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Black-hole thermodynamics

. Classically, entropy of black-hole is infinite; temperature is zero.

« Semi-classical limit [classical gravity; quantum matter fields]
k A hG
Son = (f) <€§> A, horizon area 2= 3

h
T, = <C> (FL> k surface gravity Hawking radiation
kB 27



Black-hole thermodynamics

« Semi-classical limit [classical gravity; quantum matter fields]
k A hG
Son = (f) <€£> A, horizon area 2 = ;—3

T

I

5
L= (LC> (R> k surface gravity Hawking radiation
kB 27

- Properties

o Unlike ideal gas [S o V], S, is not extensive

M 2
oS, islarge S, = 1.05x 107 (/v/) Sy ~ 2.35 x 10%8
O]

Couple of hundred thousand solar mass black holes can contain as
much entropy as is free in the entire universe.
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Gravity action Semi-classical entropy

@ 4-D Gravity action o Bekenstein-Hawking entropy
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Dimensional analysis — Planck units SS '11

Gravity action Semi-classical entropy

@ 4-D Gravity action o Bekenstein-Hawking entropy

L)? _ [P
4y gR = | _
167TG / o 2 Son = 452 A

o General gravity action @ Noether charge entropy
1

D, /= 2
S = 167TGD/d xy—glR+aR] ¢

Noether

14 420-2)]

-2 452
= — |1+ & L D 2
o 1 ) = |1 )




Black-hole entropy — puzzles

D 2 A, 2/(D—2
S = e G /d xV=g[R+aR? 5 = — 452 {1+ A2/ )}
[L]P—2 { a } D 2
_ 1 L] a
(D=2 [L]? = — |1+ }
gg 2 [L]2
Puzzles

@ Gravity action and semiclassical BH entropy have same dimensional
form

How does the quantum corrections change these relations?

Example: Ideal gas

S
k‘(‘T\} In (V T3/2> Classical expression

1, M 3 Ak
ST _ | (VT3/2> S 2 e kur-T i
g =n + 5N s + 5 32 Sackur-Tedrode equation



Black-hole entropy — puzzles

_ D, — 2 Ap 2/(D—2
S N 16 G /d x [R+ (YR ] SNoether - 4/2 |:1 + A /( )}
[L]P—2 { o } D 2
_ O 1] a
(D=2 [L]? = — |1+ }
gg 2 [L]
Puzzles

o Gravity action and semiclassical BH entropy have same dimensional
form

How does the quantum corrections change these relations?

o How does S, fit in with the standard view of the statistical origin?

s< ky In (# of microstates)

@ Are quantum DOF that lead to S, and corrections, identical or
different?



Black-hole entropy — approaches

@ Bottom-up approach: Counting BH states assuming funda. structure

e D-Branes: weak coupling string states [Strominger & Vafa '96]

e Spin-networks: Chern-Simons theory on the boundary of horizon
[Ashtekar et al '98]

e Conformal symmetry: CFT close to the horizon [Carlip "99]
@ Top-down approach: Semi-classical

e Noether charge: bifurcate Killing horizon [Wald "93]

e Entanglement entropy ['t hooft '85, Bombelli et al '86]



Entanglement entropy



Entanglement

CAVITY 1 CAVITY 2
Observer 1 Observer 2

T

Cavities: Assume one mode field with single photon excitation



Entanglement

CAVITY 1 CAVITY 2
Observer 1 Observer 2

T

Cavities: Assume one mode field with single photon excitation
e Statistical correlations: separable states
[D)12 = [0)1 @) [¥)2
Properties:
1) States can be prepared by local operation

2) Cavities are uncorrelated = measurement of 1 do not
provide information about 2



Entanglement

CAVITY 1 CAVITY 2

Obsgerver 1 Observer 2
— .
e N

Cavities: Assume one mode field with single photon excitation

e Quantum correlations: entangled states

[®)12 )110)2 + [1)1]1)2]

1
=—=1l0
V2

Properties:
1) States can not be prepared by local operation

2) Cavities can simultaneously exist in more than one state

3) Correlated cavities = state of 1 determines state of 2



Entanglement entropy

e Pure states:
|®)1p = Z A liili)2 |P)1p = wal(}:h\a}z = Schmidt decomposition

83

Any two-body system can always be Schmidt decomposed.

