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The Broad Picture

v

Holography has interesting universal features.

v

Some particular conformal blocks in 2D CFT
= geodesic lengths in asymptotic AdS;

v

Goal : To show that conformal blocks with two heavy &
arbitrary number of light operators factorize & to find its
dual bulk picture.

v

Application : Relevant in the context of EE for excited
states with multiple intervals.
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Introduction



What are Conformal Blocks?

» Consider a p-point correlator

(O(21)0(22)O(z3) - - - O(zp))

» Insert p — 3 resolutions of the identity

Y (O1(21)02(22) ) (] O3(23)|8) -~ (C|Op-1(zp-1)Op(z))
a,B,&,...

» A typical term of this sum is called conformal block

Fo(2i hiy hi) := (O1(21) Oa(22) ) (| O3(23)|8) -+ (¢|Op1(2p-1)Op(2p))

» These are building blocks of CFT correlators.




What is entanglement entropy?

» Density matrix of a state is defined as py = |¥) (7|

» EE is Von Neumann entropy of reduced density matrix
pa = Tre(prot)

Product state Entangled state

(3 Gs) (Fonvays)
Calle ) Crf =)

[¥)y=1¥)a®[¥)g W)= V) ®[¥)g
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[Courtesy : R. Islam et al.]

Soa = —Tra(palog pa)

» A measure of entanglement between subsystems. Vanishes for

pure states. \@




What is entanglement entropy?

» Density matrix of a state is defined as py: = |¥) (7|

» EE is a geometric quantity

Minimal Surface

[Courtesy : T. Nishioka et al.]
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» A measure of entanglement between subsystems. Vanishes for
pure states.




What is entanglement entropy?

» Density matrix of a state is defined as py: = |¥) (7|

» Disjoint intervals in 1+1 dimensional systems

Soa = —Tra(palog pa).

» A measure of entanglement between subsystems. Vanishes for
pure states.




Which excited states?

» Using the state-operator correspondence

) = Op(0)]0) and (| = lim 22042200 0|0y (2, 7).

2,200

CFT

- :

[Courtesy : J. Kaplan]

» Op(0) has very large scaling dimension. Corresponding
states are heavy states.




Boundary Computation




Heavy-light correlators

» We are interested in

m+1

(On(z1,21) [[ OL(zi. %) On(zmya, Zmi2))
i=2

» In terms of cross-ratios x; = %

m+1
(On(o0) [om) 11 oLm)] On(0)).
=3

» We work in ¢ — oo limit for which

- c B
Fp)(ziy hiy hi) = exp [—gf(p)(zi,%ﬁi)} .




Heavy-light correlators

» We shall also work in the heavy-light limit

6h 6h
EHZTHNO(l), ELZTL<<1

» And this particular OPE channel

z6 Ty T Tm+1
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Monodromy method

[Julian’s Talk]
» Recall a typical conformal block looks like

Fplzis hiy hi) := (O1(21) O2(22) ) (| O5(23)18) -+~ (¢|Op-1(2p-1)Opl(2))

» Let’s insert an additional operator, v(z)

U(z,2) = (O1(21)Oa(22)|a) (]t (2) O3(23)[B) -+ (C|Op—1(2p-1) Op(2p))
~ )(z, z;) exp {—gf(p)(zi, €, gi)}

» Choose that (=) obeys the null-state condition at level 2

3
2(2hy + 1)

C—lOO 1 9

L—2 - L2_1:| |‘II> = 07 Wlth, hi/’ = - — —




Monodromy method

» The differential operator representation gives an ODE

2 p c
dw()+T() Y(z) =0, with, T(z Z[(z_z)z :

dz? z— 2z
=1 1

» Here, ¢; = 6h;/c and ¢; are the accessory parameters

Of ) (zis €, &)
821‘

Oci _ ¢
8Zj - 32’1

ci=— satisfying

» Solve for the ¢;, by using the monodromy properties of the solution
1 (z) around the singularities of T'(z).

