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1. Introduction

» Situation Considered _/ e '
T (

Two Regions (j:l and ﬁ; at a distance s

Global Region [ () \; containing 07 /1 and l&;/ ) [ (T |

A state SO of an electronin (7~ .

Consider the restrictions ?j and 2 of 5‘0 to (j; and 0: ;

Mathematlcal Formulatlon

oE——

0-( : The algebra of observables for electrons in O’ ;

OZI and 0(2_3 subalgebras of UZ

describing observables localized in qand ﬁ: :

(f' a state of | 0? Y
9{)1 Jand/ 90 are restrictions ofﬁp to ﬁ?:,and 072

. Problems considered

The pair ( & , 9” 2) ) arbitrary? Some restrictions? -
Given the pair(( 99 ? ) what can we say about =90f ?

We present Theorems; about existence of some tight restrictions

for the triple ;' ’Z;_

{I_t is up to you how to use these results! /
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2. Mathematical Model
- IL : discrete lattice (as the total space)
* observables: ai,a;, 1€ L
satisfying
canonical anti-commutation relations
(Fermions on a lattice)
« I : a finite subset of lattice points
- OL(D): the algebra generated by
[

ay 85 1€l

2
- Even-oddness: ® € Aut(7), ® =1, @(ai)z- ag el

» O+ ={Ae0L: B(A)=1 A}
ot = O?_r+ 01.



3. Product Extensions

Definition A state of &(VI ) is called a product state of
states 9’ of OC (I ) for mutually d18301nt regionsI |, 14, ,if

SO(A,lAR...A,h):.H, P)
13
for anyA e 0la ;) and for all k.

Deflnltlon A state ¢ of O{ or OZ (Ii ) is said to be even if it is
O"Inval 1ant

jg(@ A= PQ) / for any A € (§{ or any A€ 01 (I, ).

Theorem 1 Let I,,Ig..be an arbitrary (finite or infinite)
number of mutually disjoint subsets of

(1)3 A product state of states ¥, of (J{ (I@.),i=L2,... exists
if and only if all 30 (except for at most one)ale even.
It is unique if it exists.
It is even, 1f and only if all y are even.

((2)) Suppose that all 97’: are pure states. If their joint extension
exists, then all states except at most one must be even.
In that case, the joint extension is uniquely the product
extension and is pure.

In (2) above, the product property of the extension is not assumed
but is derived.

The L]g)uritylof the component states does not follow from that
of their joint extension.

For product extension, however, we have the following result.



T/l@or“e/m 2. Lel @ be the }:rocbucf ex?'en_sion af

states ¢, of 00(1.) weth mulually olisfoint I,
Assume, that aﬁf ¥ except Sor $, dre evemn.

(1)390 s pure i 50 /S pure,

((Q))ASS ume {—Aa,f % anel (,90@ are not aé;sc;omd‘“

Tlte/n 90 oS ,ba.re i and onﬂg §F af/Sﬂ are puve,

._Pemavk If I, is :Fmdfe the assumplion of (2) abowve

holos and hemce the conclusion follpuws au?éfmaftcafigt

T the case mol covered !OZL Theoyem 2.

the Sollowing )ﬂesuﬂf: gives a cmqapefe angﬁgsbs
1 we take UIL p Theorem 2 as one swbset of ﬂ_,
Theoyefm 3 Lef 90 be t-he /orodac?f STa"ff QKZLQ%SLOR 030

021k oae] o5 Y, CStates 9, ond 95 oF J
OZCI,) and OU(IL,) woth a(:s;wwif I and Iz/, /Lere

.

(C 1)) Pas pure UC and (mﬂ; -uf(Sffl Jand the reﬁ'l[n‘cﬁ‘m (92 _J of
¥ to OULL), ave I_boﬂtx pure. |

(2) Assume thal ¢ <s pure . %, is mot pure if andonly
S = = { Q/’;_ —I‘;’}z@)

A0 , “~ .
wheve [, o5 pure And Xz \and rf*?cﬁ @ )are olisgorml



5
4 A poir of Rue and General States

M%SZEZL ems.