Coefficient w,: gives the degree of entanglement with >° |w,|? =1

Example: w, = ﬁ is maximally entangled state
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e Pure states:
|®)1p = Z A liili)2 |P)1p = wal(}:h\a}z = Schmidt decomposition

Any two-body system can always be Schmidt decomposed.

Coefficient w,: gives the degree of entanglement with >° |w,|? =1

Example: w, = ﬁ is maximally entangled state

e Measure of entanglement:  Von-Neumann entropy
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Entanglement entropy

e Pure states:
|®)1p = Z A liili)2 |P)1p = wal(}:h\a}z = Schmidt decomposition

Any two-body system can always be Schmidt decomposed.

Coefficient w,: gives the degree of entanglement with >° |w,|? =1

Example: w, = ﬁ is maximally entangled state

e Measure of entanglement:  Von-Neumann entropy
5= =T ) = = 3 poin(pr) / o' (. X' n(X') = pufi()

P12 = |¢>12<¢‘12 = 512 =0 P1 = Tr2[p12] == 51=5



Example — coupled harmonic oscillators

e Hamiltonian y — [p% + p% + ko (x12 + XQZ) + %(1 (x1 — x2)2}

N =

interaction term(> 0)



Example — coupled harmonic oscillators

1
e Hamiltonian H = 5 [pf + p% + ko (X12 +x22) + %q (x1 — x2)2}

interaction term(> 0)

e Assume ground state y
4 2 2
_ X7 +w_x=2
Yo (x1,%x2) = 7(w+ui ) exp [—WJF S 1
7l/2 2

(wiw )/ 1 2 2
s exp ~2 (w+(xl +x2)° +Fw_(x1 — x2) )

|

entangled state

X1 £ x
X4 = 1\/52: wy = vVko, w_ = Vko+ 2k

entropy of the total system is zero



Example — coupled harmonic oscillators
o 1
e Hamiltonian H = 5 [p% + p% + ko (X12 +x22> + él (x1 — x2)2}

interaction term(> 0)

e Trace over oscillator 1

p2 (x2,%3) :/ dxavo (x1, x2) Y5 (x1,%5)

_,j1=F exp [—7 (x22 + x§2> + ﬂxzxé]
0 2
ﬁiw,(l—ﬁﬁ)? _ 1+4+6R?+R*
41+ R?) T 41+ R?)

1—R\? w
= (= 1, R*="TF<1
¢ <1+R> <5 w,<



Example — coupled harmonic oscillators

. . 1
e Hamiltonian 4 _ 5 [p% + p3 + ko (x12 + x22> + %q (x1 — Xg)z]

interaction term(> 0)

e eigen functions and values

o) = Hn (vVax) exp (—“2) pr=(1-9)¢"



Example — coupled harmonic oscillators

e Hamiltonian 4 — [pf + p% + ko (xf + x22> + 4{1 (x1 — X2)2}

N —

interaction term(> 0)

e Entanglement entropy (S.,,)
Sen(©) = = paln(pn)
n=0
£Ing
1-¢
e strongly coupled (R =0) 5., — o0

g
| = —hnf1-¢ -

e uncoupled (R=1) S, —0

L L L L L L n
0 0.1 02 03 04 05 08 07 08 09 1



Entanglement and black-hole entropy — connection

black-hole
-7 ‘r (“interior" of cylinder)
) « before collapse, entanglement entropy is
zero.

Collapsing
matter




Entanglement and black-hole entropy — connection

black-hole

-7 ‘r (“interior" of cylinder)

» A - before collapse, entanglement entropy is
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Entanglement and black-hole entropy — connection

black-hole
" ‘r ("interior” of cylinder)
A

Collapsing

matter

« before collapse, entanglement entropy is
zero.

