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Abstract

In this paper, we prove a Szegd type limit theorem on ¢%(Z%).
We take the self-adjoint operator H = —A + V on (?(Z%), where
(Au)(n) = Z (u(k) —u(n)) and the operator V is the multipli-

In—k|=1

cation by a positive sequence {V(n),n € Z¢} with V(n) — oo as
In| — co. We take the orthogonal projection 7 onto the subspace, in
0%(Z%), spanned by eigenfunctions of H with eigenvalues < \. Let B
be a zeroth order self-adjoint pseudo-difference operator with symbol
be SLOM(T‘I x Z%). We then show for “nice functions” f, that

oy LrU@Bm) _ 1 Dy Jpe /(00 m)) dx
A—00 TT‘(?T/\) A—00 (27r)d ZV(n)g)\ 1 .

1 Introduction

In 1952, G. Szego considered a linear operator 7y on L?*((0,2m)), of multi-
plication by f, associated with a positive function f € C*[0,27],a > 0.
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He took the orthogonal projections {P,} onto a linear subspace of L*[0, 27]
spanned by the functions {e™? : 0 < m < n;0 < 6 < 27} for each n. He
then proved the following relation for such a triple (f, T, {P,}).

i 1
T}Lr{}on+ log det P, TP, :—/ log f(60 (1)

The orthogonal projections P, coincide with the spectral projections 7, of
the self-adjoint operator —% on L?[0, 27, with a periodic boundary condi-
tion, corresponding to the interval [0, A) with n < A < n + 1. The regult ig
equation (IT) 1S the well known as Szegd limit theorem. We refer to [12, 6] for
details and related results. More specifically, if f is a bounded real-valued
integrable function then the eigenvalues {A} , of P,TyP, are contained in
[inf f,sup f]. This r Sl lt was generalized to continuous functi nsQF (instead
of the logarithm in ( eﬁned on [inf f,sup f], in Sect. 5.3 of he result
for such F is,

lim — ZF)\" = /%F(f(e))dé?.

n—oo N,

Notice that the left hand Slde here can be seen to be the limit of
Tr(F(PTrP,))/Tr(F)

where TT’(A) denotes the trace of the operator A, e’ is an eigenfunctions
of A = d L. with a periodic boundary condition and the asymptotic of the
functional

p)\(F) TT(?T)\F<7T>\Tf7T)\ 7T)\ ZF /Lk

is precisely the sum of Dirac measures located at the eigenvalues px(A) of
the operator m)\Tymy. Similar results were ob%312 ariqus classes of
differential and pseudo-differential operators in %‘ %ﬁ“and
%35% Zelditch considered a Schrodinger operator on R™ of the form
A + V', where V is a smooth positive function that grows like
V0|37| k > 0 at infinity. He took a 0- th order self-adjoint pseudo-differential
operator A associated with a symbol a(z,§) relative to Beals -Fefferman
weights (2, &), p(z,£) = (14 |£|? + V(x))Y/? and proved the following gen-
eralization of Szego type theorem: For any continuous function f,

 Trf(mAm) . e flalz,§)) dudg
lim —————~2 = lim ,
A—oo  rank my A—00 Vol((p(g;7 f) < )\)
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assuming one of the limits exists. Such asymptotic spectral formulae express-
ing the relation between functions of pseudo-differential operators and their
symbols is an important and interesting problem in mathematical analysis.
In this paper we aim to develop similar formulae for some pseudo-difference
operators on the lattice.

To establish a Szego type theorem, it is clear that we need to consider
ratios of distribution functions associated to different measures and their
asymptotic behavior.

The asymptotic limit of such ratios is computed using a Tauberian theo-
rem where some transform of these measures is considered and the limit taken
for such transforms. For example, Zeldlt h FIS% used the Laplace tra %sform
(via Karamata’s Tauberian theorem ([I4], p-192) whereas Robert [10] s 7
gested the use of Stieltjes transform (Vla Keldysh Tauberian theorem) in %‘
The application of Keldysh’s theorem requires one of the measures p or v to
be absolutely continuous. We do not have this feature in our problem. so we
use the Tauberian theorem of Gri hn?S 2 gfdlntseva theorem 3.4 (seer%ﬁ;j and
a theorem of Laptev- Safarov (Jsee %ﬁ_ﬁestlmatmg the errors, to prove our
main theorem (Theorem

There is extensive work on the Szegd’s theorem associated with orthogo-
nal polynomials in L*(T, du) with u some robability measure on T, we refer
to the monumental work of Barry Simon for the details.

