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General Set-Up

We consider a collection of quantum systems labeled by x € T.
Associated to each system is a Hilbert space Hy and a densely
defined self-adjoint operator Hy. For finite A C I', the Hilbert

space of the composite system is

Ha = Q) Ha s

xeN

and the algebra of observables for the composite system is

An = Q) B(Hx) = B(Ha) .
xeN
If X C A, then by identifying A € Ax with A® Tz x € Ap, we see
that Ax C Aax.
In general, these systems may describe spins, qudits, oscillators,

atoms . . . etc.



Two Typical Examples

1. A quantum spin system has a Hilbert space of states given by
Ha =) C™
xEN

where n, > 2 is an integer, and e.g. the Hamiltonian may be

Hy = SJ, where for j = 1,2,3, S, is a spin matrix.
2. A quantum oscillator system has composite Hilbert space

Ha = Q) L*(R),
xeN
and the on-site Hamiltonians Hy may be position gy or

momentum py, = —idiqx.
Of course, each of these on-site Hamiltonians may be regarded as
acting on the composite system by tensoring with an appropriate

identity.



Interactions

In general, a bounded interaction for these quantum systems is a
map ® from the set of finite subsets of I to the algebra of
observables such that for all finite X C I, &(X)* = &(X) and
(D(X) e Ax.

For finite A C T, local Hamiltonians are given by

H/\ :ZHx+ Z ¢(X)7

x€EN XCA

and the corresponding Heisenberg dynamics, {7\}cr, is defined by

MNA) = e Ae=tHh - for A € Ap.



Examples of Models

1. (Quantum Spin) Take H, = C2. A Heisenberg Hamiltonian
over A C T = Z9 is given by

Hy=> hS3+ Y UyS«-Sy,

x€EN 1<|x—y|<R
where S, = (S}, 52, 53) has components the Pauli spin
matrices. Here h€ R, 1 < R < o0, and {J,, } are parameters.

2. (Quantum Oscillator) An anharmonic Hamiltonian over
A cC T =79 is given by

Ha=>_ pi+w?@+V(a)+ Y. Max—ay)°+P(ax—ay).
xeN [x—y|=1

Here w2 >0, A > 0, V is chosen so that

Hy = p2 +w?q2 + V(qx) is a densely defined, self-adjoint

operator on H, = L%(R), and ® € L®°(R).



Observables and Support

As we have seen, for any finite sets X C A C T, each A € Ax can
be identified with a unique element A ® T\ x € Aa.

The support of an observable A is the smallest set X such that
A € Ax. We denote this by supp(A), and A € Ax if and only if
supp(A) C X.

Let X C A C I and consider Hp a s.a. operator on Ha with, e.g.,
nearest neighbor interactions. For general A € Ay,
supp(T(A)) = A for all t # 0.

Question: Does the dynamics of such a Hamiltonian satisfy some

weaker form of locality?



Some Comments

Clearly, if Ac Ax, B€ Ay, and XNY =0, then [A,B] =0, i.e.,

observables with disjoint supports commute.
Moreover, if A € Ap and

[A,B] =0 forall Be Ay,
then supp(A) C A\ Y.
In fact, a more general statement is true.

If A almost commutes with all B € Ay, then A is approximately
supported in A\ Y.



A Lemma

Lemma
Let € > 0 and take A € Ap. If thereis Y C A\ with

I[A, B]|| < €l||B|, forall Be Ay (1)
then there exists A’ € Ap\y such that
|A®1— Al <ce

with c =1 ifdimHy < oo, and ¢ = 2 in general.

In this case, we can approximate supp(7/(A)) by estimating
[7MA), B] for B € Ay.

This is the basic idea of a Lieb-Robinson bound.



Quasi-Locality of the Dynamics
Under some conditions (to be made precise below), one may prove
quasi-locality of the dynamics. Rigorously, this notion is expressed

by an estimate on commutators of the form
II72(A), Blll < C(A, B)edCY) It

Here A€ Ax, B € Ay, and t € R. Crucially, the numbers
C(A, B) and v are independent of A.
Note that if d(X, Y) > 0, then [7§\(A), B] = [A, B] = 0. The
above bound then indicates that the commutator remains
exponentially small for times

d(X,Y)

t~—m.
"4

The first such estimates were proven by Lieb and Robinson in 1972.
A variety of interesting generalizations have recently been derived.



