BUNDLES OF VERLINDE SPACES IN ALGEBRAIC GEOMETRY

JAYA NN IYER

ABSTRACT. A Verlinde space of level k is the space of global sections of the k-th power of
the determinant line bundle on the moduli space SU¢ (1) of semi-stable bundles of rank
r on a curve C. The aim of this note is to make accessible some remarks on the action
of the Theta group on the Verlinde spaces of higher level, well-known to the experts on
the subject. This gives a decomposition of the bundle of Verlinde spaces over the moduli
space of curves and we indicate how to compute the rank of the isotypical components
in the decomposition.
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1. INTRODUCTION

Let C be a nonsingular connected projective curve defined over C. The Jacobian variety
J(C) associated to the curve is a moduli space of rank one and degree zero bundles on the
curve C. There is a natural polarization ©¢ on the Jacobian and one can associate the
space HY(J(C), ©L) of global sections of the k-th power of the line bundle ©¢, also called
as the abelian theta functions. The Theta group G(OF) was introduced by Mumford
[Mu2] and he prescribed an action of this group on H°(J(C),0F) (more generally for
sections of line bundles on abelian varieties, see §2.1) and obtained results on equations
defining abelian varieties amongst many other moduli questions.

A higher rank analogue of J(C') is the moduli space U (r,0) of semi-stable bundles
of rank r and degree 0 and the moduli space SU¢(r) of semi-stable vector bundles of
rank r and trivial determinant on C', introduced by Mumford, Narasimhan and Seshadri
[Mul], [Na-Se], [Se]. There is a polarization © on the moduli space SU¢(r) called as
the determinant bundle [Dr-Na]. The space H°(SUc(r), OF) of global sections of ©F are
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2 J. N. IYER

called as the Verlinde spaces of level k. The sections are also called as the generalized
theta functions. An action of a theta group G on the space H°(SU, ©) was prescribed
in [BNR] and it was shown to be an irreducible G-module. We wish to investigate the
G—action on the higher level Verlinde spaces.

We put this in the framework of families of these moduli spaces over the moduli space
of curves. This is done to be able to compute the Chern classes of the bundle of the
Verlinde spaces of level one and we hope that it finds applications on further questions.

Suppose ¢ : C — T is a smooth projective family of curves of genus g. We can
associate to this family, the relative moduli space

(1) ms: SUe(r) — T

of semi-stable vector bundles of rank r and trivial determinant. There is a relative
polarization © on SUc(r), also called as the determinant bundle.

The Verlinde bundles
Vﬁk = WS*(@k)

are known to be equipped with a projectively flat connection (i.e., a flat connction on the
projectivization P(V,x)), also called as Hitchin’s connection (see [Fal], [Hi]). We notice
that ©¢ is not uniquely defined since we can tensor it by the pullback of any line bundle
on T'. This implies that the Verlinde bundles are defined upto taking tensor product with
a line bundle on T

Let v, = dimH%(SUc, (r), ©F) be the dimension of the space of sections of ©F. Then,
by [Be-La|, [Fa2] we have the ‘Verlinde formula’:

o . S—ZzZ.,
%’k_(rjtk‘)g' Z H|2.sm7rr+k|g )

SUR=[1,r+k] s€S
|S|:7‘ z€R

We show that there is a decomposition of the Verlinde bundle, of the form

P wer

XEK(0)k

over a suitable cover of T'. Here W, is an irreducible Heisenberg representation (of higher
weight) and F) is a vector bundle on an étale cover of 7" over any point (Proposition 4.2).
This is an application of Mumford’s Theorem [Mu3, Proposition 2, p.80] of theta groups,
to the case of generalized theta functions.

We indicate how the rank of the bundles F) can be computed (section 5). This shows
that the dimension of the isotypical components are different and the isotypical component
corresponding to the trivial character is greater than the other components. This is in
contrast with the abelian theta functions, where all the components are equi-dimensional
(see [Iyl, Proposition 3.7], which is stated for level 2, but in fact it holds for any level).
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As an application, we compute the Chern character of the level one Verlinde bundle in
the rational Chow groups (Corollary 4.3).