We, however, concentrate on higher dimensions where not much is known
and to our knowledge our results are new in the lattice case. We consider

operators of the form
H=—A+V )
on (*(Z%), where A is the self-adjoint operator

(Au)m) = Y (u(k) —u(n))

In—k|=1

which is unitarily equivalent to multiplication by the function
2 cos(0;) —2d, 0;€[0,27), j=1,....d

and V' is multiplication by a positive sequence

1, n=0
V(m:{ynw, ke (0,1) n#o0, 3)



szego

Then we note that —A and V' are positive operators and so H is a positive
operator on (?(Z?) and the choice of V makes (H — i)~! compact showing
that H has discrete spectrum. The eigenfunctions of H form a complete
orthogonal basis for £?(Z). We denote the spectral projection of H by Ex()
and set m\ = Eg((0,\]).

For a bounded self-adjoint operator B we set K = [—|B||,||B||] C R,
so that the spectra of operators B and m,Bm, lie in K for all A and set

LX(TY) = L? (Td d%). Then our main theorems are the following.

> (2m)

e nl
Theorem 1.1. Let H and V' be as in equation (12, %3 Let b be a bounded real
valued measurable function on T, let My be the operator of multiplication by

b on L*(T%) and B its unitary equivalent on (*(Z%) under the Fourier Series.
Then for all f € C(K), we have

. Tr(f(mBm)) 1 O dx
,\h—>nolo Tr(my) ~ (2m)d /Td f(b(x)) dx. (4)

We recollect some facts on toroidal symbols from Ruzhanski Turunen %Lf]
below. A linear operator A on L?(T?) associated with symbols o (x, n) nl) €
T< x Z2, (the reader should note that the lattice variable & appearmg in %IT
should be replaced by m,n etc in our notation) is defined by

(40)00 = 3 o [ e o lxm)oty) dy (5)

ncZzd

where ¢ € C*(T4) and the symbol o € C®(T? x Z4), (a € C>®(T?¢ x Z%)
means a(-,n) € C®(T?) for all n € Z%). Then A extends to a bounded
linear operator and hence (via the unitary isomorphism implemented by the
Fourier series, call it U*, between L?(T¢) and ¢?(Z%)) also a bounded operator
on (2(Z4).

We will say that b(n,x) is the symbol of a bounded linear operator B on
(%(Z%) if it is the symbol of a bounded linear operator on L?(T¢) unitarily
equivalent to B. It is then clear that every symbol o € C*®(T¢ x Z%) gives
rise to a bounded operator B on (?(Z%).

We take the partial difference operator A, given by (A, ¢)(m) = ¢(m+
e;) —¢(m), e; being the unit vector in the j* direction in Z¢. Denoting Ny =
NU{0} and the multi index o = (a, . . ., aq), we define the difference operator
A% = A8A%2 . A% for aj € No,j = 1,....d. Let (n) = (1+[n|?)2. The



class of rapidly decreasing sequences is given by
S(Z%) = {¢(n) : [¢(n)| < Cyar(n)~™, ¥ M € N}.

Let m € R,0 < p,d < 1. The toroidal symbol class S;I%(']I‘d x 7%) is defined
as all ¢ € C®(T¢ x Z%) such that

IA2 D2 (x,1)| < Coapm(n)™AH8l y(x n) € T¢ x Z and o, § € NE,

where DI = D21DP2 ... D2 ng = 2% The class SY g is denoted simply by

ZTq) — 9zPi
S1,0. Let us define a subclass of symbols where all the derivatives in x also

have uniform bounds.

STO7W(Td x 7% = {o € S{’:‘O(']Td x Z%) : Cyapm are independent of 3}.