. after the collapse, S, # 0

. observers at infinity have no information
about the quantum DOF inside horizon.
: Sent # 0

Both entropies are associated with the
existence of horizons

- Both are pure quantum effects, with no
classical analogue.



The setup and assumptions



Entanglement entropy — set up Das, SS & Sur '08

e Metric perturbations of black-hole space-time correspond to test
scalar field in these space-time. [Chandrasekhar, Mathematical Theory of BHs]

» Technical details



Entanglement entropy — set up Das, SS & Sur '08

o Consider scalar fields in the following (D + 2)—d line-element:

dr
f(r)
= —d7r? 4 [1 - f(r)]d€® + r2dQ2D Lemaitre coordinate

ds®> = —f(r)dt* + + r2in Schwarzschild coordinate

' dr
where 57':./\/m



Entanglement entropy — set up Das, SS & Sur '08

o Consider scalar fields in the following (D + 2)—d line-element:

dr.
f(r)
= —d7m? +[1—f(r)]de® + rzdﬂf7 Lemaitre coordinate

ds? = —f(r)dt® + + r2in Schwarzschild coordinate

dr
where f—T—/\/m

=0 . .
— - non-singular at the horizon (r,);
N NN . . .
’ 5\\ N N covers regions |l in conformal diagram
/ \ N N . .
/ </ 1~ e is space-like everywhere;
/ K o > R
N /\>/—* "N r is space-like only for r > r,,.
AN % \ N4 . .
\\ // Fmelyfalh:ébhsewers ///\ o eXplICItly tlme dependent;
. V2 correspond to freely falling observer



Entanglement entropy — set up Das, SS & Sur '08

o Consider scalar fields in the following (D + 2)—d line-element:

dr.
F(r)
= —dm? 4 [1 - f(r)]d€* + rzdﬂi Lemaitre coordinate

ds? = —f(r)dt* + + r2in Schwarzschild coordinate

' dr
where fT:./m

e Hamiltonian of scalar field () in the above background

1 [~ de

2. 1o

H(r) T—Z + 1P (Bep, ) + (1 + D~ 1)[1 — f(r)]golzm]

oml(r) = r/dQ Yim(0, 6)o(7):  Tim(r) = r/dQ Yim(6, 6)11(F)



Entanglement entropy — procedure

e Quantization: Schrédinger representation provides simple description
of states for time-dependent systems

basis vectors satisfy (7, )| (<), ™) = p(E)] ¢(E). 7)

wave functional satisfy functional Schrédinger equation

A / "de H(r) V[p(e), 7]



Entanglement entropy — procedure

e Quantization: Schrédinger representation provides simple description
of states for time-dependent systems

basis vectors satisfy S(m,8)| (&), 1) = @(&)] w(§),7)

wave functional satisfy functional Schrdédinger equation

i% = /X;ifH(T)\U[@(f)eT]

e As in any field theory, S_ . has ultra-violet divergences. UV divergence

can be absorbed in the Newton's constant.



Entanglement entropy — procedure

e Quantization: Schrédinger representation provides simple description
of states for time-dependent systems

basis vectors satisfy S(1,8)| (&), 1) = w(&)] w(§),7)

wave functional satisfy functional Schrédinger equation

,-%i’ _ /;Odg H(r) Vp(€), 7]

« Integrate over the region [r,,o0) to
obtain entanglement entropy




Assumption

e Hamiltonian evolves adiabatically i. e. for the Hamiltonian

w? dt

_ L[ dg e . 2 2
H(r) = 2/ \/1?1‘0) 7+r (Ocp),)” + 11+ 1)L = £(r)lep;,
= M +w?(1)¢? ’ Lol o1




Assumption

e Hamiltonian evolves adiabatically i. e. for the Hamiltonian

1 [~  de n , 2
H = 5| 77— |5 ) 101+ 1)1 = F(]e
(1) 2| | + 12 (B, )+ 11+ D)1 — F()]e?
1d
= ML) %<

e Technically: Evolution of the late-time modes leading to Hawking
particles are negligible



