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X
Pxe! .
Q. N trapped bosons, rotating
along the 3rd axis
x=(x1,x2,x3) e R®
L P e X2 z=xlt+ix2eC

Q>0

Hamiltonian in rotating frame, acting on \/} [?(R3)
(notation L = x X p, p = —ihV):

N
p mSQ2
Z(’J C|J|2 963'Lj>+ Y. Wix—x)

j=1 1<i<j<N
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The one-body operator

For A(x) := (—x%,x},0) = e3 x x, p- A(x) = A(x) - p = e3 - L. Hence

[pP | mx]* p—mAAXP | mP

Q@.L:‘

Qe —Nes - L
om 2 om , )es
unbounded from below for Q > Q..
Q. —Q
FAST ROTATION <—= 0 < w = Q < 1. J
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The one-body operator

For A(x) := (—x%,x},0) = e3 x x, p- A(x) = A(x) - p = e3 - L. Hence

IpP | mRUx? o e mOARX)P | mZCP

. Qe —Nes - L
om 2 {les - L 2m Tl )es
unbounded from below for Q > Q..

Q. —Q
FAST ROTATION <= 0 < w = Q < 1. J

Choice of units: 2. = m = h = 1. Note:

_A 2 312 1
O‘Lz(R3)<‘p (X)Q‘ + x| ):{3 <k+§>, k:0,1,2,...},

ker (|p — A(X)? + ] - 3) = {F(X1 +ix?)e M2 F holom.} = 1.
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Interaction

We vary the typical length of the interaction W.

e Scattering length: assume W > 0 is radial and decays fast enough.
Let f = sol. of the zero-scattering eq.

—Af 4+ Wf =0

f(|x]) — 1 when |x| — oo
Then f(x) ~1— ﬁ‘ for |[x| > 1. a = scattering length of W.

Scaling: a (A2W(-/X)) = Aa(W).

Mathieu LEWIN (CNRS / Cergy) FQHE for rotating bosons Chennai, August 2010



Interaction

We vary the typical length of the interaction W.
e Scattering length: assume W > 0 is radial and decays fast enough.
Let f = sol. of the zero-scattering eq.

—Af +WFf =0

f(|x]) — 1 when |x| — oo
Then f(x) ~1— ﬁ‘ for |[x| > 1. a = scattering length of W.

Scaling: a (A2W(-/X)) = Aa(W).
e Hamiltonian to be studied:

N 2 312
Ipj — ADg)I" + x| — 3
Hﬂazz< ! ! > 4 +wes-L;j | + Z Wa(x;

1<i<j<N

with W, = a=2W/(-/a) with W fixed having scat. length 1.

EN(w,a) = inf o\ L2(R3)HN
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The Gross-Pitaevskii regime

For 0 < w < 1 fixed, Gross-Pitaevskii (GP) regime [LSY00,LS06]:

EN(w,
. % =1
a—u, a—g, w.
N1/3a—>0g GPL, &

. ZARL[x32—
bt g)= i (B 1 vy 1) ) + 47 feo ol ).

Condensation [LS02, LS06].
When w — 0 = Jvortices [AB+].

Calculations of the particle density of an
atomic BEC in the mean-field LLL regime.
Cooper, Komineas & Read. Phys. Rev. A
70, (2004).

15 15

[LSYO00] Lieb, Seiringer & Yngvason. Phys. Rev. A 61, (2000). (w = 1). [LS06] Lieb & Seiringer. Commun. Math. Phys. 264,
(2006). (0 < w < 1). [LSO2] Lieb & Seiringer. Phys. Rev. Lett. 88, (2002).

[AB+] Aftalion, Blanc & Dalibard. Phys. Rev. A 71, (2005). Aftalion & Blanc. SIAM J. Math. Anal. 38, (2006). Aftalion,
Blanc & Nier. J. Funct. Anal. 241, (2006).
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FQHE Regime

In GP theory, the number of vortices is

N.
Ny~ &y =
w w
In physics literature:

N,
hase t iti P|~ | FQHE hen — ~ 1
phase transition |G Q when N J

We introduce

acn
K_Nw J

and look at the regime a — 0, w — 0 (N — o0) and k = O(1).

Rmk. The bosonic FQHE was not yet observed experimentaly.
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Lowest Landau Level (LLL) effective model |

N ‘*A2 327
pi — A()[° + [x7|
Z( e L) Y Wil )

j=1 1<i<j<N
For a=0and w =0, EN(0,0) = 0 with ground states:

ol bl
AN = \/551 = {F(xl1 X2 Xy xR e 2 : F symm. and hol.}.
1

Elf\ll_L(W>a):wi€ngN< WZ% Lj+4ma Z d(xi — xj) \IJ,\|J>

|W|=1 1<i<j<N

Rmk 1. makes sense since all ¥ € §p are smooth.