For example the symbol cos(x - x + v,) with 7, — 0 as |n| — oo is in
S1.0.00(T% x Z4). We de qte 5?0600 BY 51,0,00-

The Theorem 4.4 of gives an expression for the symbol of the adjoint
B* of such a B, namely,

1
o (X> Il) = Z aAﬁAia)U(X, Il), (6)

a>0

and asserts that op. € SJ5(T? x Zid) whenever o € S7%(T? x Z?). Therefore,
it is clear from Theorem 4.4 of that given a symbol o & S;’f(;(Td x 7%),
we can form the symbol ¢* also in S;:%(Td x Z%) and consider a self-adjoint

Derator associated with the symbol o + ¢*. It is also clear from equation
jﬁ%ﬂm 0* € S1000(T? x Z%) whenever o is. Therefore we are justified
in assuming that there are symbols in this class giving rise to self-adjoint
operators.

Now we are in a position to state our next theorem.

e nl
Theorem 1.2. Let H and V' be as in equation (12, %} Consider a bounded
self-adjoint operator B on (*(Z?) associated with a symbolb € Sy g.oo(T4xZ%).
Then for all f € C(K), we have

po Tr(f(mBm)) @ Jra Zvmy<n f(0(x. ) dx'

A—00 TT(?T)\) A—00 ZV(n)S)\ 1

(7)



2 The Proofs:

e Ié’ denote the cardinality of the set S. Consider H,V as in equations
(é, E%; Since the operators (H + A\)~! and (V + A\)~! are compact operators
for A > 0, choose a suitable m € N such that (V + A)™™ and (H + \)™™ are
both trace class operators on £%(Z4).

Lem 1a 2.1. Consider the self-adjoint operators V and H as given in equa-
tions (2)3). Then for a suitable m € N for which (V +X)™™ and (H +X)™"
are trace class operators on (*(Z%) we have,

Tr((H+XA)™)

(Ve Y

as A — o0.

Proof: Since the operators —A and (V + \)~! are bounded and positive we
write

N

(H+XN) =V4+N2((V+N2(=A)(V + X2+ 1)(V + N,
Therefore

HAN"=V+AN)"+V+N)"2 (1+K)™=1)V+A)"

m
2

, (8)

where Ky = (V 4+ A)"2(=A)(V + A\)"2. Henceforth we denote . L. the
identity operator. Since K is a positive operator the expression in (§) makes

sense and we also have ||(I + K))7!|| < 1 for any A > 0. Taking trace on
both sides of the above equation and using the inequality |Tr(XCX)| <
|C||Tr(X?), when X is a positive trace class operator and C' is a bounded
operator on £%(Z%), we get

| Tr((H+ X)) = Tr((V+X2)") |
Tr (V407 (T+ )™~ 1) (V+A)F)

< Tr((V+N)™IH(A+ K™ =1) |
< m||Ky\Tr((V+X)"™)
< m| AV +N)THTr((V +2)7™).
Therefore,
Tr((H+ X))

1| <ddm||(V+ N =0 as A — oo,
Tr((V +A)™) <Addm|[(V+XN)"|| =0 as A = o0



U
Denote the distribution functions of the measures Tr(Eg(+)) and Tr(Ey (+))
respectively by ¢y and ¢y . Then we have

¢u(A) =Tr(m), ¢v(A) =#{n:V(n) € (0,A]}.

leml
Then Lemma }‘Z?ml immediately gives us the Weyl formula for the functions
Tr(my) as the following corollary. In the following [r| denotes the largest
integer smaller than or equal to 7.

Corollary 2.2. Consider V and H self-adjoint operators as given in equa-
tions (12)3). We have the following asymptotic :

1. ¢v is multiplicatively continuous.
2. Tr(my) = #{n:V(n) € (0,\]} as A — .

3. Tr(my) = 2¢A]* + o(A%) as A — oo,

&

4. supex (Tr(mu)=Tr(m,)) < Tr(m) (H ( ])> , as A — 00.