The proof is via a study of the Heisenberg group representations [Mu2], [Iy1]. We extend
the action of the Heisenberg group to higher level Verlinde spaces to obtain our assertion.
The action is prescribed in a more general set-up, i.e., for moduli of parabolic bundles. Our
hope was to compute the multiplicities using degeneration of the moduli spaces with their
polarizations and using the Factorisation theorems. It then becomes essential to consider
moduli of parabolic bundles with a G-action on the space of generalized theta sections .
The Factorization theorems were proved by Faltings, Narasimhan, Ramadas, Sun [Fa2],
[Na-Ra], [Su] and many other mathematicians in computing the Verlinde formula in some
cases. It seemed difficult for us to carry out the computations with a G-action though.
We include §3 for the interested readers who might want to use this approach.

The results on the decomposition using the theta group seems to be well-known to the
experts though not written down explicitly in the literature. Beauville, Laszlo, Sorger
[Bel], [Be-La-So|, Andersen-Masbaum [An-Ma| have treated special cases. We thank the
referees for the helpful comments, pointing out some references, indicating some errors and
making useful remarks on improving the exposition. We thank H. Esnault for suggesting
to investigate the Chern classes of the Verlinde bundles. This is an extension of the
questions posed in [Es2] and we hope to consider it in a future work. We also thank
A. Beauville for informing us to consider the quotients of SU¢(r) which led to §5 and
pointing out a gap in an earlier version.

2. THE SPACE H°(SUc(r),O¢) 1s A HEISENBERG MODULE

All the varieties are considered over the field of complex numbers.

2.1. Theta groups. We recall the definition of the Theta group introduced by Mumford
and refer to [Mu2] for details.

Suppose A is an abelian variety of dimension g and let L be an ample line bundle on
A. Consider the translation map, for any a € A :

te t A— A, x— x+a.

Consider the group :
K(L)={acA:L~tL}
and the Theta group of L:

¢ ik
Gg(L) = {(a,¢) : L=1t,L}.
In particular there is a central extension :

1—C"—¢g(L) — K(L) —0.
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2.2. Heisenberg groups. Fix positive integers ¢y, 0o, ..., §4 such that ¢; divides 9,41, for
each i. The g—tuple § = (61, ...,0,) is called the type of J.

Given a type 0, write
Z Z
(51—2 X X 59—Z>
m = Group of characters on K;(9)
K(6) = Ki(6) @ Ki(9).

K1(5) =

The Heisenberg group Heis(d) is the set
C* x K(9)
with a twisted group law: (o, z,1).(5,y,m) = (.f.m(x),z + y,l.m) [Mu2].

Consider the C—vector space

/
V) = (1555 57— C)

and the action of (o, z,l) € Heis(d) on f € V(4) is given as :
(o, 2,0).f(y) = al(y)-f(x + y).

Then we have

Theorem 2.1. The C-vector space V() is of dimension equal to §1.05...0, and is the
unique irreducible representation of the Heisenberg group Heis(d) such that o € C* acts
by its natural character.

Proof. See [Mu2, Proposition 1]. d

Definition: If W is a representation of the Heisenberg group Heis(d) such that o € C*
acts as multiplication by o!, then we say that W is a Heis(d)-module of weight [.

We have the following result on higher weight Heis(d)-modules.