Assumptions 1
Let I be a set equipped with a metric. If I has infinite cardinality,
we need to assume there is a non-decreasing function

F :[0,00) — (0, c0) satisfying:

) [[FIl = supxer 2_yer F(d(x,y)) < o0

ii) there exists C > 0 such that for all x,y €T,

Y F(d(x,2))F(d(z,y)) < CF(d(x,y)).

zel
Example: If [ = Z, take F(r) = (14 r)~(+9),
Note that, in general, if F satisfies i) and ii) above, then so does

Fa(r) = e 2 F(r) for all a > 0. Moreover, ||F,|| < ||F|| and also
G <C.



Assumption 2

We need an assumption on the interactions being considered.

Recall that we already have assumed that there is a collection of
on-site Hamiltonians denoted by {Hy}xer-

Let I be a set equipped with a metric and a function F as above.

For any a > 0, we consider those interactions ¢ for which

[®]]lo = sup Fdy) E [®(X)[| < oo.
x,y€r XCr:
x,y€X

If [ =Z" and F(r) = (1+ r)"*1, then clearly finite range
interactions satisfy |||, < oo for all a > 0.



A Lieb-Robinson Bound
Let I be a set equipped with a metric and a function F as
described above.

Theorem (Nachtergaele, Raz, Schlein, S. 09)

Fix a collection of on-site Hamiltonians {Hy}xer. Let a > 0, take
® such that ||®||, < oo, and consider finite subsets X, Y C I'. For
any finite N\CT with XUY CN, any Ae Ax, B € Ay, and

t € R, one has that

I[7N(A), B]|| < Ce2(d(X:Y)—valtl)

where

_ 2[lAllBIIF

C Cl

2o
min[|06X|, [0 Y]] and ve = ”L'C



Sketch of the Proof

First, suppose there are no on-sites Hamiltonians.

Consider the function f defined by

f(t) == [r{'(A), B].
Differentiate to see that f satisfies the following differential

equation

F(e) = =i | (). 78 ()| = i [w(A), [ (Hx). B

with the notation
> o(2)

ZCA:
ZNY #D

for any subset Y C V. The first term in (3) above is

norm-preserving, and therefore we have
It

17(A), BIII < HM5M+2MH/ 1178 (Hx), B || ds



Define the quantity

7./\

then (5) implies that

Ce(X,t) < Ca(X,0)+2 Y [lo(Z H .

ZCN:
ZNX#D

Ce(Z,s)ds.  (7)

Clearly, one has that
Cs(Z,0) < 2[|B| dv(2), (8)

where 0y (Z) =0if ZNY =0 and dy(Z) = 1 otherwise. Using
this fact, iterate (7) and find that

Ca( (9)




where the coefficients are given by

)ORED DENEED Y Hch(z I6v(Zy).  (10)

Z1CA: ZyCA: ZnCA:
ZlﬂX#@ Zzﬂzl#@ ZnNZp— 1#0

Using the properties of the function F, and the norm ||®||, one can

estimate a,:

[chua] S S A dey)

xeX yeY

This completes the proof.
If there are on-site Hamiltonians, re-work the above argument for
the function f defined by

F(t) := [ (1 (A)), B]. (11)



Applications

In the context of quantum spin systems, there have recently been a
variety of applications: Exponential Clustering, a multi-dimensional
Lieb-Schultz Mattis Theorem, an area law for one-dimensional
gapped systems, quantization of hall conductance, stability of
topologically ordered systems under local perturbations . . . to
name a few.

Due to time constraints, | will only discuss one application:

the existence of a limiting dynamics



Thermodynamic Limit

Question: For infinite ', does there exist a suitable limiting

dynamics as A — I?

The Set-Up
Suppose I has infinite cardinality. Let {A,},>1 be an increasing

sequence of finite subsets with A, — T.
Take X C T finite, A€ Ax, and t € R.

What can be said about

lim 7M(A)?



Result

Let
Ar=JAn
where the union is over all finite subsets of I'.