Proof: (1) The function ¢y is given by

ov(A) = #{n:V(n) <A} = #{n: |n]" <A}
1 9 eqgn
= #{n: o] < NV} = (2D)F + )" ©

Clearly limy_,o lim; 1 ¢y (7A)/dy(A) = 1. On the other ha Qngsing the
notation (r) for the fractional part of r, we see from equation I(]bg_ﬂhat

ov(AN) (2N + 1) 200 — (\))

(¥A) 1/k " d
2 (1 - T) + |T,\|1/n) <1O>
d/k a

ov(rA) _ @[rAF + 1) (20A = (TA) + )

Taking the limit over A first and then over 7 we see that

lim lim —¢V (T)\)

=1.
T—1 A—=o0 ¢V<)\>
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leml
Lemma 2.1 implies that
— d ——d 1 A .
/0 Dt ¢H(u)//0 O ov(u) — 1, as A — oo
Applying Theorem B% of Grishin-Poedintseva we get

dr(N)/ov(N) — 1, as A — oo. (11)
6
This proves (2). Part (3) follows directly from (2) and equation (B%LUsing

the asymptotic (3), bounding the terms in the ratio T;Z;K )

Tﬁgwd—w—ﬂ)fST%ﬁ<L‘O_;:iy>

(oo (o)

the estimate in (4). O
This corollary implies that ¢y is also a multiplicatively continuous func-
tion from the following Lemma.

Lemma 2.3. The function ¢y considered above is multiplicatively continu-
ous at infinity.

we get

BRI

2
[N}
ISH
>

Proof: We will show that if ¢, y are two distribution functions satisfying

r
)

r—o0 (1)
then ¢ is multiplicatively continuous whenever yx is. Clearly

lim tim 27— g 20
r—oo 7—1 QO(T') r—00 QO(T)

=1,

Now consider

s DT
lim. lim ) = lim lim o7
T ¥ ! x(r) (12)
—lim1=1,
71

where in the last step we used the assumption on ¢/x and the fact that x
is multiplicatively continuous. Since _i§a%11%1tiplicatively continuous, the
(

above result together with equation now shows that ¢y is multiplica-
tively continuous. [



Lemma 2.4. Suppose B is a bounded positive operator on (*(Z%), then, for
m € N for which (V + X)™™ (and hence (H + X\)™™) is trace class, we have,

Tr(B(H+X)™)

e R

as A — o0.

Proof: The proof is similar to that in the above lemma, except that we
have to d X! ?ﬁg more of algebra in handling the error term, namely, using
equation (R) we write

Tr(B(H+ X)) =Tr(B(V+X™) (13)
+Tr(BV+XN)"2 (1+K) ™ =1))(V+A)2).

m
2

we set Wy = (V 4+ A)"2B(V + \)~

rewrite the error term as

which is a positive trace class, so we

Tr (B(V+XA)"2 (L+K)™—=1)(V+A)"2)
Tr (Wa(1 + Ky) ™™ — 1))

- ‘Tr (Wf (4 ) = 1)Wé>)‘
< m|A[l[|(V +N)THTr(BV + X)),

IN

The rest of the proof is as in the Lemma 2.1 using the above estimate. [

. . . . . e nl
Proposition 2.5. Consider V, H as in equations (12, I%’ Then for any bounded
positive operator B and m € N be such that (V + X\)™™ is trace class. Then
we have

(i) The following equality is wvalid in the sense that if one of the limits
exists then the other also does and the limits are the same.
lim Tr(B(H+X)™) - Tr(B(V+X)™™)
A—00 TT‘((H + A)fm) - A—00 TT((V + A)im) ’

(i) If in addition B comes from an operator of multiplication by a function
b on L?(TY), then the limits in (i) exist and equal

(2;)11 /Td b(x)dx.
9




Proof: (i) For each A > 0 we have the equality

(Tr(B(H-i-/\)*m)) (Tr(B(H-&-/\)*m))
Tr(B(V4+A)—™) Tr((H+X)~™) (14)

Tr((V4X)—m) Tr((V4X)—m)

. . L. lem2 leml
Since the left hand side has limit 1 by Lemma bTand Lemma b._l,_the
right hand side limit in (hﬁ) exists and equals to 1. Therefore if either the
numerator or the denominator in the fraction in the right hand side has a
limit in (hﬂ), then the other also has a limit and they both agree which
implies the proposition.

(ii) Let B be an operator of multiplication by a function b on L?(T?). For
n, k € Z% define d,(k) = 1 if n = k and 0 otherwise. The sequence {0y }nez4
forms an orthonormal basis for £2(Z4). So

Tr(B(V + X)) =Y (dn, Bou)(V(n) + )"

Therefore we have for each A > 0,

Tr(B(V+XN™™) 1 s
Tr((V+XN)=m)  (2m)d /Td b(x)dx.