Proposition 2.2. The set of irreducible representations of the Heisenberg group Heis(0)
of weight | is in bijection with the set of characters on the subgroup of [—torsion elements,

K (), C K(6).
Moreover the dimension of any such representation is
d1...04
(1,01)...(1,04)
If x is a character on K(6), and W, is the corresponding irreducible representation then

W, ® x~ ' is identified with the Hezs( )-representation V( ) of weight 1. Here % =
(%, - ﬁ) and (1,6;) denotes the greatest common divisor of I and §;.
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Proof. See [Iyl, Proposition 3.2] when [ = 2 and [Iy2, Proposition 5.1] when [ > 2. [

2.3. H(SUc(r),0¢) as a Heis(d)—module of weight 1. Given a nonsingular projective
curve C' of genus g and integers 7, d, the moduli space of semi-stable vector bundles of
rank r and degree d is denoted by Uq(r,d). The moduli space of semi-stable bundles on
C' of rank r and trivial determinant is denoted by SUs(r) and the ample polarization
on it by ©¢ [Dr-Na]. The Jacobian J@ parametrises degree n line bundles on C, upto
isomorphisms.

Notice that the subgroup (J¢), of r-torsion points on Jeo, acts on the moduli space
SZ/{C (’f‘)
Ew— E®I, forl € Pic’(C), = J(C),
and it leaves ©¢ invariant [BNR, p.178].

Consider the commutative diagram (I):

k2 Ak
0, =~ 06}

| l
Sue(r) 25 SUe(r)
Here [, is the line bundle corresponding to a r-torsion point on J(C).

Consider the group

Gr(00) = {(In, ¢) : O £ (21,)"6L}.

Then there is an exact sequence:
1 —C"— Gr(Oc) — J(O), — 0
which is a central extension.

We recall the constructions in [BNR] which leads to a description of the vector space
H(SU(r),O¢).
Firstly, the moduli space Uc(r, d) is described as follows.

Theorem 2.3. There is a r-sheeted (ramified) covering m : C' — C with C" nonsin-
gular and irreducible such that the rational map 7, : Jg, — Uc(r,d) is dominant. The
indeterminacy locus of m, is of codimension at least 2 and f = d — degm,(Ocr).

Proof. See [BNR, Theorem 1]. O

Let 0 = (detm,Oc)~! be the line bundle and consider the norm map
Nm : Jg/ega — ngega.

Let P' = Nm™'o be the variety associated to the ramified covering 7 : ¢/ — C. We
denote g = genus of C' and ¢’ = genus of C’. Then there is a commutative diagram (I)
([BNR, Proposition 5.7, p. 178]) :
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PxJggt B get
l T is l Tl
SUc(r) x J& = Ur.r(g = 1))
and satisfying:
P.1. the morphism is is an isogeny of degree 29 and isy is the map given by tensor
product. Further, (isy)*©p ~ piO¢c @ p;0, for the natural projections p;.
P.2. m, induces a dominant (generically finite) rational map
Tyis : PT— SUc(r).
The indeterminacy locus of 7, ;5 is of codimension at least 2.
P.3. ©p = (m.;s)"(O¢) is a primitive line bundle (i.e., not a power of another line
bundle) and is of type § = (1,1,...,1,7,r,...,r). Here r occurs g—times.

P.4. The subgroup (J¢), of r—torsion points of Jo acts on SU(r) and leaves the
line bundle ©¢ invariant. There is a G(©p/)—action on the sections of ©p: such that
the pullback map H°(SUc(r),O¢) — H(P',©p:) is equivariant for this group and the
pullback map is an isomorphism.

Consider the commutative diagram (II):
P/ ®_l'r> P/

l T is l T is

SUc(r) Z5 Suo(r)

Here [, € Pic’(0), = J(C),.

Remark 2.4. Notice that P.3 and (II) imply that G1(©¢) ~ G(Op/). Indeed, the map
is given by (L, @) — (I, (Teis)*@) which is injective and hence an isomorphism. Further,
this implies that the Weil pairing (given by the commutator map) on J(C),, corresponding
to the extension

1—C"— G1(©¢) — J(C), — 0

is nondegenerate. Also, G1(0¢) acts on H*(SUc(r),O¢) with weight 1 and is an irre-
ducible representation.

