
in higher loop calculations pathologies like product of delta functions at the
same point will appear. To avoid these ambiguities one can use other methods
namely Schwinger-Keldysh [13, 15, 16] and Thermofield dynamics [17] where
one doubles the degrees of freedom by introducing ghost fields. By Schwinger-
Keldysh method the Green’s function comes out to be a 2x2 matrix, as there
are two different type of fields. We won't discuss about these type of Green’s
function in this thesis. But just mention how they look like.

Grlw) = 0T .
F() z2lfieef55525(w2_m2) —12 _i2m 5(w2—m2)

1 9 9 9 i2we—Bwo/2 2 2
~ <w2wg+’i€ - eﬁioﬂ—lé(w —m ) 117336’5“’0 (5(&) -m ) ) (4 32)

w?—wg—ie ePwo—1

GH(w) is the free field propagator which we have derived earlier. But the
most interesting fact is that if a mass term is added to the free Lagrangian, due
to the structure of the propagator no pathologies like power of delta functions

appear in perturbation series. All such terms get canceled [13].

kAt
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AdS/CFT Correlators

5.1 In Euclidean space

Let us first recall the AdS/CFT formulation in Euclidean space [4, 5] . For his-
torical significance and definiteness we talk about the famous correspondence
between N'=4 SYM theory and classical gravity (SUGRA) on AdS;x S°. The
Euclidean version of the metric (Poincare patch) for this manifold is given by

2

ds® = %(d# +dx? 1 d2?) + R2dGs (5.1)

v
z = 0 corresponds to the boundary of AdS; where the four dimensional quan-
tum field theory lives. Consider a field ® in the bulk which is coupled to an
operator O" on the boundary such that the interaction Lagrangian is $O. We

know, AdS/CFT correspondence then states
<€f61\/l ‘I)Oo> = efscl[q’] (52)

where S, [®] is the action of classical solution to the equation of motion for ¢ in
the bulk metric with the boundary condition : Q.o = Do.

The metric (4.1) corresponds to the zero-temperature field theory. To study
field theory in finite temperature one has to modify the above metric to a non-

extremal one

42*\ | prag.” 53
f"(z))+ : (53)
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Chapter 5. AdS/CFT Correlators

where f(z) =1 —z*/2} and 2y = (#T)~'. T is Hawking temperature. 7 is the
Euclidean time co-ordinate which is periodic, 7 ~ 7 + T~ ! and z is between 0

and zp.

5.2 Difficulties in Minkowski Space

In Minkowski space also one can try to put down the correspondence in follow-

ing way
< ot Jonr <1>oo> _ iSal®] (5.4)

But there are some difficulties with this Minkowski version of the dual-
ity. The basic problem is with the boundary condition. In Euclidean case ¢
is uniquely determined by its value at the boundary z = 0 and the require-
ment of regularity at horizon, z = zy. So, the Euclidean correlator is unique.
In Minkowski space, unlike the previous case, both modes are oscillatory and
Therefore the regularity at horizon does not work. To pick a solution one has to
have a more refined boundary condition there. From physical perspective one
important boundary condition is the incoming wave at z = zy. This wave goes
inside the horizon but cannot escape from there. But even if we choose such a
boundary condition, the Minkowski version (5.4) will still be problematic. Let
us see where the problem lies. We will start with the AdS part of the metric (5.3),

which can be written as
ds® = g..d2* + g, (2)da"dz” (5.5)

Consider a fluctuation of scalar field, ¢ on this background space-time. For

any curved (d+1) dimensional space-time the action due to scalar field reads

S = / V=g d*™z [D"¢D,¢ + m>¢?)] (5.6)

where j runs from 0 to d; and D, is the covariant derivative.
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Chapter 5. AdS/CFT Correlators

For this AdS5 space we can write the action as
S=K [t [ a5 57067 + 9" (0,0)0,0) + w6 (5)

as for scalar field ¢, D,¢ = 0,¢ and K is normalization constant (for dilaton
K= —7m3R%/4k3,, Kio is the 10 dimensional gravitational constant) and m is the

mass of the scalar.
We can write the action (5.6) in the following way
S=K / V—gd'z / dz [Da(¢D"¢) — pDaD ¢ + m*¢?)] (5.8)
where A consists of { =0, 1,2,3} and z.