Thus the limit of the left }é%gdoside exists as A\ goes to infinity. O

The proof of Theorem [T. rns ot to be simple using the above Propo-
sition but for proving Theorem [I[.2 we use the Tauberian theorem of Grishin-
Poedintseva (see Appendix, Theorem §E4) We start with the necessary pre-
liminaries.

szego?2
Lemma 2.6. (a) Let B,V be the operators as in Theorem 1.2 with k €
(0,1) given after equation [3. Then the operator [H, B| is bounded on
2(Z4).

2
(b) Under the assumption of Theorem s?.z?e, e have

Tr(f(mBmy))  Tr(maf(B)ma)
Tr(my) Tr(my)

—0 as A — oo (16)

10



Proof: It suffices to show that [V, B] is bounded, since [H, B

=[-A,B]+

[V, B] and [—A, B] is bounded since both —A and B are bounded.

Let N > d+ 1. Observe that e!(m—m)x

denotes the Laplacian on L?(T%). Using the
B in terms of its symbol given in equation (
have for u € (*(Z%),

(U*[V, B]Uu)(n
(1 — Ly)Nb(m, x) u(

(In]*=|m|*])

= ZmGZ (14+|m—n|2)N 27r)d

i(m—n)-x

7 frac

where we transferred the Laplacian term to
parts. We use the inequality, which is trivial
So taking w.l.g |n| > |m|,

_ N .

- (1J(r1|m_L_xrz\2)NeZ(m_n)’xa where Ly
deﬁbniicion U* and the action of
Symbo
%6 and [V, B] = VB — BV, we

)

m)dx, |n|#0

act on b by N integrations by
when m or n is zero or m = n.

n| n|
K K| < w12 1) < il B O _
|[n[" — [m["] < |m] (’m‘ )® < |ml( m| )<|n—-m
in the second line below.
[V, BlUull2
[n|* — [m|" (—1)N/ N (tm—n).
= u(m) (1 — Ly)Vb(m, x)e!mm)x
2| 2 ) e G
1
(n-ml) [}
<
= O] T e |
. 2\ 3
< Cn u(m) = || K * ul|o,
where Cy := sup sup @n) e % m, x)dx| an
meZ? (n,x)eZd x T Td

K is the function

D=



For N —1 > d/2, the Kernel K is in £}(Z%), so we get by and application of
Minkowski’s inequality gives the bound

IV, BlUullz < Cl| K[| [ull2-

This proves part (a).

Since B is bounded self-adjoint, its spectrum is real and compact, so
functions f(B) can be approximated in the sup norm by smooth functions
so, w.l.g we assume that f € C?*(o(B)). Then by Theorem 1.6 of Laptev-
Safarov Hﬁ'ﬁ%get setting A = H B = B,x = 0,9 = f,m\ = P, in their
Theorem,

[ Tr (maf(B)ms) — maf(maBma)my) |
< U@l (N) (1l ms = ma) BI + Zxllmar 4, B

Dividing both the sides by T'r(m,) and setting r = A%, « € (0,1) and the
using the boundedness of B, [H, B], we see that

Nya(A)
TT’(W)\) ’

‘TT (WAf(B)ﬂ')\ — 7T)\f(7T)\B7T,\)7T)\) S C

where N;(A) = sup,«x(Tr (1, — Tu—r)). The part (b) now follows from part
(4) of Corollary (;.2) and (77) as A — oo. O

g_;zeerréma 2.7. If My, is the operator of multiplication defined as in Theorem

1.1, then Tr f(m\Bmy) = Tr m\f(B)7x.

