Topology

Tutorial Problems: Week-1

Exercise 1
Let f: X — Y be a function. Define a relation ~ on X as follows:

1~ Ty if f(xl) = f(302)

Show that ~ is an equivalence relation on X. What are the corresponding equivalence
classes?
Exercise 2

Assume that the set X is countably infinite. Show that the n-fold cartesian product X"
is also countably infinite.

(In particular, Q™ is countably infinite.)

Exercise 3

Let X be any set. Show that there does not exist a bijection between X and its power
set P(X).

Exercise 4

(i) Show that every countably infinite set is equivalent to a proper subset of itself.

(ii) Show that any infinite set is equivalent to a proper subset of itself.

Exercise 5
Prove that the set [0,1) x [0, 1) is equivalent to the set [0, 1).
(Hint: Use Schroeder-Bernstein Theorem.)

Exercise 6

A complex number is said to be algebraic if it is a zero of a polynomial with integer
coefficients. Otherwise it is said to be a trancendental number. Show that the set of
all algebraic numbers is countably infinite. As a consequence, deduce that there exists a
trancendental real number.

Exercise 7
Let (X, d) be a metric space. Define d' : X x X — R by

d(z, y)
d(z,y) = ——F——.
() 1+d(z,y)
Show that d' is a metric on X. Further, show that a subset U C X is open in (X,d) if
and only if it is open in (X, d).
Exercise 8

Let (Xi,d;) and (X3, ds) be metric spaces. Define d : X; x Xy — R and d' : (X} X X3) X
(X1 x X3) — R as follows:

d((xhx?)v (xlla x/Q)) = max{dl(wla lJl)? dQ(I%x/Q)}v
d'((1,22), (21, 75)) = di (21, 27) + do(2, 73).



Show that d; and d are metrics on X; x Xo.

Exercise 9

Give a counterexample for each of the following statements.

(i) The intersection of any collection of open sets must be open.
(ii) The union of any collection of closed sets must be open.

(iii) In any metric space (X, d) we have
B(zg,7) ={z € X : d(z,x9) <r}

for every r > 0.

Exercise 10

Let (X, d) be a metric space and (Y, d) be a subspace of (X, d). Assume that Z C Y. Prove
that Z is open in Y if and only if there exists an open set O in X such that Z =0nNY.

Exercise 11
Let (X, d) be any metric space and xy € X. Define a function f: X — R by

f(x) =d(x, zo).

Is the function f continuous on X7

Exercise 12
Let (X, d) be a metric space. Assume that zo € X and r > 0. Prove that the set

{r e X :d(z,x9) <r}

is a closed subset of X.

Exercise 13
Let (X, d) be a metric space.

(i) Assume that x € X, and A C X is a closed set such which does not contain z. Show
that we can find disjoint open subsets U and V of X such that x € U and A C V.

(ii) Assume that A and B are disjoint closed sets in X. Show that we can find disjoint
open subsets U and V' of X such that AC U and B C V.

Exercise 14
Let (X, d) be a metric space and A C X. Show that

A={ze€X:d A =0}.

Exercise 15

Let (X,d) be a metric space and U is an open subset of X. Assume that A C X. Show
that UN A= ¢ if and only if UN A = ¢.

Exercise 16

Let A=Qn|0,1] € R. What is the boundary of A?



Exercise 17

Let (X, d) be a metric space. Assume that {z,,} and {y,} are sequences in X converging
to « and y. Show that the sequence {d(z,,y,)} converges to d(z,y).

Exercise 18

Show that a Cauchy sequence converges if and only if it has a convergent subsequence.

Exercise 19

Prove that the metric space Cla,b] is complete. Is this space separable? Is it second
countable?

Exercise 20

Let X and Y be metric spaces and f : X — Y be a mapping. Show that f is continuous
if and only if f(A) C f(A). Give an example where this inclusion is strict.

Exercise 21

For any metric space (X, d), let C'(X) denote the set of all bounded continuous real-valued
function on X. For f,g € X, set

d(fag):: SuprXWf(x)__g(x)L

Prove that (X, d) is a complete metric space.

Exercise 22

Let (X,d) be a complete metric space and Y be a subspace. Show that Y is complete if
and only if it is closed.

Exercise 23

(Completion) Let (X, d) be a metric space. Fix any point xy in X.

(i) For any = € X, define the map f, : X — R by f.(y) = d(y,z) — d(y, zo). Show that
the map f, is continuous and bounded.

(ii) By (i) we obtain a map F' : (X,d) — (C(X),d’) given by F(x) = f,. Show that F' is
an isometry, i.e.

d'(F(x), F(y)) = d(z,y).

(iii) Define completion X* of X to be the closure of F(X) in C(X). Show that X* is a
complete metric space which contains an isometric image of X that is dense in X*.
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