Assumption

e Hamiltonian evolves adiabatically i. e. for the Hamiltonian

_ L4 n. . » 2 2
HO) = 3 [ s [ P @ 10 = A0
1d
= M2 +u?(r)¢? —w2—d(: <1

o W[p(&), 7] has a weak time-dependence



Assumption

e Hamiltonian evolves adiabatically i. e. for the Hamiltonian

_leode T 2
M) = 5 [ i | e R O 0+ D= A0,
1d
= |_|2—|—w2(7')(,92 E?f <<1

o W[p(&), 7] has a weak time-dependence

The Hamiltonian at a fixed Lemaitre time 7 = 79 = 0 reduces to
1o 2 2[0 (e(N\]?, Il+1) ,
HF:E/O dr{ﬂ' (r)+r |:ar< p >:| -+ r2 (,O(I’)

 are time-independent
V(]| satisfies time-independent functional Schrédinger equation.




Results for 4-dimensions



Entanglement entropy in 4-d

e can not be computed analytically = need to discretize Hamiltonian



Entanglement entropy in 4-d

e can not be computed analytically = need to discretize Hamiltonian

s discretize in a spherical lattice [L=N x 3
1 Rl 1 ¢ 2 1P [emg emga]? I+ 1)
T H’"’ZZZ ’T’mﬁ[”z} {j - j+1} TR “”’f"-f}
2z Tl SO
j=1 ij=1

N-coupled harmonic oscillators



Entanglement entropy in 4-d

e can not be computed analytically = need to discretize Hamiltonian

1 9 172
K,'j :’72 /(/+1)+ Z 6;15j1+ N — §i| (5,‘[\/5],\/

1 1\2 1\2 X

il i = i = 5o X X X

2 (I + 2) + (/ 2) ij(i#1,N) K — 9 9 y
G+37 (i+3) <

— | == il — | = dij—1 X X
JjG+1) i(i+1)

nearest neighbour interaction



Entanglement entropy in 4-d

N-coupled harmonic oscillators

e The most general quantum state for N-coupled HOs

o [ X‘| H

€]

V(xg...xy) = N

I/, VI

This will not provide the physics behind the result!

. discretize in a spherical lattice [L=N x a
| HET 1 1P emg  emgn]? M0+,
T Him = % Z Tim,j T [J + ﬂ {T Tt } + 7 Pim,j
oo It
HEE = Z + - ;w, i

l



Entanglement entropy in 4-d

[L=N x a]

o discretize in a spherical lattice

=N"a

1 Rin 1 - 2 172 Pim,j Pim,j+1 2

=N - . . - rimy >
T =30 2 |7 i3] | j j+1}
o a Jj=1
sezas Ly
1 2, 1
j=1 inj=1

N-coupled harmonic oscillators
e Make simple choices of the state. Our choice:

v

Vo + a1V

[

vacuum state

o’ + > =1

1-particle state



Entanglement entropy in 4-d

. discretize in a spherical lattice [L=N x 3
1 Rl 1 ¢ 2 1P [emg emg]? I+ 1)
amn Hin =532 ot ] [ - T T e
2=z el SO
j=1 ij=1

N-coupled harmonic oscillators
e The reduced density matrix is

plea(t); wa(t')] = /73901 Vp1(x, t); pa(x, O]V 1 (x, t'); p2(x, t)]

e Entanglement entropy is S = Z(% + 1) S¢(n, N)
/=0

» Higher dimensions



Power-law corrections

Asymptotic behaviour of MSEq Entropy  Asymptotic behaviour of MSHi Entropy

Ratios of Entropies

11

125

Ratios of Entropies

Das, SS & Sur '07

N =300, n =100 — 200
MSeq — || = |a1] = 0.7

MSH,' — ‘Coy = 0.5,
lc1] = 0.87



Power-law corrections Das, SS & Sur '07

Asymptotic behaviour of MSEq Entropy  Asymptotic behaviour of MSHi Entropy
1 — : 125