Proof. Note that ||(I—m\)Bmy||%4g = Tr (maB(I—m\)Bmy) = Tr (m\B*m)) —

Tr (myBmy)? The operators (myBmy)? and 7y B?m, are operators on (*(Z<)

with kernels Kj(m,n) = Y, ([, b(x)e'™ 9 >dx) ([, b(y)e'™™™¥dy) and

Ky(m,n) = [, 0*(x)e'™ ™*dx respectively. Therefore Tr (m\B*my) =
Z Ki(n,n) = Z / b (x)dx = Z Ky(n,n) = Tr (m\By)?,

d
In|<M(\) m<mn) YT In|<M())
since 7y is given by

VRN GRS V{6V
o) {¢<n>, | < M),

for ¢ € (*(Z9). O

12



SZego
Proof of Theorem 1.1:
Let 7y, denote the spectral projection Ey ((0,A]), then

Tr(nvaf(B)mva) = > (0n, f(B)dn), and Tr(my,) Z 1. (18)

V(n)<\

Under the Fourier series the basis vectors |d,) go over to the basis e™* in
L?(T?) and B is an operator of multiplication by a bounded positive function

100
b(x) there, we have (d,, f(B)dn) = ﬁfw f(b(x))dx. Further, using (el%;
for each A we have

Tr(mypf(B)mvy) 1 -
Tr(my.a) ~ (2m)d /Td f(b(x))dx.

Without loss of generality add a suitable constant to make the function f
positive. Then f(B) is a positive operator and f(b(z)) is a positive function
on T

We set

Ous(N) = Tr(maf(B)m) = Tr(f(B)maf(B)?) (19)

and
dv1(\) = Tr(nvaf(B)my,) = Tr(f(B)2mvaf(B)?). (20)
We apply the spectral theorem for H and V' and write the traces in the above
two equations as integrals, perform an inteégg_gifn by parts and obtain the

equality below, where we use Proposition or the middle equality and
Theorem 3.4 for the extreme left and right equalities.

/°° Oms(w)
R G )m+1 iy s v (Y

—— — du
0 (14’%)7”“

Tr(maf(B)my)  Tr(ryaf(B)my,a)
@) Trimvay | 088

et
g\ze—>ooo. This fact together with Lemma E‘? completes the proof of Theorem

From the above equation we see that

1. ‘ ‘ E_ZSEO_Q
We need the following lemma before proceeding to prove Theorem T.2.

13



Lemma 2.8. Consider a symbol a(x,n) € S10.0(T% x Z%) and let A be the
pseudo-difference operator on L?(T?) associated with it. Then for any { € N,
the symbol a,(x,n) of the operator A has the asymptotic behavior

CLg(X, Il) ~ (CL(X, n))ﬁ + EZ(X> Il), (22)
with Ey(x,1m) € S o0-

ic
From Theorem 4.3 %—ﬂ, we see that if a,b € S7(T? x Z%) then their
composition Op(a) o Op(b) is a pseudo-difference operator on L*(T?) with a
symbol o(z,n) € Sy (T x Z%), which has an expression as an asymptotic
sum, namely,

ol m) ~ 3 (Afalx m)DEb(x, n). (23)

a>0
bol |compose
where Op(a) is the operator with symbol a as defined in (b) Using (ud) and

¢ € N, we prove that the symbol of /—fold composition of Op(a) with itself
is asymptotically equal to Op(a®).

lemd

Proof of Lemma 2.8:
compo
We will prove this by induction on ¢. For £/ =1, Ey(x,n) = 0 and (b?i is
trivially true. We assume that the Lemma is valid for a,_1(x,n), so we have

ar—1(x,n) ~ (a(x,n))"' + E,_i(x,n), with E,_, € 51_73700.
We use the composition rule in equation (EOS; to eget

1
CL[(X, l’l) ~ Z J(Aﬁa(xu n))D;a)ak—l(Xv Il)

a>0

—_

R~ Z (A% (x,n)) D (a(x,n))t + Z —(A%(x,n)) D™ E,_(x,n)

a>0 : a>0
~ (a(x, n))f + Tl (X7 1’1) + T2 (X7 Il),
21

where



We set Ey(x,n) = T1(x,n) + T5(x,n) and recall the relation

Agon) = (-1 (§ ) atn + ).