Remark 2.5. The above mentioned remark can be extended to the following case: consider
the moduli space SUc(r,n) of semi-stable bundles with fixed determinant n. Now I, €
J(C), acts on SUc(r,n) as E — E ® .. Since Pic SUc(r,n) = Z.O¢ ([Dr-Na]) any
point 1, of J(C), corresponds to a finite order automorphism of SUc(r,n), we have O¢ ~
(®1,)*O¢. As earlier we can form the group of automorphisms G1(O¢) of ©¢. Further,
there is a Weil form on J(C'),, given by the commutator map associated to the extension,

1 —C"— G1(6¢) — J(C), — 0.
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This form is nondegenerate since ©¢ is primitive. In other words, G1(©¢) can be identified
with the standard Heisenberg group Heis(0), where 6 = (r,...,r) and r occurs g-times.

Remark 2.6. Since there is a (surjective) homomorphism
Gl(@c) - Gk(®0)> (x7¢) = <x7¢®k)

we see that G1(©¢) acts on H(SUc(r,n),0F) and a € C* acts as a — oF, i.e., with
weight k.

3. PARABOLIC CASE

Suppose C' is a nonsingular projective connected curve of genus g and E is a vector
bundle on C'. Fix a parabolic data A:

S={z;:1<i<n}CCis a finite set of n distinct points,
fix a positive integer m and for each x € S associate a sequence of integers
0<ai(z) <asg(zr) <..<appi(xr) <m

called weights a(x) = (ai(x),...,a;,+1(x)). The weights a(x) have multiplicities n(x) =
(ny(z),n2(x), ...,n,+1(x)) associated to a flag of the fibre FE,
E(z) = Fy(FE;) D Fi(E,) D ..F(E;) D F1(E;) =0

Fj—l(Ez))
Fi(Ez) /°

such that n;(x) = dim(
Consider the moduli space SU¢(r, A) of vector bundles of rank r and trivial determinant
and which are semi-stable with respect to the parabolic data A. Then SUc(r,A) is a

projective variety ([Me-Se|). There is a parabolic theta line bundle © A on SU(r, A) which
is ample ([Na-Ra, Theorem 1.(A)]).

We briefly recall the constructions (see also [Sul):

Consider the Quot-scheme Q of coherent sheaves of rank r and degree 0 over C' and
trivial determinant, which are quotients of OP™)(—N), with a fixed Hilbert polynomial
P. Here N is chosen large enough so that every A—parabolic semi—stable vector bundle
with Hilbert polynomial P occurs as a point in Q.

Thus on C' x Q, there is a universal sheaf F, flat over Q and denote the restriction on
x X Q by F,, forx € S. Let
Flagn(x)(]:x) — Q

be the relative Flag scheme of type n(z). Consider the fibre product
R = XsesFlagnu)(F) - Q.

Let R** C R denote the open subscheme of R whose points correspond to A—parabolic
semi-stable bundles with trivial determinant. The pullback of F — C x Q, under
Id x pr, to C' x R*® is still denoted by F.
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Denote the quotients

The parabolic theta line bundle is defined as
la
(2) Oa = (detRm.(F))" @ (R)((detF,)™ "=+t @ (R)(det Q)+ (") i(*)).
zeS =1
Here 7 : C' x R*®* — R** is the second projection and
detRm.(F) = (detm, F) ' @ det R' 7, (F).
The variety SUc(r, A) is the ‘good quotient’ of R* under the action of SL(P(N)).

The ample line bundle © descends to an ample line bundle on SU-(r, A) and is still
denoted by ©Oa.