Theorem (Nachtergaele, Schlein, S., Starr, Zagrebnov)
Let T, F, and {Hy} be as before. Take a > 0 and ® with

||®||2 < o0o. For each t € R and any A € Ar, the norm limit

lim 7,7(A)

n—oo

exists. The limit defines a one parameter group of
x-automorphisms on the completion of Ar. Moreover, the

convergence is uniform for t varying in compact sets.



Comments

1) If all the on-site Hamiltonians {Hx} are bounded, then the

limiting dynamics is strongly continuous.

2) If this is not the case, then we only have weak continuity of the
limiting dynamics. This is true, for example, in any product state

whose factors correspond to normalized eigenvectors of H,.
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Sketch of the proof

Assume there are no on-site Hamiltonians.
Let X C A C A, all finite subsets of I'. Observe that for any
strictly local A € Ax and t € R, the norm-estimate

[ -atm) < 3 [l el s,

zeN\Am 232
readily follows. By our Lieb-Robinson bound, the above

commutator is small (in distance between X and Z), independently

of Am. This shows that the sequence 7;"(A) is Cauchy .

A similar trick applies in the case of non-trivial on-site

Hamiltonians.
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What about unbounded interactions?

In all of the previous discussion, it was assumed that the
interactions are bounded. What can be said about systems where
this assumption is lifted?

Only a few models have been analyzed so far.
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The Harmonic Model
Take A C Z9, Hp = @, cp LA(R), and consider

HK=ZP§+w2qX+ZA — Gxte)?,
xEN

introduce annihilation and creation operators

1 1
ax = (qx + ipx) and aj( = (qx - iPx)
V2 V2

which satisfy the CCR and for each f : A — C let

= Zmax and a(f)" = Z f(x)ax

XEN x€eN
and define a Weyl Operator by

W(f) = exp [; (a(f) + a(f)*)] .
Note that the Weyl relation holds
W(f +g) = e ME W (W (g).
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By going to Fourier variables,

HR = > (k) (2bjbi + 1)
keN*

where

d
Y(k) = | w2 +4) " Ajsin®(k;/2).
j=1

In this case, the dynamics is trivial
M b) = e 27 Wtp and 7N (b)) = 2Kty
Moreover, the b’s can be obtained from the a's (and vice versa)
b(f) = a(Uf) + a(Vf)" and a(f) = b(U*f)— b(V*F)*
where U and V are real-linear maps (Bogoliubov) which satisfy

U'U-v*v=1 and VU-UV=0
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Hence

where
Tof = (U+ V)F Mo F(U* = V*) = £+ KB + F 5 K2
and for every pu > 0,
max{\Kt(l)(x)], \Kt(z)(x)!} < Cﬂefu(IX\th(u)\t\)'
Using the Weyl relation
7AW (), Wig)| = (1 - M) w(TF)W(g)
we have a Lieb-Robinson bound for the harmonic model, i.e.

H[Trh”\(W(f)),W(g)H <G, Z|f )l (y)|e Ix=yI=vlel)
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Remarks
i) Again, it is important to note here that the constants C, and

vh(w) are independent of A.

ii) Moreover, optimizing the velocity v,(1) over the rate of spatial

decay p, one finds the bound

Vh(,uo) <4 |w?+ 42)\1'.
j=1
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Locality for Anharmonic Systems
Let V be real valued and satisfy

Ky = / |k[?|V (k)| dk < oo
Define

Hih = HE+ 3 V(an).
x€EN

Theorem (Nachtergaele-Raz-Schlein-S. 09)

For every it > 1 and € > 0, there exists a constant C > 0 such that

H[Tah/\( W(f)), gl < CZ’f )g(y)le™ p(Ix=y|=van(p,€)|t])

for all functions f, g € £2(N).

Here C and v, are independent of A with

van(s €) < (1 ; u)

C/ﬁ;\/

1% +€)+
h(M ) U te
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The Thermodynamic Limit?

Some problems:

In the quantum spin context, 7 is a strongly continuous,
1-parameter group of x-automorphisms; so too is the limit.

The harmonic dynamics Tth’/\ is not strongly continuous w.r.t. time
since ||W(f)— W(g)|=2if f #g.