S=K / V—gd'z / dz[—¢(0 —m2)qi] +f( / V—gd'z / dz[DA(ngAng)]/ (5.9)

-~ -~

SEoM SBoundary

The equation of motion (EOM) for ¢
(O-mHo=0 (5.10)

L = b

g (z) is a function of z only. So, EOM will be

(V=99 0,¢) —m*¢ = 0

—

1

al

It has to be solved using the boundary condition at = = zp. Lets take the

0.(V=9970.¢) + 9" 0,0,¢) —m*¢ =0 (5.11)

solution to be

oz.) = [ e RlIen(h (5.12)
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Chapter 5. AdS/CFT Correlators

¢o(k) is determined by the boundary condition

4
oena) = [ Gz on(h) 5 filen) =1 513)

Now substituting (5.13) into the EOM, (5.11) we get

1

NS

* Boundary condition on fj

0-(V=9970:fr) = (9" Kk, +m*) fr =0 (5.14)

1. fk(ZB):l, and
2. Satisfies the incoming wave boundary condition at horizon (z = zy).

Let us look at the action on shell (i.e, when ¢ satisfies the EOM). Clearly from
(5.9), the action reduces only to a boundary term

Stomiary =K [ V=g ' [ :lDa(0D0)
— K [ V=gdo (6D")

where doy, is a hyper-surface perpendicular to k direction. Now if the surface
is chosen to be perpendicular to z direction (as we are integrating over z from

2z = zp to z = zy) the action reduces to

SBoundary =K / \/__g do, {¢DZ¢}

K [Vgdia (o7 0.0) (5.15)
Now substituting (5.13) into (5.15) and integrating over = we get
d*k o
SBoundary = / W ¢0(_k)f<k7 Z)¢0(k) . (516)
where
F(k,z) = K\/—99% f-1(2)0, fr(2). (5.17)
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Chapter 5. AdS/CFT Correlators

If we want to calculate Green’s function, we can use equality (5.4). We can
find the two point function taking the second derivative of classical action with
respect to ¢, the boundary value of ¢.

Therefore, using (5.16) the Feynman Green’s function is

ZH ZH

— F(=k,2)

2B

G(k) = F(k, 2) (5.18)

2B

The problem with this Green’s function is, it is completely real. But retarded
Green’s functions are complex in general. Noticing the fact that f(2) = f_x(2)
and using the equation of motion (5.14), it can be easily shown that imaginary
part of F(k, z)

is independent of radial co-ordinate z, i.e, 0,ImF(k, z) = 0. Therefore, in each
term of (5.18), the imaginary part at horizon z = zy and at boundary z = zp
cancel each other.

To avoid the problem we can throw the contribution from horizon term. But
from reality of field equation one can show, F(—k,z) = F*(k,z). Therefore,
imaginary parts cancel again. So, G/(k) is still real.

EkpAF
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Prescription for Minkowski Space

Correlators

To get the complex retarded Green’s function we will follow the prescription
by Son and Satrinets which they proposed as a conjecture in [5] and proved or
rather justified in [14]. The conjecture is

Gr(k) = —2F(k, 2) (6.1)

2B

To justify the above conjecture we will just pick up one case of zero temper-
ature field theory and reproduce the two point functions following [5].

The prescription is as follows
1. Find a solution to the (5.14) with following properties:

¢ Itequals to 1 atboundary z = z;

* For time-like momenta : It satisfies incoming wave boundary condition
at horizon.

For space-like momenta : The solution is regular at horizon.

2. The retarded Green’s function is given by G' = —2Fj,,, where F is defined
as (5.17) and only contribution from boundary has to be taken.

