Symmetric Functions: Problem Set 7

. Let {uy}, {v\} (and similarly {v)},{v}}) be a pair of dual bases of A
with respect to the form (,). If @ = A, prove that v/ = u’A'.

. Let A\, u € Par(d). Prove that if A is a refinement of u, then A occurs
after p in reverse lexicographic order. Is it true that p dominates A 7

. Prove Pieri’s rule (in the ring of symmetric functions in n variables,
for large n): sy hy = Zpe)@k s, where A ® k is the set of partitions
obtained by adding k boxes to the diagram of A, no two in the same
column. Deduce that the same equation holds in the ring A.

. Let A denote the space of alternating polynomials in n variables. Show
that (i) The a, for v € D(n) span A, (ii) multiplication by a;s defines
an isomorphism of vector spaces A,, — A. Thus, A is a free A,-module
generated by ag.

. Let § = (n—1,n—2,---,0). Show that s; = [[;;.;<,(zi +2;) in
the ring A,,. Compute sigs for all & > 1. -

. Prove the identities:
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where f* is the number of standard Young tableaux of shape \.



