REPRESENTATION THEORY OF FINITE GROUPS

PROBLEMS SET 11

(1) Compute x(32.1y(2,2,2).
(2) For each positive integer n, let A = (n,...,n) denote the parti-
tion of n? with all parts equal to n. Show that

a(2n—1,2n—3,...,3,1) = (=1)"/2,

(3) Let gy denote the number of standard Young tableaux of shape
A with 2 occuring in the first column. For any partition A of
n > 2, show that the character value x,((1,2)) at a 2-cycle
Ix—2gx.

(4) Show that detop, : S,, — C* is the sign chatacter of S, if and
only if gy is odd. Such partitions are called chiral partitions' .
[Hint: what are the eigenvalues of py(s1)?]

(5) Show that, if A is a self-conjugate partition of n, then either
a box can be added to the Young diagram of A to obtain the
Young diagram of a self-conjugate partition of n + 1, or a box
can be removed from the Young diagram of A\ to obtain the
Young diagram of a self-conjugate partition of n + 1.

(6) We say that (A, u) is a self-conjugate cover if both A and p are
self-conjugate, and the Young diagram of A\ is obtained from
the Young diagram of p by removing one box. List all the
self-conjugate covers involving partitions up to size eight.

(7) If (A, ) is a self-conjugate cover, A = ¢(a), and u = ¢(3) for
some partitions o and § with distinct odd parts, then show that

Xa (wa) = £, (ws)-
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f n is an integer having binary expansion n = e 4+ 28 42k 4 ... 4 2kr ¢ ¢
{0,1}, 0 < k1 < kg < --- < k., the number of chiral partitions of n is
Qatethr (2’“171 + 251:711 9D (ki=2)=(3) 4 62(k21)); see Ayyer, Prasad, and Spal-
lone, JCTA, vol. 150, 2017.
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