Now, we have seen earlier that ImF(k, z) is independent of radial co-ordinate

z. S0 we can calculate it at any convenient value of z; in particular at horizon.
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Chapter 6. Prescription for Minkowski Space Correlators

6.1 Sample calculations and comparison with CFT

results

To see whether the prescription works, let us consider the following systems
whose green’s functions are already known using other methods.

e At zero temperature

Let us use the above prescription to calculate the retarded (advanced) Green’s
function of the operator O = 1F? at zero temperature. Here the action is of
minimally coupled massless scalar field in the background AdS;. The horizon
is at zy = oo and the boundary is at zz = 0. Now the mode equation reads (see
Appendix E)

1)~ 2 1i(2) — B () = 0 62)

For spacelike momenta, k* > 0, we can follow the steps identical to the Eu-
clidean case (see Appendix E)

. N2kA
Grk) = 5

In &?; k* >0 (6.3)
The extra minus sign is due to the Lorentzian signature.

For timelike momenta, we introduce ¢ = v/ —k2. The solution to the equation

(6.2) with the mentioned boundary conditions will be

25 (¢2)

e if w > 0;
fk(Z) = :2H<V2>(qz)

2y =)

eI ifw < 0.

Now, f_r = fr . Calculating F from (5.17) and using the prescription (6.1),
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Chapter 6. Prescription for Minkowski Space Correlators

we get

~ N2K*
Crlk) = 6472

(Ink? — i sgn w) (6.5)

From (6.3) and (6.5) we can write the complete retarded Green’s function as

. N2K4
Grlk) = 542

(In |k?| — imO(—k*)sign(w)) (6.6)
As z — oo, F(k, z) does not go to zero rather it becomes purely imaginary in
that limit.

iN? K*sign(w)
1287

F(k,z — o00) = =ImF(k,¢) (6.7)

This we could guess from the fact of flux conservation (5.19). So, imaginary
part of the Green’s function can be calculated independently from the asymp-
totic behavior of the solution at the horizon.

We can now use the relation (3.8) to get the Feynman propagator at zero
temperature

. N2
Grk) = 1

(In |k?| — in0(—k?)) (6.8)

Evidently, we can obtain the same propagator by Wick rotating the Euclidean
correlator

. N2K4

Therefore, the prescription gives the correct answer for retarded Green’s

function at zero temperature.

o At finite temperature

We have checked the prescription at zero temperature. The same procedure
can be applied to compute the retarded Green'’s functions of two dimensional
CFT dual to the non-extremal BTZ black hole. And if the result is analytically
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Chapter 6. Prescription for Minkowski Space Correlators

continued to complex frequencies we can reproduce the well known Matsubara

correlators for thermal field theory.

A4
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Conclusion

Although there are Euclidean correlators to study phenomena at finite temper-
ature the real time methods are essential for describing a system which is away
from its equilibrium. While Wick rotated, the time coordinate of Minkowski
space becomes merely a spatial coordinate. Therefore to describe a system that
is not in equilibrium one can again analytically continue that coordinate to res-
cue the good old notion of time. But This procedure is not always feasible in
practice, as one has to know all the Matsubara frequencies exactly. Moreover,
The process may involve some pathologies like poles in that complex domain.
On the other hand ordinary real time methods are useful to study those non-
equilibrium phenomena. But there appear some ambiguities in quantum level.
For example, if as perturbation a mass term is added to the Lagrangian of the
free propagator, pathologies like power of Dirac delta functions at the same
point arise. We don’t have any fruitful technique to tackle this ambiguity. So,
as a way out one can think of different methods to handle the problem unam-
biguously. Schwinger-Keldysh technique is one of them. In this method instead
of making time purely imaginary, one considers a specific loop in complex time
domain and at last take the real time segment to be infinitely extended. The
Green’s function comes out from this procedure is not a complex number but a
2x2 complex matrix. Its structure is such that the above mentioned pathologies
are bypassed due to cancellation of ambiguous terms [13].

