Symmetric Functions: Problem Set 11

. Complete the proof of the hook-content formula by simplifying the
product obtained in class into the required form.

. Prove that the skew Schur functions are symmetric functions by adapt-
ing the argument used for Schur functions (free and paired occurrences
of i, i+ 1 etc).

. Prove that:
(.U(S)\/u) = S)\//M/
. Let p, v be partitions of d; thus V (i), V(v) and V() ® V(v) are all
representations of Sy. Define:
Xp * Xv = XV (w)®V(v)

We have

Xu*Xe = D G Xa
AePar(d)

The gﬁ,, are nonnegative integers, called the Kronecker coefficients.
Prove that gﬁy is symmetric in u, v, A.

. Let z,y respectively denote the infinite list of variables z1, o, -+ and
Y1,Y2, . Prove that:

sa(zy) =) ghy su(@)s,(y)
[T8%

where zy denotes the list of variables z;y; for (i,5) € N x N. Hint:
Ezpand in terms of power sums first.

. Prove : .
_ A
H m = Z Guv sx(@)su(y)su(2)
.7,k A,V
. Define
¢:= ZSA(x)SA(y) = Z hana () (y)
A Iz
h side bei 1to ][] 1
each side being equal to ||, . ———.



(a)
(b)

Verify that ( = > y*ha(x) where the sum runs over all possible
multi-indices a.

This identity holds if we restrict x and y to finite lists of variables
r1,T9, , Ty and y1,y2, -+ ,Yn. Lhe sums on both sides then
run over partitions with at most n parts (since sy = 0 = m,, if
A, 1 have more than n parts). Show that sy(x) is the coefficient
of y**4 in Cas(y).

Recall as =3 g sgnw y™9. Use this to show that:

sa(@) = > sgnw hyysws (1)
wES,
where h; is taken to be zero for 7 < 0.

Prove that the above expression is nothing but the determinant:

det (h)\i“’j*i)zj’:l

This identity is called the Jacobi-Trudi identity.

Derive an analogous expression for sy in terms of the ey.

Use equation (1) to give an expression for the entries K;Ml of the
inverse Kostka matrix.