BLa

ic
from Proposition 3.1 in %T] Using this and the facts that a € S1 0, Er—1 €
51000 We estimate

|A%a(x,n)| < 021 |D2E,_i(x,n)| < C(n)~}
so that each of the terms in the sum defining T5(x,n) € Sy & 0,00 and
| T3(x,m)| < C{n)~"

so that Tg(x n) € 57 To estimate T1(x,n) we define multi-indices a'¥)

to be a) =0p,7=1,...,d, and split T} as
d 1
Ti(x,n) =Y —(Ar A a(x,n) DI (axm)) .
Jj=1 a>1l,a;>1
Then clearly A®”a(x,n) € Sioee- I ab e S8y then ab € 57, however the

same is not true for 7  in view of Leibniz rule for derivatives. Therefore
using the property of a € S} 0, We estimate

d
a—al@ A al) ol /v =1 L @ -1 -1 ,
(AR AL a(x,m))| < C2%(n) ™, a!|Dx (a(x,n))"| < C HOJ,

j=1
where

0 17 a/jgg_l? . 1 d

i — , J=L...,4,

J m, OCJ—£+1>0

Then arguing as done for the term T5(x, n) we sce that Ty(x,n) € Sy and
T1(x,n)] < C(n)~"

This show that Ey(x g S10.00> Proving the Lemma, O
Proof of Theorem 1.2
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If opr(z,n) is the symbol associated with B* then,
1
(6n, B'0y) = (Ub,, (UBU*)'U6,) = @) /T ) ope(x,n) dx.
lem4d
Using Lemma b.eSm we see that

. 1 1
(6. B'82) = 33 /T b(x, m)" dx + W/T Ey(x,n) dx

with sup, |Fe(x,n)| — 0 as [n| — oco.
We compute the limits using an ¢ argument and the fact that r, —
0, |n| — oo implies

. (ZV(n)S)\ Tn)
im =
A—00 ZV(n)S)\ 1

An application of Lebesgue dominated convergence theorem and the proper-
ties of Ey(x,n) gives

Zn:V(n)g)\<5n7 B'6n) . (Zn:V(n)gA ﬁ de(b(X, n))" dx

lim = lim
A—00 ZV(n)S)\ 1 A—00 ZV(H)§/\ 1

=0.

).

Zn:V(n)S)\ ﬁ f’]fd EZ<X7 n) dx
ZV(n)ﬁ)\ 1

Acknowledgement: We thank Prof. M. N. Namboodiri, CUSAT, Kerala
for introducing us to the Szego type theorems and referees for numerous
comments on various versions of this paper that made us simplify and clarify
the proofs here.

where E(\) = — 0 as A — oo. O

3 Appendix

In this appendix we collect two theorems we use in our paper for the reader’s
convenience. i
The first one is a Tauberian theorem of Grishin-Poedintseva from ﬁ“

Definition 3.1. Let ¢ be a positive function on the half line [0,00). Let

S ={a:3M, R with ¢(tr) < Mt forallt > 1,7 > R}

16



and
G ={a:3IM, R with ¢(tr) > Mt for allt > 1,r > R}

Then a(¢) = infS and B(¢) = supG are called the upper and lower
Matushevskaya index of ¢ respectively.

Theorem 3.2. WTheorem 2)
Let m > —1. Assume that ¢ is positive measurable function on [0,00)
that does not vanish identically in any neighbourhood of infinity. Let ®(r) =

> t
/ —(1 f_%r)nﬂ dt be finite. Then the functions ¢ and ® have same growth at
0

infinity if and only if 5(¢) > —1 and a(p) < m.

Definition 3.3. A function ¢ s said to be multiplicatively continuous at
p(rr) _

()

Theorem 3.4. %Theor@m 8) Let ¢ and v be positive functions on [0, 00)
satisfying the following conditions:

infinity if it satisfies hm:_—_)wlo

1. the functions @ and ¥ do not vanish identically in any neighbourhood
of infinity;

2. the function ¢ is multiplicatively continuous at infinity and (@) > —1;
3. the function v is increasing;

4. at least one of the inequalities a(p) < m and a(y)) < m holds, where
m>—1;

5. the functions

O(r) = /OOO (Lru)ﬂdu and ¥(r) :/000 ﬂﬂdu

1+ u)m 1+ u)mtl

= 1.

1%
are finite and lim (r) =1 then lim ¥(r)
r—o0 (I)(r) r—00 90(7")

The above theorem derives asymptotic behavior of ¢, from the asymp-
totic behavior of ¢, U by assuming additional conditions on ¢ and ).
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