» Monodromy around a contour ~; = info about the resultant
operator which arises upon fusing the operators within




Monodromy method

Choice of monodromy contour = Choice of OPE channel
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Monodromy method

Choice of monodromy contour = Choice of OPE channel
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Monodromy method

» The monodromy conditions for all the contours form a coupled
system of equations for the accessory parameters.

» Performing the exercise for 5- and 6-point blocks provides
sufficient intuition to guess the solutions.




Monodromy method

The accessory parameters can now be used to obtain the conformal
block

_8f(p)(zi7€ia &)
62’,‘

C

¢ = 6f(p)(zi7 €, gi)}

Fip)(zis his hi) = exp [
Even-point conformal blocks

» The (m + 2)-point block factorizes into a product of m /2 4-point
conformal blocks

N c _
Fimso)({zi}sen, em; &) = H exp |:_6f(4)(xp>xq§ €L, €H; 6;;)}
Qi—{(p,9)}

- H f(4)(xp’xq;€L7€H;gp)-
Qi—{(p.9)}

Q; : Indicates the OPE channels / monodromy contours.




Monodromy method

Odd-point conformal blocks

» The (m + 2)-point block factorizes into a product of (m — 1)/2
4-point conformal blocks and a 3-point function

N e ¢ _
Fonrny{aitier em &) =254 [[  exp [_éf(4)(xp7xq§6L7€H;€p)
Q1 ={(.0)}

=27 [ Faylep zg e en ).
Q- {(pa)}

a/2 | /2
where, fay(zi, xji€er,emqiep) =e€p [ (1 — a)logz;z; + 2lo; ot —af + 2&p, lo 461&
, fay (@i, @jiep,eqiep) =€p g TiT; 2 - p 108 JR= /2

72
with a = /1 — 24hp /c..

j —




Caveats

This factorization is true only . ..

© at large central charge
@ in the heavy-light limit

@ for this specific choice of OPE channels




Bulk Picture



The dual geometry

» The heavy excited state is dual to the conical defect geometry
2

1 . :
ds? = 2 <—dt2 + ;de +sin?p d¢2> . with = /1 — 24hy/c.

cos2p

» The conformal blocks can be reproduced by considering lengths
of suitable worldline configurations in the bulk.

w

/
g,




4-point block from bulk

(On(00)OL(7:)OL(2)Om(0))

» The worldline action : S = erly + &l,
» From cylinder to plane : z; = ¢ and z; = '

i_hLZL'j_hL 1% 67§S(wi,wj)

(Matches!)

wi,]‘:—i log ziyj

Flay(@i zj) =«




Higher point block from bulk

Even-point conformal blocks
w, we
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Higher point block from bulk

Odd-point conformal blocks




EE : An Application



EE for excited states

» EE from Rényi entropy : Sff) = log tra(pa)" ; n—1
» Effectively need to compute (for n — 1)

Grn(zi, ;) = (¥|o(1)a(z3)0(z4)0(x5)0(x6)0(27) - . . o(xan )T (Tan+1)| W)
2N

= (0] ¥(o0) o(a(s) ] o(xi)a(zisr) ¥(0) |0)

i=4,6,

» Dimensions of the twist and anti-twist operators




EE for excited states

> Inthe limitn — 1 0,0 : Light operators
¥ : Heavy operator

(e} (o]

Sa = 7111_>ml 554 = 3mim{ Z log% .

Q- {(p.0)} o(2pzq) 2

with, « = /1 — 24hy/c

’11)7 we

J
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Conclusions & Outlook



Summary

» Higher point conformal blocks are tractable in the
heavy-light limit.

» These conformal blocks can be reproduced precisely from
the dual gravity picture.

» This is applied to find entanglement entropy of disjoint
intervals in heavy states.

» This conformal block can be rewritten in terms of geodesic
lengths (bulk locality?)




Outlook

Applications

© Tripartite information
® Mutual information in local quenches

©® Scrambling, chaos, ...

Extensions

@ Higher spin holography
@® One-loop corrections

©® Higher dimensions, ...