N = 300, n = 100 — 200

MSEQ — |C0‘ = ’Cl‘ =0.7
MSH,' — ‘C0| = 0.5,

Ratios of Entropies
Ratios of Entropies

a ( |C1‘ = 0.87
0.9 0.75
12 3 4 5 8 12 3 4 5 6
A x10* A x10°
Relative MS(Eq) entropy Relative MS(Hi) entropy
112 13 ; . : . .
* Data Data
11 Best Fit 125 Best Fit [
a
9 1.08 g 12 5 o 5 1 ‘l’ 1
) _ 42% | @ _ 1490 MC BH 3
8 108- Y /5 =1003+ 8088 A g, 115 S/ = 1006+ 13360 A% A}
=
9 104
1.02-
1 1
2 3 4 5 8 1 2 3 4 5 8



Power-law corrections Das, SS & Sur '07

Relative MS(Eq) entropy Relative MS(Hi) entropy
14 13
* Data +  Data
14 Best it 125 Best Fit |-
a1
1.08- 12 -
¢ é SMC — SBII 1 + (
Q108 %, 8,/ =1003+8083 4120 Qé 145 S/ = 1006+ 13360 A% ’ Ad
[)) >0, a; x | C1 ‘

Salient features
o For large horizon area (A > (2 ), area law is recovered.
@ For small horizon area, large deviation from the area law

@ Forc; — 0, S, — Suyy- Sy of vacuum state leads to the area law

and 1-particle state contribute to the power-law corrections.

o Interpretation: A > ff,l difficult to excite modes, vacuum contribution
High-energy limit, field modes can be excited, deviations from S,



Higher dimensions



Asymptotic limit and non-convergence Braunstein, Das & SS '11

e 4-d space-times

e S, is independent of N (for N > 60).
n(n+1)(2n+ 1)2
6402(¢ 4 1)2

o For large values of /: Sp ~

Large ¢ do not contribute to entropy; S,

ent

converge

e higher dimensional space-times

S(n,N,q) =Y (20+ D —1)W(¢) S(n, N, q) vw@_<
¢

(¢+D—2)!
(D—1)I ¢! >

- 5 . PP+ 1)P2(2n 4+ 1)°
o In large / limit, we have ¢ 2DT402(¢ + 1)2

@ However, S(n, ) does not converge for large /.

Look for a different measure for entanglement



New measure — Rényi entropy

e Rényi entropy is defined as

SR(Q) =

1 n
- log (Z pf’) q is parameter
i—1

e Properties

e 6 6 o

1 N N
mitg n>_pi==> pilnpi
It is nonnegative i=1 i=1

It vanishes when the uncertainty is the smallest (only one p; # 0)
It takes on the maximal value In n when all n probabilities are
equal

It is extensive; satisfies the following condition. If p; is a product

of two probability distributions p; = pfa)p}b)

1 , .
" <Z Pl )prb)> = 59(q) + 5" (q)
i J

In g — 1 limit,

Se(q) =




S

. in higher dimensions Braunstein, Das & SS '11

e In 4-d, for large ¢, Renyi entropy gives:
S 1
R " Z JAa—1 + convergent part
L

converges for ¢ > 1/2;  diverges for g < 1/2



S

R

in higher dimensions

Braunstein, Das & SS '11

0.26f

0.24H

0.22H

0.2

0.18

0.16

0.14

0.12

0.1

0.08

0.06

For 5-d, large ¢, S,

diverges for ¢ <1



S, in higher dimensions Braunstein, Das & SS '11

Dependence of entropy on g in 6—dimensions
2 T

* data
18l 0.22 coth(—0.67 (q — 1.16)%-5%)

1.6

1.2

prefactor(co

0.8

o

q

For 6-d, large ¢, S, diverges for g < 3/2



Iog(swt)

10@“’7

in higher dimensions

Braunstein, Das & SS '11

10 i -»-“"'1

10 ]