Rmk 2. E/Y| (w, a) is not obtained by restricting H[Y, to the LLL.
Would give: a [ W > 4ra.
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Validity of LLL model

Theorem (Validity of LLL model [LS09])

Let W > 0 decaying fast enough and k = a/Nw. One has for a constant
c = c(r, W):
1+ cNY/2a

(1 — cNa'/3 — Cal/g) EN (w,a) < EN(w,a) < EN | (w, a) 1—ca

Upper bd: a < N~1/2. Lower bd: a < N—3. Expected: a < N~1/3,

e FQHE/LLL regime attained even for N finite.

EN(w,a) s EN\ (w,a) for N fixed.

a/Nw=k

[LS09] M.L. & R. Seiringer. Strongly correlated phases in rapidly rotating Bose gases. J.
Stat. Phys, 137 (2009), no. 5-6, p. 1040-1062.
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LLL effective model Il

Bargmann space: By = {F symm. and hol. : [ \F|2e_zll‘v=1 il* < oo}.

EﬁY_L(w, a) = infop, (WL + 4maly),

N
‘CN:ZZJ@ZJ’ IN:Z(S;J'.
Jj=1

i<j

(Zi<j 5,.j) F=Q@n) 3, F (zl, o A ARE ...,zN)

Mathieu LEWIN (CNRS / Cergy) FQHE for rotating bosons Chennai, August 2010



LLL effective model Il

Bargmann space: By = {F symm. and hol. : [|F|?e™ Skl < oo}.

EN\ (w,a) = infop, (Wl + 4maln),

N
EN:ZZJGZJ’ IN226U~
Jj=1

i<j

- itz i+2j
(i) F = @) 2250, F (21,00 252, 2522y
e Ly and Zy commute! = pick common eigenstates depending on a/w.

e Laughlin wavefunction [Lau83]:
ker(Zn) = {Fraugh(z1, .., 2n)G(21, ..., zny) @ G symm. and hol.}.

FLaugh(zla '~'7ZN) - CH(Zi - Zj)z' J

i<j

[Lau83] Laughlin, Phys. Rev. Lett. 50, (1983).
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Plateaux for angular momentum

Jk1(N) > kp(N) > --- | GSis constant for k € (kj(N), kj+1(N)),
kj(N) = —1/4xnd;(N).

Ly
A
Li(N) = N(N —1)
———————————————————————————— ’—- .
N
 Laughlin state
LZ(N) ”””””””” Ag T
¢ l
| i
| |
,,,,,,,,,, >—s |
1 1 !
? 3 :
***** .—+ 1 1
I I |
I ! I I
*._.‘ : 1 1
0 . - ‘ : > K
K (V) r2(N) rk1(N)
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CV of states for fixed N

Mu(x)= orth. projector on GS of the reduced LLL model (in L2(R3N)).
Example: with Wi ,ue = 7 V/4Faugne ¥/2,

Mn(k) = [Wiaugh) (Wiaugn|  for & > k1 (N).

Theorem (CV of states [LS09])
Let k > 0 and N > 2 fixed. Denote WV

Wn,an
with a, — 0 and a,/Nw, — k. Then

any sequence of GS of H,

w,, an’

lim w2 ., ~ Mw(r)wl L [ =o.

wn,a
n—oo [op=tn

In particular if K > rk1(N), WV — W\ ugh, Up to a phase factor.

‘-Un an
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Idea of proof: upper bound

e Potential in the LLL:

(/R3g(X)e—a|x2 dx) do < g("), < </R3 g) do + C/Rag(x)%iﬁ dx.

e Dyson test function: W = [ [ £(]x — x;)Wii(xa, .. xw),
i<j
where f, >~ zero-scattering solution. Then

(W, HY W) = B (w,a) WP

[Dys57] Dyson, Phys. Rev., 106 (1957).
[LSSY] Lieb, Seiringer, Solovej, Yngvason. The mathematics of the Bose gas and its
condensation, Oberwolfach Seminars, Birkh3user (2005).
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Idea of proof: lower bound

Idea: bound from below interaction by ax fixed (N-body) potential, using
(part of) kinetic energy.

Lemma (Dyson-type inequality)

Let W a potential supported in B(0, Ro) and y = (s, y3) € R3. We have
for all R > Ry and all

/ | e P (10200 + 10200 + Walx = 9)Io(x)[) dx
x—y|<

1 / —5z
— e *%1)(x) dx
TR Jix-yl=r

e e L)
x—y

= HY, ZZ (6h +w(es - Lj)) + 4ma(l —0) ) Uj
j=1 i<j
with Uj; complicated N-body term. Then: perturbation theory.

> 4 e~ (VIR +Isl?

Trick: if ¢ € By,
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Conclusion

Summary:
@ System understood for a < 1 and w < 1 such that
k =a/Nw = O(1), at least for N fixed;
@ highly correlated ‘universal’ regime with plateaux / FQHE.

Perspectives:
@ Estimates in N not good enough yet;
@ need to understand better effective Hamiltonian in the limit N — oo;
@ conjecture 1:

1 Ly In )\

W£N + 47Ta:ZN = 47TNa<m W W >,
NN
o(1) o1

@ conjecture 2:
k1 — k>0 in the limit N — oc.
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