In the context of AdS/CFT also thermal correlators play a significant role to
describe boundary CFT at finite temperature. The AdS/CFT correspondence
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Chapter 7. Conclusion

is originally formulated in Euclidean space. To obtain Minkowski space corre-
lators one has to formulate it in Minkowski space. But in this space unlike Eu-
clidean case the solution is not uniquely determined by its value at the boundary
and regularity at the horizon. Even if the incoming wave boundary condition at
horizon which is physically relevant can not help. Because, the Green’s function
obtained using this formulation is completely real, where as it should be com-
plex in general. One prescription to obtain complex correlators is to drop the
contribution from the horizon. And following this recipe zero and finite tem-
perature CFT correlators can be computed from the gravity calculation in AdS
space.

kAot
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Relationships among different

Green’s functions

Retarded and advanced Green’s functions are defined as following

GE(k) = —i / d*ze=™*0(t)([O(z), 0(0)]) (A.1)

GA(k) = i / dize 5 79(—)([O(x), O(0)]) (A2)

Gy =i [ dteo(6)(Ow). O(0))
i / d'ze0(1) {{01(0)0 (x)) — (0'(2)0" (0))}
= — / d*ze™*0(t)([O(x),0(0)]) ; O’s are Hermitian

= GR(—k) (A.3)
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Appendix A. Relationships among different Green’s functions

_ GR(R)* (A4)

Therefore ,

GE(k)* = GR(—k) = GA(k) (A.5)

EgA ot
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Very brief review of SHO in quantum

mechanics

The Hamiltonian of an 1D harmonic oscillator of unit mass is given by

o 242
S P Wyl
H==—

2 + 2

; Putting h = 1 (B.1)

Now, lets define the creation and annihilation operators as following.

A Wo (N
=/ = B.2
a=/ 5 T+ \/Z_w()p (B.2)
MO L B3
a 5 & \/2_wop (B.3)
So,
[a,a']=1 and al0) =0
Therefore, we can write Z and p as below.
b=y /——(a +al) (B.4)
r = 2@)0 a a .
p=—iy] G - ah (B.5)
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Appendix B. Very brief review of SHO in quantum mechanics

Now, we can express the Hamiltonian as following way:.

Therefore energy,

In Heisenberg picture we know for an operator P(t)
P(t) = et pe-ifit (B.6)

So, if p does not have explicit time dependence, equation of motion will be

dp(t) .~
= [p, H
= [p, H]
For SHO
6, H] =woi

= a(t) =ae "

Similarly, a'(t) = afe™o?

EpAF
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Computing different Green'’s
functions of SHO at T=0

Here we will compute Feynman, retarded, advanced and symmetrized Wight-
man Green’s functions for 1D SHO at zero temperature.

e Feynman Green’s function

Consider the correlation function

= L (0lfat) +at(t))[a + af)jo)
_ 1
T 2w
= L (0jaaf|opeteot
2W0
1
N 2&)0

(0|[ae™™°" + ate™][a + a']|0)

6—iw0t
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Appendix C. Computing different Green’s functions of SHO at T=0

For t<0, one has to calculate the quantity

(0]2(0)2(£)[0)
1

= 2_%<0|aaT|o>e+iw0t

1

e—l-iwot
2(4)0

From these two expressions finally we can write

Gr(t) = —i(0|T[E(H)2(0)]|0) = %' (C.1)

The Green’s function in momentum space will be

Co(w) = / dte G p(t)

—1 L
- dte zwte two [t
2&)0

Casel : t>0

G (w) __Z/ dte—(wotw)t
0

20.)0
i [
= lim — dte—i(wg-l—w—ie)t
=0 2wy Jo
—q efi(wofw)t t=00
= lim — :
2wy =0 —i(wp — w — 1€) |,_,

N 2_w10 |:(WO +3u — ie)}
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Appendix C. Computing different Green’s functions of SHO at T=0

Case 2 : t<0

0
/ dt@z wo —w—1€)
2&)0 00
—1
[ —0]
wo - W — ZE

1
w wg—l—ze

Therefore, the Green function in momentum space is given by

o [G+@) + G-)]