S

5
25 3 35 4 45
q=1.5

25 3 35 4 45
q=1.6

25 3 35 4 45
q=1.7

25 3 35 4 45
q=1.8

107 w10 10| e 10| T

5 25 3 3. 4 45 25 3 35 4 45 25 3 35 4 45 s 25 3 3. 4 45
q=1.9 q=2.0 q=2.1 q=22

10] e ] 107 e ] 107 i | ]

25 3 35 4 45 25 3 35 4 45 25 3 35 4 45 25 3 35 4 45
q=2.3 q=2.4 q=25 q=3

10 i _,r.,.-—"1 10 i _,r.w»—"1 10 i .—-"““"1 10 i _7,,..«--"1

5 25 3 35 4 45 25 3 35 4 45 25 3 35 4 45 25 3 35 4 45
q=3.5 q=4 q=4.5 q=5

1(5) [ | | cemee] 107 o]

25 3 35 4 45 25 3 35 4 45 25 3 35 4 45 25 3 35 4 45
q=55 q=6 q=6.5 q=7

1(5) i eeeee—] 10 i _7,,...-—-—1 10 i _7,,...»-—1 10 i -7,,...--—1

25 3 35 4 45 25 3 35 4 45 25 3 35 4 45 25 3 35 4 45
q=7.5 q=8 q=10 gq=12

e e L B B By

25 3 35 4 45 25 3 35 4 45 25 3 35 4 45 25 3 35 4 45
q=14 q=16 q=18 q =20

1(5) i e 10| ceeeee=] 10| ceeeee=] 10| e

25 3 35 4 45

25 3 35 4 45

25 3 35 4 45

log(n + 1/2)

For all values of g, S, o< n

3

25 3 35 4 45



c ; c ; ) '
S, in higher dimensions Braunstein, Das & SS '11
q=1.5 q=1.6 q=1.7 q=1.8
16 16 16 16
14 14 14 14
12 12 12 12
35 4 45 35 4 45 35 4 45 35 4 45
a=1.9 a=2.0 a=21 a=22
16 16 16 16
14 14 14 14
12 12 12 12
35 4 45 35 4 45 35 4 45 35 4 45
q=2.3 q=2.4 q=25 q=2.6
16 16 16 16
14 14 14 /,4-'"".' a //“.,-ﬂ""
~ 12 12 12 12
o 35 4 45 35 4 45 35 4 45 35 4 45
£ a=27 a=2.8 a=2.9 a=3
S
16 16 16 16
14 /,,.~;*””"aw 14 /A,«w‘”””"ﬂw 14 ,A/r""'“ﬁ“ 14 A,/r~‘”"“’f
12 12 12 12
35 4 45 35 4 45 35 4 45 35 4 45
q=4 qa=5 a=6 a=7
16 16 16 16
14 /"’"I’ 14 /«”‘M/ 14 //”M”’ 14 //M‘
12 12 12 12
35 4 45 35 4 45 35 4 45 35 4 45
q=8 q=9 q=10
16 16 16
14 ///,,.ﬂ"”" 14 /f/" 14 /)/""
12 12 12
35 4 45 35 4 45 35 4 45
log(n + 1/2)

For all values of g, S, o n*



Discussions

o We have stressed:

Q the need for any approach to go beyond S,,,, and provide generic
subleading corrections

@ importance to identify the degrees of freedom that contribute to S,
and its subleading corrections.

o Using entanglement entropy, we have shown

O Degrees of freedom contribute that lead to S, and power law
corrections are different; different from Noether charge

@ Gives area proportionality in higher dimensions

@ The above results are valid for massive fields. The entropy behaves as

Sm = Spexp {—aomz}

@ Need to extend for other topological black-holes in higher dimensions



Relative MS(Eq) entropy

4-d results — technical details

Relative MS(Hi) entropy

* Data

* Data

Das, SS & Sur '07

Best Fit 1.25

Best Fit a
1

Sys/Ss = 1:006 + 13960 A™1-1%0 SMC - SBH (1 + Aﬂ)