Remark 3.1. Consider the open subscheme Q° C Q whose points correspond to semi—
stable vector bundles (in the usual sense). Then SL(P(N)) acts on Q° and there are
rational dominant maps

(3) g Q° — SUo(r)
(4) @2 SUc(r,A) — SUc(r)
Remark 3.2. Further, the ample line bundle detRm.(F) on Q° descends to the theta line
bundle Oc on SUc(r). If m = 1, we write SUc(r, A) = SU(T).
3.1. The space H(SUc(r, A),04) is a G1(O¢)-module. Firstly, notice that the group
J(C), acts on the moduli space SU:(r, A):
E— E®I,
for a line bundle I, € Pic’C = J(C),.
In fact, there is a commutative diagram (III):
SUc(r,A) Z5 Sto(r,A)
g L
SUc(r) =5 SUo(r)

Lemma 3.3. Suppose the indeterminacy of the map g is of codimension at least 2. Then
the vector space H*(SUc(r, A),O4) is a G1(Oc¢)-module of weight m.

Proof. Since the indeterminacy of ¢y is of codimension at least 2, the pullback of O¢
defines a line bundle on SU¢(r, A). Further, it follows from (2) that, Ox = ¢*O% @ M,
for some line bundle M on SUc(r, A) which is not a pullback from SUc(r). Hence, given
an element (., ¢) € G1(O¢), there is an isomorphism
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¢=q " @Id: Op ~ (®1,)*On
over SUq(r, A).

This gives an action of G1(0O¢) on the space of sections H(SUc(r, A),©4). In partic-
ular, the scalars act as a — «". This proves our assertion.

l

Corollary 3.4. The vector space HY(SUc(r, A), 0%) is a G1(O¢)-module of weight km.

Proof. Indeed, as shown in Lemma 3.3, (I, ¢) € G1(©¢) induces isomorphisms

Rk
ok "~ (@l,) 0k
over SUc(r, A). Thus a € C* acts on H'(SUc(r, A), 0K) as a +— ™. O

Suppose 6 = (r,r,...,7) with r occuring ¢ times.

Lemma 3.5. Given a level r—structure on the Jacobian J(C'), there is an isotypical de-
composition

H'(SUc(r,A),08) ~ € n Wy

XEK((S)km

where W, is an irreducible representation of Heis(8) of weight km. Moreover, W, @x ™!
is identified with the Heis(:2-)-representation V(:2-) of weight 1.

Proof. A level r—structure h : J(C), ~ K(J) is induced by an isomorphism
Gl(gc) >~ HGZS((;)

This is true by Remark 2.4 and the arguments in [Mu2, p.318]): consider the subgroups

—

R~ (K1(0)),h ' (K1(0)) C J(C),. Consider their lifts which are level subgroups

K1(8), K.(3) C G1(O¢).

Construct f : G1(0¢) — Heis(d) by mapping K;(d) onto the subgroup {(1,z,0) : x €

K1(0)} and K;(9) onto the subgroup {(1,0,1) : I € K;(0)}. Now extend multiplicatively
to obtain an isomorphism G1(0¢) ~ Heis(0).

Hence, by Remark 2.6 and Corollary 3.4, H*(SUqx(r, A), ©%) is now a Heis(§)-module
of weight km. By Proposition 2.2, there is an isotypical decomposition as asserted.

O

Definition 3.6. An isomorphism G1(O¢) ~ Heis(d) is called a generalized theta struc-
ture.
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4. A DECOMPOSITION OF THE VERLINDE BUNDLES OF HIGHER LEVEL

4.1. The Verlinde bundles of level km. Fix a parabolic data A as in the previous
section and satisfying the hypothesis in Lemma 3.3.

Consider a smooth projective family of curves with n—marked points
(5) 7:C—T
of genus g > 0 and suppose T is nonsingular.

Remark 4.1. We may assume that T is the moduli space of nonsingular projective con-
nected n—marked curves of genus g, with suitable level structures, so that there is a uni-
versal curve over T'.

We can associate to (5), the following families:
(6) my:J —T
is the family of Jacobian varieties of dimension g,
(7) m:SUr) — T
is the family of moduli spaces of semi-stable vector bundles of rank r and trivial deter-
minant and

(8) T SUIA) — T

is the family of moduli spaces SU;(r, A) of A—parabolic semi-stable vector bundles on C;
of rank r and trivial determinant.