:imh L 1.} (C2)

2wp =0 | (w—wp +i€)  (w+ wy — i€)

GF((U)

We can simplify G'r(w) further assuming wy > 0 and finite and keeping only

linear order in €.

iémpPrLf} (C3)
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Appendix C. Computing different Green’s functions of SHO at T=0

e Retarded Green’s function

Gr(t) = —i6(t){0l[2(2), 2(0)]]0) (C4)

So,

Gr(t) = —ib(£){0[[2(1), 2(0)]]0) = —9(75)%0 sin (wot) (C.5)

In Fourier space :

o0

GR(Q)) _ 2_—(;0/dt(6_iw0t . eiwot)e—iwt
0

— ilim /dte"(wﬁ‘”"e)t — /dtei(wow“e)t
2(,(}0 e—0
0 0

1 . { 1 1 }
= lim - — "
200 =0 | —w —wo+1€  —wFwy+ i€

Therefore ,

Ginlw) = ! (C6)

w? — w2 — 2iwe

This is very clear from (C.6) and (C.3) that for harmonic oscillator at T=0, if

w < 0, the Feynman and retarded Green’s functions are same. In general we can
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Appendix C. Computing different Green’s functions of SHO at T=0

write

Cinlw) = ! (C.7)

w? — wg — sgn(w)ie

e Advanced Green’s function

Ga(t) = +i0(=t)(0[[2(1), £(0)]]0) (C.8)

2&)0
1
= 0(—t)—si t
( )wo sin(wot)
So,
. R R 1
Ga(t) = +i0(=)(0|[2(t), 2(0)]]0) = O(—t) — sin(wot) (C.9)
0
In Fourier space :
0
CN?A(w) = 2%00 / dt<e—iwot . eiwot)e—iwt
) 0 0
= Lhm /dte—i(wo-f-w-i-ie)t _ /dtei(wo—w—ie)t
2(&)0 e—0

Therefore

Galw) = (C.10)

This is very clear from (C.6) and (C.3) that for harmonic oscillator at T=0, the
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Appendix C. Computing different Green’s functions of SHO at T=0

Feynman and advanced Green’s functions are same if w > 0. In general we can

write

- 1
Ga(w) = (=2 T sgn@)id (C.11)

e Wightman function

Fourier space Wightman function is defined as

o0

G(w) = /dteMG(t)
— li /dtei(w+wo)t+/dt6i(wwo)t
22&}0
0 0o
_ i /dt {e—i(—w-l-wo—i-ie)t+e—i(—w—wo+ie)t} +/dt {e—i(—w+w0—ie)t+€—i(—w—wo—ie)t}
4&)0
—00 0

1 7 i ! ?
= 0 — + :
4wy {(—w + wp + t€) i (—w—wo+ie) (—wAHwy—ie) (—w—wy— ie)

Therefore

Glw) = % {w L1 } (C.12)

At
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Computing different Green'’s
functions of SHO at T+#0

e Feynman Green’s function

* In real space : The correlation function

{@(t)2(0))

1 — , ,
== =Pt 390) () (et ateot) (@ + at)|n)

:LeXpiﬁwo i g~ Bnwo) {<n|ddT|n>6_w°t + <n|dT&|n>e+i“°t}
2&)0 Z =0
1 e PBwo {i e .
_ n + 1 zwot ﬁwon + Z nezwote—ﬂwon
2&)0 0

1 65“’0

where,

r = e Pwo
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Appendix D. Computing different Green’s functions of SHO at T#0

But we know that

" 1
;(m 1)r =0T (D.1)
= 1
= (D.2)
nZ:O (I—r)
RN ann :Z(n+ 1)r" — Zrn
n=0 n=0 n=0
B 1 B 1
S (1—=r)2 (1—-1)
T
(1 —7)2
Therefore
(2(t)2(0))
B 1 e Bwo ¢~ iwot N o—Bwo giwot
_QCUO 7 (]_ — e_BWO)Q (1 _ e—ﬁwo)Z

1 efiwot + efﬁwoeiwot

2wo [ (1 — e=Pwo) ]

Now if we calculate (#(0)Z(¢)) then the terms we get are (n|aa'|n)e™°! and
(n|aa|nye~*' . Evidently, only there will be a change of sign to time, i.e,
t— —t.