5 > 0, a] X |C1‘
A x10* A x10*

Technical details

o o
() = -1.226 [2)
\g 1.06 SMS/SGS =1.003 + 8088 A E 1.15
D 404 D44

@ Reduced density matrix is

/ ~ / / ~ 2 2 C12 <1
p(t;t"Yy =& F(t;t') po(t; t) R=cy+cik, kK1=—, Ky=——,
i R

K3 2
F(t;t') = 14 raw(t; t') + rov(t; ') + fvz(t; t');  ko=-2
i

tTAt+t'TA A

W(t; tl) = — il +2 7 + tT/\ﬂ/ t/; /\5/ = /\ﬂ — 2Kg </\/ — C)
K

A
Ay = N, + 25g (/\ﬁ - ,:>



4-d results — technical details

Relative MS(Hi) entropy

* Data
Best Fit

Relative MS(Eq) entropy

* Data
Best Fit 1.25

o 108 o 12
0)0 1.226 U)ﬂ 1.190,
&, 106 Syg/Seg = 1.003 + 8088 A &y 115 Sys/Ses = 1.006 + 13960 A
D 104 @9

1.02 1.08
1 1
1 2 3 4 5 6 1 2 3 4 5 6
A x10¢ A x10*

Technical details

Das, SS & Sur '07

di
SMC - 5BH (1 + AP

ﬁ>0, 310(|C1‘

o For N > 50, S is independent of N while depends on n

o Large values of / do not contribute to entropy

5/ X =4

)



Relative MS(Eq) entropy

4-d results — technical details

Relative MS(Hi) entropy

* Data

* Data

Das, SS & Sur '07

Best Fit 1.25

Best Fit a]_
SMC - SBH (1 + )

o o
() = -1.226 [2) = -1.190,
% 1.06 Sys/Seg = 1.003 + 8088 A % 115 Ss/Ses = 1.006 + 13960 A A ﬁ
D 404 D44
1.02 1.05
1 1 f>0, a;x|cq]
1 2 3 4 5 6 1 2 3 4 5 6
A x10 A x10°
< Back to results

Technical details

o If the vector t' is outside the maximum

3(N —
S 3N =n) (1,1,...) corresponding to 30 limits
2Tr(y — B)

1=t Notmax <1 and 2 =t] A tha < 1

t

@ Under this condition

1 1
1-3 (At + TA )+t T Agt’ ~ exp {—5 (tTAt+ETA ) + tT At



4-d results — technical details

Relative MS(Eq) entropy Relative MS(Hi) entropy

12
* Data * Data
11 Best Fit 125 Best Fit
o 108 o 12 ]
i o
Q. 106 Sys/Ses = 1003+ 8088 A28 | & g 45 Sys/Scs = 1006 + 13860 41190
= =
D q04 D44
1.02 1.08
1 1
1 2 3 4 5 6 1 2 3 4 5 6
A x10* A x10°

Technical details

o We use MATLAB to test the validity.

Das, SS & Sur '07

di
MC 5BH (1 + m

6>0, 310(|C1‘

o The approximation is valid for large values of N (> 60)

@ Error in the approximation is less than 0.01%



Relative MS(Eq) entropy

4-d results — technical details

Relative MS(Hi) entropy

* Data

Best Fit

* Data
Best Fit

Das, SS & Sur '07

SMC — SBH (1 + Aﬁ)

6>0, 310(|C1‘

o o
() = -1.226 [2) = -1.190,
\g 1.06 SMS/SGS =1.003 + 8088 A E 1.15 SMS/SGS =1.006 + 13960 A
D 404 D44

Technical details

@ We used a variety of fitting functions:

5 v
— = a+a <A§) least X2 a; oc 10%; ag ~ 1
Son a

= a+aa ({:2}1) + aslIn <J32H> a; X 103; as ~ O(].)

