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Introduction



Motivations

» AdS/CFT dominating [hep-th] for last two decades!
» Universal features of holography : Cardy formula, EE etc.

» Conformal blocks are very useful : Bootstrap, AGT, bulk
locality and gravitational scattering, geodesics, ...

» Goal : To show conformal blocks with two heavy & arbitrary
number of light operators factorize.

» Relevant in the context of EE for excited states with
multiple intervals.




What are Conformal Blocks?

» Consider a p-point correlator

(O(21)0(22)O(z3) - - - O(2p))

» Insert p — 3 resolutions of the identity

> (01(21)O2(22)|a) (@] O3(23) B) - {C|Op-1(2p-1)Op(2p))
a,B.E,...

» A typical term of this sum is called conformal block

Folziy hiy hi) = (O1(21)Oa(za)|) (| O3(23)[8) - (C|Op—1(2p—1)Op(2p))

» These are building blocks of CFT correlators.




What is entanglement entropy?

» Density matrix of a state is defined as py = |¥) (7|

» EE is Von Neumann entropy of reduced density metrix
pa = Trp(piot)

Product state Entangled state

(3 Gs) (G nvays)
Calle ) Cr =)

[¥)y=1¥)a®[¥)g [y =¥ @ %)

@) @Gz

Soa = —Tra(palog pa).

» A measure of entanglement between subsystems. Vanishes for
pure states.




What is entanglement entropy?

» Density matrix of a state is defined as py: = |¥) (7|

» EE is a geometric quantity

Minimal Surface

min[y4]
4G N
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» A measure of entanglement between subsystems. Vanishes for
pure states.




What is entanglement entropy?

» Density matrix of a state is defined as pyo: = |¥) (7|

» Disjoint intervals in 1+1 dimensional systems

Soa = —Tra(palog pa).

» A measure of entanglement between subsystems. Vanishes for
pure states.




Which excited states?

» Using the state-operator correspondence

W) = Oy (0)0) and (] = lim 22P# 220 (0|0 (2, 7).

2,2—00

AdS CFT

0|0)

» Op(0) has very large scaling dimension. Corresponding
states are heavy states.




Boundary Computation




Heavy-light correlators

(O1(21, 21)O2(22, 22) - - Op(2p, 2p)) = Zd{ﬁi}}_(ziahi,ili)]:_(ii,hi,ili)

{hi}
» We are interested in
m—+1
(On(z1,21) [] Ouzi2) On(zmea, Zmi2))
=2

» QOur correlator of interest in terms of cross-ratios

m+1

or(1) [T Oc()

=3

<0H(oo)

OH(0)>.

» We work in ¢ — oo limit for which

~ I B
Fpy(Zis hiy hi) = exp [—af(p)(zméuﬁi)} .




Heavy-light correlators

» We shall also work in the heavy-light limit

6h 6h
EH:THNO(1)7 ELZTL<<1

» And this particular OPE channel




Monodromy method

» Recall a typical conformal block looks like

Fplziy his hi) := (O1(21)O2(22)|e) (| O3(23)[B) -+ (C|Op-1(2p-1) Op(p))

» Let'’s insert an additional operator, v(z)

U(z, 21) = (O1(21) Oa(22)la) {0l t)(2) O3(23) B) -+ ((|Op-1(2p-1)Op(2))
= ’(/)(Z, Zz)]:(p) (Zi, hi, ilz)

» Choose that (=) obeys the null-state condition at level 2

3
2(2hy, + 1)

oo 19

L oy— L2 | )y =0, with, hy “= -5 5




Monodromy method

» The differential operator representation gives an ODE

p

+T(2)(z) =0, with, T(z) =Y [(z — s

i=1

Ci

d*y(z)
dz?

-z

» Here, ¢; = 6h;/c and ¢; are the accessory parameters

O (2i € &)
821-

dc;  Oc;
aZj - azi

¢ = satisfying

» Solve for the ¢;, by using the monodromy properties of the solution
1 (z) around the singularities of T'(z).




Monodromy method

» ¢; can be obtained by studying monodromy properties of ¥ (z) ,
around contours containing the operator insertions.

» Monodromy around a contour v, = info about the resultant
operator which arises upon fusing the operators within

~ <€+7ri/\ O

M(vy,) = — 0 e“A) , A=/1—-4¢,

» Perturbation theory in e (heavy-light limit)

¥(2) = O (2) + P (2) + P (2) + -+,
T(z) =TO(2) + TW(2) + TP (2) + -+,

¢i(z) = cgo)(z) —l—cgl)(z) +cl(2)(z) +--., fori=3,4,...,m+1.




Monodromy method

Choice of monodromy contour = Choice of OPE channel

» We choose the contours such that each of them contains a pair of
light operators within.

» This is equivalent to looking at the OPE channel in which light
operators fuse in pairs.

» This choice is geared towards entanglement entropy calculations.

1 T3 Ty Z5
€L €L L €L v,
0 o
€n €n




Monodromy method

Choice of monodromy contour = Choice of OPE channel

» We choose the contours such that each of them contains a pair of
light operators within.

» This is equivalent to looking at the OPE channel in which light
operators fuse in pairs.

» For 5-pt function (H-L-L-L-H)
1 T3 Ty

T Yo
® OO

€




Monodromy method

» The monodromy conditions for all the contours form a coupled
system of equations for the accessory parameters.