There is a line bundle O (resp. ©) on SU(r, A) (resp. SU(r)) such that O restricts on
any fibre SU(r, A) (resp. SU(r)) to the parabolic theta bundle Oa, (resp. ©;) [Dr-Nal,
[Na-Ral.

Definition: The vector bundles
Vr,km = WS*(@Z)

are called as the Verlinde bundles of level km, for k > 0.

4.2. A decomposition of the Verlinde bundles. We denote

r9
5 ny, = rank V, pm.

Vrkm = W- 2.
XeK(é)km

Consider the group scheme J,, — T which is the kernel of the homomorphism
J—J
given by multiplication by r on J. There is an exact sequence

1 — Gunr — Gi(0) — J — 0
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where G;(©) represents the functor defining the automorphisms of © over the sections of
J- (see also [Mu3, p.76], for similar constructions).

Proposition 4.2. Given a ty € T, there is an étale open cover U — T of tqy, such that
Vr,km ~ @ WX X FX
XEK(8)m

over U and for some vector bundles F, on U.

Proof. Suppose T is the moduli space of nonsingular n-marked curves with level r—
structure. Given a tg € T, a level r—structure can be lifted locally on 7" to a generalized
theta structure, say over an open étale cover U — T, i.e., the group scheme G;(0) trivi-
alizes over U and is identified with Heis(§) x U. Hence Heis(d) x U acts on the Verlinde
bundle V, i, with weight k.

Now the proof is, by using Lemma 3.5 and the arguments in [Mu3, Proposition 2, p.80]:
Since the subgroup K (0), is represented over T', there is a vector bundle decomposition

Vr,k:m = @ Wx

XEK(0)km
where W, is a subbundle and is acted by the character yx.
Over U, we know that W, is acted upon by H eis(%) and hence

W, 2 W, ® F,
where W, is defined in section 2. and for some vector bundle F) of rank n,.

This gives the required isomorphism

(9> Vr,km i @ WX ® FX
XEK(8)kem

over U.

Corollary 4.3. The Chern character of the Verlinde bundle V,, is written as
Ch(an) = ’7771.Ch(L5') S CH*<T)Q

for some line bundle Lg on T.

Proof. In the rational Grothendieck group K°(T)q,
an ~ Lg%’l

where Lg = Fj is a line bundle. This gives the assertion on the Chern characters in the
rational Chow groups CH*(T')q.

U
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Remark 4.4. Since the moduli stack M, of curves has PicM, = Z.\ ([Ar-Co|), where
A is the first Chern class of the Hodge bundle m.we 7, it follows that

Ls=1Xe CH*(T)q, for somel e Q,

(we may assume T — M, ). In particular,

Ch(vr’l) = ’77«71.Ch(l.)\) S CH*(T)Q

5. A REMARK ON THE MULTIPLICITIES OF THE ISOTYPICAL COMPONENTS

In this section, we indicate how the multiplicity n, of the representation W, which
occurs in HY(SUc(r,n), OF) (here n, are as defined in Lemma 3.5), can be computed.
This was mentioned to us by A. Beauville.

Let K C J(C), be any subgroup isomorphic to ps X s, s < r. Consider the moduli

space M st of principal semistable SLO) hundles.

Hs K

5.1. The multiplicities when K = J(C),. In this case we obtain the moduli space
Mpgr of principal semi-stable PG L(r)-bundles. Further, fix a point p € C' and denote
L = O¢(d.p). Then we have [Bel],

Mpar) = Hoca<rMpe

and
SUe(r, L)
d )
Mrore) = =500y,

Suppose ©" denotes the primitive line bundle on M]‘iGL(T,) (i.e., the first power of the
determinant line bundle which descends to the quotient) and

%f{k = dimHO(SL{C(T, L), @g)

By Remark 2.6, we can write

%fl,/f: Z n‘i.dimWX.
X€I(O)r

Here n{ is the multiplicity of W, which occurs in H*(SUc(r, L), OF).