Moreover, due to the unbounded terms in the Hamiltonian, the old
proof does not directly apply.

Solutions:

L. Amour, P. Levy-Bruhl, and J. Nourrigat '09 introduce a modified
norm and prove convergence of the anharm. dynamics as A — Z9.
We start with the infinite volume harmonic dynamics and prove

convergence as the perturbation grows from A — Z9.
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oo-Volume Harmonic Dyamics

Consider a subspace D C ¢?(Z9) and let W(D) be the Weyl
Algebra generated by W(f) for f € D.

Examples: D = (2(N\), D = (X(Z9), D = (>(29).

By replacing Riemann sums with integrals, we can formally define

the harmonic dynamics on W(D) by setting
rO(W(F)) = W(T,f) forall feD,
where

Tof = (U+ V)F "My F(U* — V) = F KD 4 F e K.
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One can easily check that for every > 0,

max{ [K" ()] KD (]} < e (= ale)

still holds.

Moreover, one verifies that
1. For D as above, T; : D — D.
2. To=1and Tg1t = Ts0 T;.
3. Im[(T:f, Tg)] = Im[{f, g)].

In this case, the previously defined 7
x-automorphisms on W(D).

(0)

t

is a 1-parameter group of
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Representing the Dynamics
We represent the dynamics in, e.g. the vacuum state for the

b-operators, i.e.,

p(W(F)) = e~ WDIW =V

which is clearly regular and Tt(o) invariant by definition. A

calculation shows that

t— p(W(g)W(T:f)W(g2)) for gi1,8,f €D

is continuous, and hence Tt(o) is weakly continuous in the GNS

representation, denoted by (H,, 7, €,), of p. By invariance, the
dynamics can be extended to M, = W(D) and thereby (Mp,Tt(O))

is a W*-dynamical system.
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Finite Volume Perturbations

The perturbation theory of W*-dynamical systems is
well-understood.

In fact, if (M, a;) is a W*-dynamical system and P = P* € M,
then

t t th—1
af(A) :at(A)+Zi”/0 dtl/o dtz.../o dt,

n>1
X o, (P), [+ s [ (P), ax(P)]] -1,

defines a 1-parameter group of x-automorphisms on M which is
also weakly continuous.
Now for (Mp,T,_SO)) as before and

P=Pr=> V(a),
xEN

(N

we have a well-defined, weakly-continuous dynamics 7;
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Lieb-Robinson Bounds Let V be real valued and satisfy
Ky = / |k|2|V (k)| dk < 0.

(N)

Define 7" as a finite volume perturbation of the infinite volume

harmonic dynamics with

P=Pr=> V(g
xEN

Theorem (Nachtergaele-Schlein-S.-Starr-Zagrebnov 09)

For every 11 > 1, there exist numbers C and v,y for which

I (w(r), QRS I

holds for all functions f,g € ?(D).

Again, the numbers C and v, are independent of A.
This result holds for D = ¢2(Z9).
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Existence of the Dynamics
Let V be real valued and satisfy

oy = max{/|ku\7(k)ydk, /\k|2\\7(k)|dk} < 50

Theorem (Nachtergaele-Schlein-S.-Starr-Zagrebnov 09)
Let Tt(o) be the harmonic dynamics defined on W((*(Z9)). Let

{An} denote a non-decreasing, exhaustive sequence of finite
subsets of Z9. Denote Py, as before. Then for each f € (*(Z9)
and t € R fixed, the limit

lim Tlg/\n)(W(f))

n—oo

exists in norm. The limiting dynamics is weakly continuous.
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The Proof
The old proof now works:

Take m < n, then by iteratively perturbing

Tt(A")(W(f)) _ Tf“”)(W(f)Hi/oth(A") ([PAH\Am,Tt(ﬁ'S")(W(f))D ds .

The new Lieb-Robinson bounds complete the argument.
Weak continuity follows by an €/3 argument; since it was true for

the finite volume perturbations.
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Conclusion

We continue to improve our understanding of the dynamics
corresponding to quantum many body systems. In particular,
investigating its locality properties has lead to a variety of new

results.

Improved knowledge of the dynamics can be used to better
understand correlations, excitations, and more general results in

perturbation theory.