= a+aa (Jj;) In <Jj§) a; X 103



Ultra-violet divergences Demers et al '95

o [(E) diverges close to the horizon
o Pauli-Villars regularization:
1 scalar field 5 Auxillary fields

2 scalars with mass M,; 3 fermions with mass I\/l,’<

o To eliminate the divergences the masses of the auxiliary fields must
obey the two restrictions

f1)=f(2)=0 f(p)=m*+> MP -3 (M)* =0
k

r

@ Solving the constraints lead to
M > = mMi’z = \/m, M} = \/m

o leading to a regularized density of states
M(Eln) = F(E,m)+ Y [(E. M) - Y T(E, M)
k r



Noether charge and scalar fields Frolov & Fursaev '08

< Conclusions

o Consider non-minimally coupled scalar field

1
16,61 = =5 [ (0" o+ m + ERF)VE o'



Noether charge and scalar fields Frolov & Fursaev '08

< Conclusions

o Consider non-minimally coupled scalar field

1
6.8l = =3 /(@"‘w,u + m* o + ER?)/—g d*x

@ Two ways of defining stress-tensor

@ As variation of the action

o 2 4lg]
=g g

E:/ TwClda”
JB

@ Define canonical stress-tensor

oL
(TC)W = ‘P,uw — gk H= /B Tucugudgy



Noether charge and scalar fields Frolov & Fursaev '08

o Two ways of defining stress-tensor
@ As variation of the action

2 dlg] /
Tow=—— E= T,..Ctdo”
" /—g dghv Js !
@ Define canonical stress-tensor
oL
C L v
(T )uu 2 399 guu[' H= /B ;wcl do

@ In a static spacetime
E is conserved on the equations of motion of the field ¢
H plays the role of a generator of the evolution of the system along
the Killing time
@ In general, T,, and (TC),“, do not coincide and their difference yields
the Noether current
27r

Ju= " (T = Tw) ¢



Noether charge and scalar fields Frolov & Fursaev '08

o Two ways of defining stress-tensor
@ As variation of the action
2 dlg]
T = —— E = T..Ctdo”
" =g oghv /B pitdo
@ Define canonical stress-tensor
oL L
(TC)W = QuW — gkl H= / THCyCl do
¥ B

@ For non-minimal coupling

Jy= €2 (R + 864, — () ¢

H-E=¢ [ dot gl [(62) —n 6



Noether charge and scalar fields Frolov & Fursaev '08

< Conclusions

@ For non-minimal coupling

2
Sy =~ (Rt + (), = () ¢
HE=¢ | ds gl [(6%) s — o]

o For a field falling off at infinity (E = H), Noether charge gives the
contribution from the horizon

H-E=1"¢ Q:27rf/ﬁd20¢2
2T Y



Why scalar fields?

o Consider a general 4 — d spherically symmetric BH space-time

dr? 2 102 2 2 2 102
AP dQ? = £(r) [~dE? + dx?|+r2dQ

2 PV — 2
ds® =g, dx"dx f(r)dt +f(r)



Why scalar fields?

o Consider a general 4 — d spherically symmetric BH space-time

dr
2 - L gV 2
ds® = gwjdX'I dx? = —f(r)dt +m

@ Perturbation about BH background
Buv = % + hp,l/
lead to two kind of perturbations

Axial Perturbations

2
+r2dQ?% = £(r) [—dt2 + dx2}+r2d92

Polar Perturbations



Why scalar fields?

@ The two perturbations satisfy ~ [Chandrasekhar, Mathematical Theory of BHs]
d?Ry(r)
dx?

Rpolar (1), Raxiai(r) related to each other by unitary transformation.

+ [wz - VX(r)} R.(r)=0 x = Axial, Polar perturbations



Why scalar fields?

@ The two perturbations satisfy [Chandrasekhar, Mathematical Theory of BHs]

d’Ry
d 2(r) + [w2 - VX(r)} R.(r)=0 x = Axial, Polar perturbations
X

Rpolar(r), Raxiai(r) related to each other by unitary transformation.

@ Vs is same as that for scalar field propagating in the above BH
background

1= By calculating entropy of scalar field, we obtain entropy of metric
perturbations of BH