Lemma 5.1. Suppose k is a multiple of r and r is odd or if k is a multiple of 2r and r
s even. Then

TN triv = dlm HO(M}%GL(T),@/)

X

and
d )
. /y’l”,k? - nxtr'w

triv
X r29 —1

X F X
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Proof. In [Be-La-So], it is shown that ©F descends down to the quotient MgGL(T) itk=1Ilr
and r is odd or if k = [.2r and r is even. We note that the J(C),-invariant sections of
HO(SUc(r, L), OL) is the isotypical component nimv W, wriv which is precisely the pullback
of the space of sections H O(M}‘f,GL(r), ©"). Further, by Proposition 2.2, it follows that

—

dimW, =1, for any x € J(C),. The assertion now follows from the equality
7ﬁl7k = Z ni.dimWX

xXeJ(©);
and noting that n‘j( is constant, for any y # x"*. U
Remark 5.2. In [Bel, Proposition 3.4], when r is a prime, dz’mHO(MgGL(T), O") is com-
puted. Hence we get an explicit formula for the multiplicities nywio and n, in this case.

5.2. The multiplicties when K C J(C),. For a subgroup K = ps x us C J(C),, s <,
we consider the intermediate quotients

__%'Slfo(T»L)

SUC(T, L) — Mg’GL(T)‘

As in §5.1, the disjoint union

SUc(r, L
Msie) = H0§d<r%

is the moduli space of principal semi-stable Si—ir)— bundles.

Lemma 5.3. Given any integer k, there is a subgroup K = pus x s C J(C),, s <1, such
SUc(r,L)

" as a power of a primitive line bundle ©.

that ©F descends down to the variety

Proof. Notice that the degeneracy of the Weil form on J(C'), associated to the exact
sequence

1 — C" — G(6%) — J(C), — 0
is a subgroup K = s X p, C J(C), for some s < r. Hence there is a lift of K in G;(©%)
over K which forms a descent data for the line bundle ©OF,. 0

As in §5.1, we denote for L = O(d.p) and 0 < d < r,
Ve, = dimH(SUc(r, L), OF)
and n is the multiplicity of W, which occurs in H*(SUc(r, L), OF).
Then
vf’k = Z ni.dimWX.

xek

Trk = j{: Wﬁk

0<d<r

= Z Ny Wy

xek

Hence we write
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_ d
where n, =3, n.

Lemma 5.4. The multiplicities n,, for any x € [?, can be computed.

Proof. By Lemma 5.3, there is an s, 0 < s < r and K = pu, x ps C J(C),, such that

OF descends to ‘SL{CTM as a power of a primitive line bundle ©%. By Remark 2.5,

H°(SUc(r, L), 0%) is a G1(O¢)-module of weight k, for L = O(d.p) and 0 < d < r. By
conformal field theory ([S-Y]), we know the vector space dimension

> dimH (M), 0'%).

0<d<r Hs

d

As shown in Lemma 5.1, a similar argument gives the multiplicities n, = ), <der T

for annylA(.
O

Remark 5.5. If the dimensions of the individual vector spaces HO(M4,,,,, @’ZK) are known
Hs

d

then we would be able to compute the individual multiplicties n.

5.3. A remark on the multiplicities n,. Let v, = dimH°(SUc(r), ©F). Then by the
Verlinde formula ([Be-La|,[Fa2]), we have

T . S—Z.,
%’k_(r—i—k)g' Z H|2.sm7rr+k|g .

SUR=[1,r+k] s€S

|S|=r zER
Also, by Remark 2.6, we can write
Vrk = Z n,.dimW,,
x€(J(C)r)k
r9

= (r’_k,)@ Z\ ny, by Proposition 2.2.

XE(J(CO)r)k

Comparing the above two expressions, we get

(r, k)9 . S—Z.
Z\ nx = m Z H ‘Q.Slnﬂ'r—i_—kw .

XE(C) Sl R

(See also [Zal, for the various aspects of the Verlinde formula.)
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