Therefore, the Green’s function will be

G(t) =

(D.3)

—3 e—iwo\t| +€—ﬁwoeiwo|t|
{ (1 —efw) }

QWQ

* In Fourier space :  To take the Fourier transformation we have to split the

integral in two parts .
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Appendix D. Computing different Green’s functions of SHO at T#0

1. Fort >0:

—zwt —zwot —Bwo zwot
Gi(w) = 20.10 1= BWO /dte +e )

0
B i(wo+w—ie) —Bwo i(wo—wie)t
2(,001—66“’0 {/dte e /dte
0 0
;o —Buwo

— 1€

D4
2w0 (1—e~ Bwo [ w—w0+ze)+(—w—|—wo—l—ie)] D4)

2. Fort <0 :
, 0
é (w) _ —1 1 / dte—iwt (eiwot —I'_ e—ﬁwoe—iwot)
- 2w (1 — e=Bwo)
. 0 0
— —1 1 / dtei(wo—w—ie)t + e Pwo / dte—i(w0+w+ie)t
2UJO (1 — 6_/60-)0)
_Z 1 —/L 7:6718"-)0
- - D.5
2w (1 — e7Pwo) [(—WJFWO—%) (—w—wo—@'e)] (D)

Therefore, from (D.4) and (2) we can calculate the Green’s function in

Fourier space

Gr(w) = Gy(w) + G_(w)

i 1 i(w 4+ wy — i€ — w + wo — i€) o—Bun L i(w—wp — i€ —w — wy — 1€)
2w (1 — e=Buo) w? — (wy — i€)? w? — (wo — 1€)?
(D.6)
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Appendix D. Computing different Green’s functions of SHO at T#0

So the Feynman Green function in Fourier space is given by

§ 1 1 1.e~Bwo
Gp<w) = (1 — e_gwo) {(wz - w(Q) n z'e) + (wQ — w% — 26)} (D7)

e Retarded Green’s function
* In real space : Retarded Green'’s function is defined as

e~ B(n+zwo)
Gr(t) = —if(t) Y | ————(nl[&(t), 5(0)]|n) (D-8)

e—zwot e—Bwo ezwot ezwot e—ﬁwoe—zwgt

- 20 [T ey e e

= —H(t)wio sin (wot)

This expression of Green’s function is identical to the retarded Green's

function of oscillator at zero temperature (C.5)

Grlt) = —0(H) - sin (wyt) (D9)

Wwo

* In Fourier space : We have computed the retarded Green’s function in mo-

mentum space at zero temperature. So, obviously at finite temperature

also we have the same expression as (C.7)

Gr(w) = (D.10)
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Appendix D. Computing different Green’s functions of SHO at T#0

e Advanced Green’s function

* Inreal space : Advanced Green'’s function is defined as

) 6—5(n+§w0) . A
Galt) = +if(—1) > ————(nl[#(t), 2(0)]|n) (D.11)
Z‘ e—iwot e—ﬁwo eiwot eiwot e—ﬁwo e—iwot
= —0(—1) oy T o o =
2w (1 —ePwo) (1 —eBwo) (1—ePw) (1—eBuwo)

_ 9(—t)wi0 sin (wot)

This expression of Green’s function is identical to the advanced Green’s

function of oscillator at zero temperature. (C.9)

Ga(t) = 49(—25)6%0 sin (wot) (D.12)

* In Fourier space : Advanced Green’s function in momentum space at finite

temperature we be same as at zero temperature

~ 1
= D.1
Galw) w? — wi + sgn(w)ie (D-13)

e Wightman function

Wightman function is defined as

Gl = §<| (1)3(0) + #(0)(1)} |0 (D.14)
1 e ﬁwo —iwot 4 giwot) 4 (giwot t eiwot)