» Performing the exercise for 5- and 6-point blocks provides
sufficient intuition to guess the solutions.

» For light operators located at x,, and z, living with in a contour,
the corresponding accessory parameters are

)
= Tp(ry — xg) ’
| —eafafla— 1) +as(ot 1) + ()0
o zq(zg — x7)




Monodromy method

The accessory parameters can now be used to obtain the conformal
block

_ Ofp (i€, &)

~ c _
Ci = 822 F(P)(Zh hia hl) = €Xp I:igf(p) (Zia €is E7,):|

Even-point conformal blocks

» The (m + 2)-point block factorizes into a product of m /2 4-point
conformal blocks

5 c _
Fimvo)({zi}sen, em; &p) = H exp |:_6f(4)(xp>$q§ €L, €H; 6;;)}
Qi—{(p,9)}

- H f(4)(xp’wq;€L7€H;€p)'
Qi—{(p.)}

Q; : Indicates the OPE channels / monodromy contours.




Monodromy method

Odd-point conformal blocks

» The (m + 2)-point block factorizes into a product of (m — 1)/2
4-point conformal blocks and a 3-point function

- e c -
Fonrpy{zidieremiéa) = (1)~ J[  exp [—gf<4><xp,xq;eL,eH;ea>
QP = {(p,9)}

= (1)_€L H F(4)($p,xq;6L,€H;€a).
2= {(r.0)}

a

& — ¢ a:(?(/2+z{.1/2
where, f(4)(a:l,z]-;eL,eH;ep) =e€r ((l—a)logmzzj- + 2log — - J ) + 2€p log 4awi/27:/2 .
J




Caveats

This factorization is true only . ..

© at large central charge.
@ in the heavy-light limit
@ for this specific choice of OPE channels

°€p<<€L




Bulk Picture



The dual geometry

» The heavy excited state is dual to the conical defect geometry

2 1 . ,
ds? = 2 (—dt2 + gdpQ +sin?p d¢>2> . with oo = /1 — 24~y /c.

~ cos?p

» The light operators are dual to bulk scalars of masses of O(c) and
can be approximated by worldlines.




The dual geometry

» The heavy excited state is dual to the conical defect geometry

2 1 . ,
ds? = 2 (—dt2 + gdpQ +sin?p d¢>2> . with oo = /1 — 24~y /c.

~ cos?p

» The conformal blocks can be reproduced by considering lengths
of suitable worldline configurations in the bulk.

w




4-point block from bulk

(O (00)OL(2:)OL(2)Om(0))

» The worldline action : S =erlr + &l,
» The “R-T lengths”
N . QW5 é
Ip(wi;) =2 log (Sln—2 ) + 2 log <2> ,

lp(wij) = — log (tan ajij) .




4-point block from bulk

(O (00)OL(7:)OL(7;)On(0))

» The worldline action : S = el + €yl,

» The (w; dependent) contribution to the correlator

(tan*5)"

oy )2

G(wi, wj) = e~ 6S(wiws) _ o=hplp(wij)=hplp(wij) _
(sin®




4-point block from bulk

(O (00)OL(%:)OL(7;)On(0))

» The worldline action : S = el + €yl,

» From cylinder to plane : z; = ¢™ and x; = ¢™i

.7'-(4)(CEZ‘, l‘j) = l‘;hLl‘;hLG(wi, ’UJj)

(Matches!)

Wi, 5 =—1 log :Eiyj




Higher point block from bulk

Even-point conformal blocks

w., we

7
‘L
1 T xy T 6 T
L €y €L €l Lo €L i
i€
H P
_ Y .
3 c ¢ — € e e
[ [ € 0 LNTE, [ €L 5
0 o]
€ €
w3 Wy




Higher point block from bulk

Odd-point conformal blocks

l 3 T L5 g .
€L €L €L €L L
€, e p-
_ ..,
= - = w
é, é, 0 5
0 o0 €L L
€ €H
w3




EE : An Application



EE for excited states

» EE from Rényi entropy : Sff) =L log tra(pa)” ; n—1
» Effectively need to compute (for n — 1)

G4, 75) = (W)o(1)5 (23)0(24)5 (25)0(26)5 (7) - . . o (wan )7 (wan+1)|P)
2N

= (0] ¥(o0) o(V)a(ws) [] o(zi)a(wir1) ©(0) |0)

i=4,6,-

» Dimensions of the twist and anti-twist operators




EE for excited states

> Inthe limitn — 1 o,d : Light operators
¥ : Heavy operator

e

L my € . (zp —27)
SA_,ILL)mlSA —3miln{ Z loga_l}.

aipay  “TT) 2

with, « = /1 — 24hg/c

’LU7 we

N\

04’> <\‘w5
11)3 ’LU4




Conclusions & Outlook



Summary

» Higher point conformal blocks are tractable in the
heavy-light limit.

» These conformal blocks can be reproduced precisely from
the dual gravity picture.

» This is applied to find entanglement entropy of disjoint
intervals in heavy states.

» This conformal block can be rewritten in terms of geodesic
lengths (bulk locality?)




Outlook

Applications

© Tripartite information
® Mutual information in local quenches

©® Scrambling, chaos, ...

Extensions

© Higher spin holography
@ One-loop corrections

©® Higher dimensions, ...







QUESTIONS