————e—

¢ ,BB.CIY Y'_QL&O[ . A Yesuﬁf QCOT tw_v gegqey*&ﬂ LSTCLZLQ

Y

Theovem 4 Let ¢ and ¢ beszé]E;_—ofJ

G Su,[OSyS ZLefms:
,.A_S__SWQ_ that e GNS Ye}o}”egeg{[af,‘gns

Ty and T @ are cisjoimt,

o (¢ omplele opposile of evem 9’1 )
('_-7”57/1.9;44_ a dfoifn‘f' {ﬂ{f‘ems‘a‘on of S, and ¢, exists,

| 4~ amd o'nja»[, cF Po 15 even .,
[C@S}e_%ue_@ce: !For Some _i}//)e oJ 4 };g{r of- Sfa'feJ)

(for two subs /51Lefm: of Ferm cens)
%odw—mz“ exlews'on e?Ct\SZL_S,' J

_____ WAe_/’t O’J_uf%_of Z%e ZZM :_més‘*}rfe/m ﬂLq?fo’.

2.8 puve:

a——t ————

D e&’l‘/nfl{w,:_:tl:()?l_: :

———

Y @0 a vepresemtatipmn of cTalgebra O
| m a Hidbeyt shace  Dof, |
t”)@ contarms  wveeltoye & anel & such that

PA) = (2, TC(A)B) peor (The tamev proouct

¥ (A)=(E, AT o Mmoo in t
The 'Lva"nsi'h‘cm_ _bro bgé;‘f.‘@ the secemel vec W‘)

P ' ‘,)78'(74}694; gamd y, )
\P(% L}/)): sup | (3, )7

(The 5%}7\”6/-}11!44*1 Tsup” s takem gyevall N, 9 G, T ./



D(’,JC_«M/LL i_c, O'VL

QQD/kwﬁ> Pie. 960
1§ @ is puve, then there ave only bvo altevmative s:

{(0()> 90 and gp@ are. /Mufbtajﬂg, c/rl‘-‘}ua%f@ }g (p)=0
:/(‘@))99 3’"0{ @ 99@ dye wm‘i'a»dﬁy ﬁ%ur'nﬁd-ﬁﬁm’f
| & plp = | (L, Log)l .
“The %““’“’ﬁfﬁ PP has the vamge L[O,1],
Eveam . the case (F) p(P) can Take the 'z/aﬁae .

O the other hamd, <f};(90)_1/ if And ondy o 90 @@J

Deycfunc i'w'n

: e — -

((!)> FW two states ¥ amed ¥, defime

(e, %wﬂﬂw{Acﬁlv ~A¥20)
& %4*/4/ AYAAY) 2 O (he

f\( Q),)FOV a slale ¢ clefime
N ()= N, 9@),

’T/’l-e V&’V\g‘a of )\ ;’S Q-QSO te, 1J.

T A( P} = ,_,_1"3, them (¥ =9 @,

A conplete answer for a joint extension of stalesf, o ¥,
of wo subsystems when) ome of ¢ andl ¢, s pure

1‘4 3*"”“\ b;L the ’Fo{%om‘mg Theo vem .



TA&O‘.‘(GZ’VVL 5
1 ﬂA Joiml epcff/wwn P of P amd &, exisls

= NCP,) = ) — p A /
I+ p(%)

(2D)15 the above conditin, hotits amed | by J#0], the

the joiml exlemsion P 1s unique arwa{ salisfrec
isoff’r A =P A B (Apy )+ $CAIG (A, )

IDCCP) A

<’Me—€4)am,}acwf od /4,_>—j <'H‘€ Odd F3%0¥A1>'
FA) = Ly Ty (AU Ly, )0
OLWA EO;LI) /]2:/421.’./42' , /42.1. 601 + a nd