5 wo { 1 —e Bwo) } (D15)

{ 8 i_ E—Zwo 2 cos wot} (D.16)

(D.17)
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Appendix D. Computing different Green’s functions of SHO at T#0

So
1 (14 e Pw)
G(t) = t D.18
() = Gy (1= epon) CO5%0 (D.18)
Fourier space Wightman function is
Gw) = / dte ™' G(t)
_ 1 14 e_ﬂwo 7dt6_i(_w+w0)t + 7dt€—i(—w—wo)t
20.}0 1— 6*5“’0

This expression is exactly same as the zero temperature Wightman function

1+e—Pwo
1—e—Pwo

up to a factor ( > . Therefore in Fourier space the function will be ,

~ i (14 e Peo 1 1
Glw) == — D.19
() 2(1—6—5“’0) {wz—w§+ie w2—w§—z’e} ( )

kAt
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Correlators in Euclidean AdS/CFT at

zero temperature

To compute the Euclidean two point function of a CFT operator O on uses the
AdS/CFT correspondence

(eJorr 900y — =9pld] (E.1)

Sg|¢] is classical gravity action and ¢, is boundary value of bulk field, ¢.
At T=0, M = AdSs x S° (no black hole in the bulk).
Euclidean AdSs metric is

2

ds? = i(sz + dx?) (E.2)

22
x are coordinates in R*. The action of massive scalar field on this background
is
ZH =00

Sp= K / o' / d2/G [07(0.0)% + ¢ (0,6)(00) + mP¢?]  (E)

TR® .
2/
4K

where, K = and k4o = 10 dimensional gravitational constant.
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Appendix E. Correlators in Euclidean AdS/CFT at zero temperature

S K/fﬂ/wC%){ S0.08 + 007 0ttt (B

TR RP 1 22 R*m?

3 8 2 2012
i / dz / d'wz? ( .¢)? 2(8i¢)2 + RZ—Tgb?} (E.6)

4;-@10

Now, the Fourier representation of the field is

o2.) = [ e Rllen(h £)

Substituting (E.7) into (E.6) and integrating over « coordinates

4
Sp —ﬁmgm/ﬁa/dkl'8ﬁM8ﬂ)+Wﬁﬁm— " fuf )60 (K)ol )

(E.8)
EOM of f;, will be
X% 0% X%
o~ Yoy ey EY
1 R?m? d (1df
= (e )= (FE)  h=ae
7(2) = 2fi(2) - (k2 + ’”252) =0 (E.10)
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Appendix E. Correlators in Euclidean AdS/CFT at zero temperature

Its general solution is
bp(2) = AZ?1,(kz) + B2*1_,(kz) (E.11)

where, v = V4 + m?R? and I, (kz) is modified Bessel functions of first kind. The

solution is regular at z = oo and equals to 1 at z = ¢, therefore,

22K, (kz)

fi(z) = TR, (ko) (E.12)

On shell, the action reduces to the boundary term

[e.e]

Sp

bo(k)po(K)F(z, k, k')

3 8 47, 74 1.
™R /dkdk (E.13)

- 4K32, (2m)8

€

The two point function is given by

0% Z[ o]
o (k)dco()

= —2F(z,k, k)

(O(K)O(K)) =2~ (E.14)

$o=0

€

= — mot e+ k) IO

2 3
2K7) z

From (E.13) we get

™R8

2
2K1

(O(K)O(K)) = — A= D om)ist (k + Kkl ——— 4 . (E.15)

where dots denote terms analytic in k and /or those vanishing in the € — 0 limit.
Substituting r19 = 272 R1/N [18]

. N2 Al LKA - A
(OWOU) = - T Vem' sk + K psmra sl (E16)
For integer A, the propagator will be
—1)2 N2 L2014
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Appendix E. Correlators in Euclidean AdS/CFT at zero temperature

For massless case (A = 4), we have

2

647t

(O(k)O(K)) = (2m)* 6% (k + K )k* In k? (E.18)

ok
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