Fov .1/(,/ @ - tonplemenT tmg M{d’avc} oM GNS vepres. [llgo Mo )of

\AJLHLL\ Sa'tff'f,.gs‘ ("QCF u,_O.q, ) >O
T J:IX f'lft@_qu.e of e,

VR
((Bj)lf 'l:‘v("-f’,)"O the JMQ‘BMQQQ im (1) s e%qupem.t % ¢, = ¢@
anel O\,t ‘QQCLS"t '('_AQ }/)V(ﬁo!u(,-t qu_'[é -e.«x't.erhg‘w }Ll)'gdf,

@JAsswfne ﬂ\at JOCQP,)-—'O amd By s edrom. Then
there exisls a goint extension of ¢, and &, Othev thanm
the W"ﬁ%?_?*@d%@ e\pc'f-erns“mm 1§ anol szgg £l
fand &, Sa‘ffsfg\ the fr}f?oww} Lo covioly Cions ¢

(44)\/1«90 and Ty g are u%fm,f; eguivalent .
( [4- 2)/ Theve ex'sts a sf"olt Lo‘ e, Suckh that

bt RO e }%=%,f%+9;@)w,



((F))Iﬁ)aﬁ the Cd%a’{ft'ams N C4)) ;’MJuof rmg.
N p(P))=0 and P, is even, a\_Yﬂe__\.S.'cltlTS‘JCpE’.o()

Lhem , fov eAeYY P, P theve e/xf‘s'é} a }‘o:\nt E%Te«ns ' on

~

(9905’ ?, and ¢, SéL'f_t‘SOC;g‘mg,
PCA, A2)= $tA) G +(Qy 5 ¥ (A) 14,y ) 5, (A

2 -

These extemsions 'togeﬁrer with the }omdacf;faﬁ exlemsie
exhaust el jodnl exlemsions of P, and P, .



5 [Xa‘m}ofej

T

Whem sfa‘ffs of 5:,455‘5@5%%5’ ave /mwfuwe_s ,
thever ave many gmxni eylemsions of givem mlmﬁgeéya s

Qvemn S Fevimeon 9?/51%«%:
We gwﬁ Two e«;\fawﬂef 'n the case of Tw S‘sz@'(?ms

OT and DZ wﬁ% cam be fu// /Mdfwﬁ aﬂ;ebms
( of Fmite climensiors ),

(E)‘WME/@Q 1 } [t f be an envertible olens ly omalvig, of o Stale
of the Tolal Sgs'fem Ol = O’ZI , saftfsvcyfdmg;
(fz 21 For some A\ >O0.

Let (d=x*e01,_) 2™ (P=9%ell, | satisFyimg
VUEYRITES )

(P A= T (PA), A, €0l

(Ll B)=Tr (P A),  Aue Ol

et

Themn | -
P00 =T (PA), | pting |

s & s'tai'e of Ol C)Z‘,Z\ and E\gmrnf enlems)'om, ofﬁpamal‘;ﬂ
For amg choree oﬂc 3 amd Y (salisTyimg above coneld ti'one )
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('Exaaﬂ'hfe;@l_:e;t § and Y pe states of 5?[ ool O,
s 'Watl\ o{ecmr)ooﬁ fioﬁ.s o
GxP )+ U= %) (F=ute (1= p) %)
wh-eve A SA.
o LB 1/ 0</M <1 \(fl Qmof | CPL:\ ayre e

but

\\‘1/& o d k{'L) aye Cwlo('hfar} )

L-e,'{,— I(/’. ‘73 be 'H’Lﬁ )OYUO{ELCI: State.r ;

]/K”TO‘/””‘)?’, o +(N(Fp) =i ) Y, /,/

| L ity (1) G, s
PR e ]/)MQrme'ter O(’armffji of \2‘/07%1,7( _'@_CZLQM!:‘W
O; 1_<P M L}/ L' th the }OmaMQTPV ‘ ©) sty f};‘mg

{' ~ mifm (/\/u) (F-20-p)) £ e < m,"«w(f"/v/,/\(/%f/;-



